
      


1.  C, r  C r 


i.  2, 3 , 4C r  

A.   ,h k r

   2 2 2x h y k r    

   2 2 22 3 4x y    

2 24 4 6 9 16x x y y     

2 2 4 6 3 0x y x y    

ii.   2 2, ;C a b r a b    

A. 

   
2

2 2 2 2x a y b a b     
 

    2 2 2 2 2 22 2x y xa yb a b a b       

2 2 22 2 2 0x y xa yb b     

iii.  cosα, sin α ; 1C r 

A. 

   22cosα sin α 1x y   

2 2 2 22 cosα 2 sinα sin α cos α=1x y x y    

2 2 2 cosα 2 sinα 0x y x y   
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2.  2,3   2, 1 

A.    2,3 , 2, 1C P  

    2 2
{ 2 2 3 1 4C     



   2 2 22 3 4x y   

2 2 4 6 3 0x y x y    

3. 2 23 5 2 3 0ax bxy y x y       a, b 


A. 2 22 2 2 0ax hxy by gx fy c       

, 0a b h 

2 23 5 2 3 0ax bxy y x y        ¶ªÃW
0, 3b a      

2 23 3 5 2 3 0x y x y    

2 2 5 2
1 0

3 3
x y x y    

5 2
; ; 1

6 6
g f c   

  5 1
, ,

6 3
C g f

       

= 2 2 25 1
1

36 9
g f c    

= 65

6

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4. 2 2 2 2 12 0x y gx fy        2,3    g, f



A.  2 2 2 2 12 0x y gx fy    

    , 2,3C g f   

 2, 3, 12g f c     

    2 2 2r g f c  

=    2 2
2 3 12   

= 4 9 12 25 5     

5. 2 2 4 6 0x y x y c       '6'  'c'

A. 
2 2 4 6 0x y x y c    

2 4, 2 6,g f c c   

2, 3,g f c c    

    6r 

2 2 6g f c   

   2 2
2 3 6c    

213 6c  

13 36 23c    www.sa
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6. 2 23 3 5 6 4 0x y x y      0 ±ÀÇÀÀOµÖ OÉ0lµñ0 , ¢¸ï«¸±¸èv¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ

A.  2 23 3 5 6 4 0x y x y    

5 4
; 1 ;

6 3
g f C     

     5
, ,1

6
C g f

       

   2 2r g f c  

=  
2

25 4
1

6 3
      

= 25 4
1

36 3
 

= 25 36 48 13

36 36

 


= 1
13

6
 

7.    1,2 , 4,6 

 A.    1 1 2 2, , ,x y x y 

      1 2 1 2 0x x x x y y y y     

       1 4 2 6 0x x y y      

2 25 4 8 12 0x x y y      

2 2 5 8 16 0x y x y     
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8. 

i. 2 2 4x y 

A.  0,0 , 2C r 



cosθ 2cosθx g r   

sin 2sin , 0 2y b r         

ii.  2 24 9x y 

A.  2 2 9

4
x y 

  3
0,0 ,

2
C r 



3 3
cos , sin , 0 2

2 2
x y      

iii.    2 2 23 4 8x y   

A.  3,4 , 8r 



1 1cos , sinx x r y y r    

3 8cos , 4 8sin , 0 2x y        

iv. 2 2 4 6 12 0x y x y    

A.  2,3 , 4 9 12 5r    



    2 5cos , 3 5sin , 0 2x y        
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9.  0S   P 

i.  5, 6P  ,   2 2 8 12 15S x y x y    

A.  11S

= 25 36 40 72 15 116 72 44      

10. P S = 0 

i.  2,5P      2 2 25S x y  

A.  11S

=    2 2
2 5 25  

= 2 

11. S = 0  P 

i.   2 27, 5 , 6 4 12P S x y x y      

A. 
2 2 6 4 12 0S x y x y     

 7, 5P    

   1 1 1 1 1 0S xx yy g x x f y y c       

     .7 5 3 7 2 5 12 0x y x y        

7 5 3 21 2 10 12 0x y x y       

4 3 43 0x y  www.sa
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12.  S = 0  P 

i.   2 23, 4 , 24P S x y x y     

A. 

      1 1 1 1 0x x y f y y x g     

   1 1
3 4 4 3 0

2 2
x y

               

   7 7
3 4 0

2 2
x y    

   3 4 0x y    

3 4 0x y   

1 0x y  

13.  5,4   2 2 2 0x y ky     1 k 


A.  2 2 2 0, ; 5,4S x y ky P   



   2 2
11 5 4 8S k  

= 1 

1 215 16 8k   

1 41 8k 

5k    www.sa
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14.   2,5    2 2 5 4 0x y x y k        37  k


A.  11S

=    2 2
2 5 5 2 4 5 k     

= 37 39 k 

2k    

15. 2 2 2 2 1 0x y x y          6,1 , 2,3 

A. S = 0     1 1 2 2, , ,P x y Q x y    12 0S 


2 2 2 2 1 0x y x y    

    6,1 , 2,3P Q



   12 1 2 1 2 1 2 1 2S x x y y g x x f y y c      

=           6 2 1 3 1 6 2 1 1 3 1        

= 12 3 4 4 1 12 12 0        

12 0S 

  

16. 2 2 2 2 1 0x y x y          5 0,2 8 0x y x ky        
  k  

A. If 1 1 1 2 2 20 ; 0l x m y n l x m y n      , S = 0 

 2
1 2 1 2r l l m m

=    1 1 1 2 2 2l g m f n l g m f n   

1 1 11, 1, 5l m n   

2 2 12, , 8l m k n   
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21, 1, 3g f r    

     3 1.2 1 1 5 2 8k k        

6 18 6 12 2k k    

17. 2 2 5 8 6 0x y x y            4,2 , , 3k    k  


A.  2 2 5 8 6 0x y x y    

 4,2

   5
.4 .2 4 4 2 6 0

2
x y x y      

8 4 5 20 8 16 12 0x y x y      

3 12 8 0x y  

   4,2 , , 3P Q k   

P  Q  

3 36 8 0k   
28

3 28
3

k k  

18. 2 2 2 2 0S x y gx fy c         0,0     


A. P  0


112

r

S




2 2

2 2
1 1 1 1

tan 45
2 2

g f c

x y gx fy c

 
 

   

2 2

1
0 0 0 0

g f c

c

 


   

2 2g f c c  
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2 2 2g f c 



 

i. 2 2 6 6 14 0x y x y     , 2 2 2 4 4 0x y x y    

A.    1 23, 3 , 1,2c c  

1 9 9 14 2r    

2 1 4 40 0r    

   2 2
1 2, 3 1 3 2c c      

= 1 216 25 41 r r   

= 4
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

1.  3,2      2 2 6 4 2 0x y x y          


A. 
2 2 6 4 2 0S x y x y     

9 4 2 15r    

11 9 4 18 8 2 1S      

11

4
tan 15

S
  

2

2

1 tan 1 15 7
cos 2

1 16 81 tan





 

   


P   1 7
cos

8
  
  

2. 2 2 10 10 25 0x y x y        1, 2  

A.  2 2 10 10 25 0x y x y    

 1 0S 

 1, 2P   

     .1 2 5 1 5 2 25 0x y x y       

2 5 5 5 10 25 0x y x y      

4 7 30 0x y   

4 7 30 0x y  www.sa
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3.  3, 1A    2 2 2 4 0x y x y     , A  


A. 
2 2 2 4 0x y x y     .... (i)

   1 13, 1 ; ,A B x y

(i)  A 

       2 2
3 1 2 3 4 1 0     

A  

 1, 2C  

C 

AB 

1 3
1

2

x 
 1 1

2
2

y 
 

1 1x   1 3y  

   1 1, 1, 3B x y   

4.    2, 3 , 4,5   4 3 1 0x y    


A. 2 2 2 2 0x y gx fy c      .... (i)

(i)    2, 3 , 4,5   

4 9 4 6 0g f c       .... (ii)

16 25 8 10 0g f c      ....(iii)

(iii) - (ii)

28 12 16 0g f  

3 4 7g f 

 ,g f   4 3 1 0x y   
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   4 3 1 0g f     

3 4 7 1g f  

 1f  

1g 

(ii)  ,f g 

   4 9 4 1 6 1 0, 23c c       

2 2 2 2 23 0x y x y     

5. 2 2 6 4 12 0x y x y           2,14     


A. 2 2 6 4 12 0x y x y      .... (i)

 ,C g f  

=  3,2

(i)

   2 2 23 2x y r   

 2,14  

   2 2 22, 3 14 2 r     

2169 r



   2 2
3 2 169x y   

2 2 6 4 156 0x y x y    
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6. X -     2,3 , 4,5  


A. 
2 2 2 2 0x y gx fy c      .... (i)

  ,C g f   , X -  0f    .... (1)

   

 2 2 2 2 0x y gx fy c    

   2,3 , 4,5  

     2 2
2 3 2 2 0g c     

4 13g c      .... (2)

     2 2
4 5 2 4 0g c   

8 41g c     .... (3)

4 13g c     .... (2)

  
7

12 28
3

g g    

(ii)   7
4 13

3
c

       

28 39 28 67
13

3 3 3
c

  
    



 2 2 7 67
2 0 0

3 3
x y x y

              

2 23 3 14 67 0x y x    
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7. 2 2 5 8 6 0x y x y        2 22 0x y    

A.   1 1,P x y  

 1 0S 

   1 1 1 1
5

4 6 0
2

xx yy x x y y      

    1 1
5 5

4
2 2

x x y y
      

1 14 6 0x y    .... (i)

2 22 0x y    .... (ii)

(i), (ii)

1 2 1
1

5 5
4 642 2

1 2 22

x x yy
k


  

  


1 1
5 5

2 2
x k x k    

1 1
5

4 6 22
2

x y k   

1 2 4y k  ,

 5 5
4 2 4 6 22

2 2
k k k
           ;

5 25
8 16 6 22

2 4
k k     

65 5 65
30

4 2 2

k k
k   

1
1 1 5

; 2
2 2 2

k x     

1 3y  

   2, 3
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8. 2 2 2x y b     2 2 2x y a     2 2 2x y c 

 a, b, c 

A.  1 1,P x y    2 2 2x y a 

2 2 2
1 1x y a    .... (1)

2 2 2x y b     P 

2
1 1xx yy b   

2 2 2x y c 

2 2

2 2
1 1

0 0 b b
c c

ax y

 
  



 2b ac

, ,a b c   G.P  

 2 2 6 2 1 0x y x y      , 2 2 2 8 13 0x y x y        



A.     1 23,1 , 1,4C C  

 1 9 1 1 3r    

2 1 16 13 4 2r     

2 2
1 2 4 3 25 5C C    

1 2 1 2C C r r 

  

P P  1 2C C   1 2:r r  (i.e.,) 3 : 2



      3 4 2 13 1 2 3
,

5 5
P

  
  
 
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= 
3 14

,
5 5

 
  

P  

3 14
,

5 5
P
        2 2 6 2 1 0x y x y    



1 0S 

(i.e.,) 
3 14 3

3
5 5 5

x y x
                 

14
1 1 0

5
y

      

2 14 15 9 5 14 5 0x y x y       

12 9 18 0x y    

4 3 6 0x y  

10. 2 2 2 4 20 0x y x y         5,5  


A. 2 2 2 4 20 0x y x y    

 1,2C 

1 4 20 5r    

1 2
5, 5

2 2

h k 
 

9 8h k 



   2 2
9 8 25x y   

2 2 18 16 120 0x y x y    

 ,h k     3,2    ,h k    5,5
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11. 2 2 4 6 9 0x y x y          1,2 

A.  2 2 4 6 9 0x y x y    

  2,3C

 1,2P  P QP  
Q

P 

   .1 .2 2 1 3 2 9 0x y x y      

2 2 2 3 6 9 0x y x y      

1 0 1 0x y x y       

Q  

     
   1 1 1 1

1 12 2 2 2,
a ax by c b ax by c

x y
a b a b

    
    

   1 1
1 2 2

1 1 2 1
1

1 1

a ax by c
x

a b

   
  



= 2
1 1 1 0

2
   

   1 1
1 2 2

1 1 2 1
2

1 1

b ax by c
y

a b

   
  



= 2 1 1 

P   0,1Q

12. 2 2 12 0x y ax by        2,3 a, b 

A.  2 2 12 0x y ax by    

=  , 2,3
2

a b

b
     

2
2

a
  3

2

b
 
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4a   6b  

2, 3, 12g f c     

 = 2 2 4 9 12 5g f c     

13. 2 2 6 4 12 0x y x y       30 , 60  


A. 
2 2 6 4 12 0x y x y    

2 1,   

   1 2 1 2cos sin
2 2

x g y f
    

  

                              = 1 2.cos
2

r
 

9 4 12 5r    

         3 .cos45 2 sin 45 5.cos15x y      

     5 3 13 2

2 2 2

x y   


(i.e.,)  2 1 5 3 5x y   

 2 2 7 5 3 0x y   

14. 2 2 4 6 39 0x y x y       30  

A. 
2 2 4 6 39 0x y x y    

2, 3, 4 9 39 52 2 13g f r      

30  


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   cos30 sin30x g y f r     

   3 1
2 3 . 2 13

2 2
x y   

3 2 3 3 4 13x y   

 3 3 2 3 4 13 0x y    



1. 

i.      3,4 ; 3,2 ; 1,4

A. 
2 2 2 2 0x y gx fy c      



9 16 6 8 0g f c      .... (i)

9 4 6 4 0g f c     .... (ii)

1 16 2 8 0g f c      .... (iii)

( i i )   (i) 

12 4 0f      3f  

(ii)    (iii) 

4 4 4 0g f   

1 2g f g    

(i)  ,g f 

   25 6 2 3 0c     

11c 
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
2 2 4 6 11 0x y x y    

ii.      1,2 ; 3,4 ; 5,6

A. 


2 2 2 2 0x y gx fy c       

1 4 2 4 0g f c      .... (i)

9 15 6 8 0g f c      .... (ii)

25 36 10 12 0g f c      .... (iii)

(ii) - (i)  

29 4 12 0g f  

5 3 0g f    .... (iv)

(iii) - (ii)  

36 4 4 0g f  

9 0g f    .... (v)

(v)  (iv) 

2, 11, 25f g c    


2 2 22 4 25 0x y x y    

2.  0,0   X, Y  -  4, 3 


A.  2 2 2 2 0x y gx fy c      
   0,0 , 4,0   0,3 

   0 0 2 0 2 0 0g f c    

0c 

16 0 8 2 .0 0g f c    
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0c     2g  

0 9 2 .0 6 0g f c    

3

2
f      0c 


2 2 4 3 0x y x y   

(2), (1) 

    0,0 4,0 , 0, 3   
2 2 4 3 0x y x y     

3.        2,0 , 0,1 , 4,5 , 0,c   VµO½ñ±ÀµÃvÀ   c 

A. 2 2
12 0x y gx fy c    

     2,0 , 0,1 , 4,5  

14 0 4 0g c     ... (i)

10 1 2 .0 2 0g f c      ... (ii)

116 25 8 10 0g f c      ... (iii)

(ii) - (i) 

3 4 2 0g f   

4 2 3g f    .... (iv)

(ii) - (iii) 

40 8 8 0g f     (or) 5g f    .... (v)

(iv), v  

13 17
,

6 6
g f   

(i) ,g f  

1
13

4 4 0
6

c
      
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1
14
3

c 

 2 2 13 17 14
0

3 3 3
x y x y     .

 0,c  

2 17 14
0

3 3
c   

23 17 14 0c c  

   3 14 1 0c c   



1c    
14
3

4. 

i. 2 4 ; 6 ; 2 5x y x y x y     

A.  : 2 4AB x y   : 2 4AB x y 

: 6BC x y   : 2 5AC x y     

 : 2,8B   : 1,2A

: 2 5AC x y 

: 6BC x y 

 

 : 7, 1C 

 2 2 2 2 0x y gx fy c    

A, B, C 

4 64 4 16 0g f c       .... (i)

1 4 2 4 0g f c      .... (ii)

49 1 14 2 0g f c      ...(iii)
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(i) - (ii)   (iii) - (ii) 

21 2 4 0g f   .... (iv)

15 4 2 0g f   .... (v)

(iv), (v)  19

2
f  

17
; 50

2
g c  

,g f  (i) 

 
2 2 17 19 50 0x y x y    

5. P   2 2 4 6 12 0x y x y     , 2 2 6 18 26 0x y x y      
�‹ ¬æ~¡Åö~Y  ‡ Ú_ È= ô 2 : 3   P 

A.  ,P x y  

2 2 4 6 12S x y x y    

2 2
1 4 6 12PT x y x y    

1 2 2 6 18 26S x y x y    

2 2
2 6 18 26PT x y x y    

1

2

2

3

PT

PT
  

2
1
2

2

4

9

PT

PT
 

2 2
1 29 4.PT PT

 2 29 4 6 12x y x y   

=  2 24 6 18 26x y x y   

2 29 9 36 54 108x y x y   
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= 2 24 4 24 72 104x y x y   

P  
2 25 5 60 126 212 0x y x y    

6. 2 2 3 22 0x y x y        3y x   

A. 
2 2 3 22 0x y x y    


1 3

,
2 2

C
   

2 2 1 9
22

4 4
r g f e     

1 9 88 98

4 4

 


 3 3 0y x x y     

P = 

1 3
3

12 2

1 1 2

 




= 2 22 r p

= 
98 1

2
4 2


= 
98 2

2
2



= 96 4 6
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7.  2,3   3 4 4 0x y     2 


A.   2,3C   

   3 2 4 3 4 10
2

59 16
d

  
  



AB  = 2 

 r  

2 22 2 r d  

2 2 1r d  

2 24 1 5r r    



   2 2
2 3 5x y   

2 2 4 6 4 9 5 0x y x y       

2 2 4 6 8 0x y x y     

8. 2 2 4 6 12 0x y x y        8 0x y        


A. 
2 2 4 6 12 0x y x y        2, 3C 

  4 9 12 25 5r     

8 0x y    

 0x y k    

 2 2 4 6 12 0x y x y        r d

5     2, 3C   0x y k    

2 3
5

1 1

k 
 


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5 2 1k  

1 5 2 1 5 2k k      

  

 1 5 2 0x y   

9. 2 2 2 2 3 0x y x y       3 4 0x y    


A. 3 4 0x y    



3 0x y k  



r d

 1,1  

3 0x y k    

 1 3 1
1 1 3

10

k  
   

50 2k  

2 5 2k  

2 5 2k   

  
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10.  1,0  qÒhµÃ 7 0x y        3,4  

A. 
2 2 2 2 0S x y gx fy c       ... (1)



 1,0  

     1 0 2 1 2 0 0g f c     

2 1g c      ... (1)

S = 0    7 0x y        3,4    3,4   


   9 16 2 3 2 4 0g f c     

6 8 25g f c     ....(2)

(1)   1 2c g  

(2)   6 8 1 2 25g f g     

8 8 24g f   

3g f   

3f g   

7 0x y    

r d

   2 2 7

1 1

g f
g f c

   
   



 2 2 22 7g f c g f     

   222 3 1 2g g g       

=  23 7g g  

2 22 9 6 1 2 16g g g g        
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22 4 10 8g g   

2 2 1 0g g   

 2
1 0 1g g    

 3 3 1 2f g       

1 2c g  

   1 2 1 3c      

 

     2 2 2 1 2 2 3 0x y x y       

2 2 2 2 3 0x y x y     

11. 1 0x y       2 2 3 7 14 0x y x y      


A.  2 2 3 7 14 0x y x y    


3 7

2 2
C m

    

  9 49
14

4 4
r   

= 58 56 1

4 2




C    1 0x y    



3 6
1

17 2

1 1 2
d

 
 



1

2
r d  


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  ,P h k  

C   P 

2 2

3 73 7 1
2 22 2

1 1 1 1

h k
      

 


3 7 1

2 2 2
h k     

2, 3h k   

  =  2, 3

14. 2 2 22 4 100 0x y x y      ; 2 2 22 4 100 0x y x y        


A.  1 11,2C    2 11, 2C  

1 121 4 100 15r    

2 121 41 100 5r    

y mx c    

0mx y c  

 
2

11 2
15

1

m c

m

  



 .... (1)

 
2

11 2
5

1

m c

m

 



 .... (2)

(1) + (2) 

=  
3 11 2

1 11 2

m c

m c

  


 

= 3 1 2
3 1 22 4

c

m




  

22 4C m          22 4y mx m   
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

2

11 2 22 4
5

1

m m

m

  
 





   2225 1 11 2 22 4m m m    

296 44 21 0m m  

296 72 28 21 0m m m    

7 3
,

24 4
m




25

2
C 



3 25

4 2
y x  

4 3 50 3 4 50 0y x x y     

22 4C m  

= 
7

22 4
24

    

= 77 48 125

12 12

  


7 125

24 2
y x 



24 7 250y x  

7 24 250 0x y   

www.sa
ks

hieduca
tio

n.co
m



15. 2 2 4 10 28 0x y x y      ; 2 2 4 6 4 0x y x y      



A.    1 22,5 , 2,3C C  

1 24 25 28 1, 4 9 4 3e r      

1 2 4r r 

   2 2
1 2 2 2 5 3C C    

= 16 4 20 

'C'  1 2C C  5 : 3  

 1. 2 3.2 1.3 3.5
,

1 3 1 3
C

   
    

= 
4 9 9

, 1,
4 2 2
         


2

1 11S SS

 
2

9 9
.1 2 1 5 28

2 2
x y x y

           

= 
81 9

1 4 10 28
4 2

       

 2 2 4 10 28x y x y   

 
2

2 21 7 1
4 10 28

2 2 4
x y x y x y

          

    2 2 22 7 4 10 28x y x y x y       

2 24 4 28 14 49x y xy x y    

 = 2 2 4 10 28x y x y   

23 4 24 4 21 0x xy x y    
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   3 4 21 ; 1 0x y x   

3 4 21 ; 1 0x y x   

16. 2 2 4 6 12 0x y x y       1,1  


A.  2 2 4 6 12 0x y x y    

  1 2, 3C   

 1 4 9 12 25 5r     

 2 2r 

  2 ,C    

   1 21,1 ,P C C  1 2: 5 : 2r r  


     5 2 2 5 2 3
1,1 ,

5 2 5 2
P

    
     

5 4
1 5 3 4 1

3
 

      

1
5

 

5 6 3
1 5 3 6

3 5
   

     

2
1 3

,
5 5

C
     

 

2
21 3

2
5 5

x y
            

2 22 1 6 9
4

5 25 5 25
x

x y y      
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 2 225 10 1 30 9 100x y x      

 2 225 10 30 90 0x y x y     

 2 25 2 6 18 0x y x y     

17.  1,3   2 2 2 4 11 0x y x y          


A. 2
11 1.S S S

       2 2 2 4 11 1 9 2 12 11x y x y       

=     2
3 1 1 2 3 11x y x y       

   22 2 2 4 11 9 5 6x y x y y     

2 29 9 18 36 99x y x y   

= 225 36 60y y 

2 29 16 18 96 135 0x y x y    

   2 22

9 16
cos

4 25

a b

a b h


 
 

 

7 7

25 25




1 7
cos

25
      www.sa
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18. 2 3 1 0x y      1,1    13     


A.  1,1 2 3 1 0x y   



3 2 0x y k  

  1,1 

3 2 0 5k k     

AB 3 2 5 0x y  

 1,1  13  3 2 5 0x y   


2 3
1 13 ,1 13,

13 13

  
        

 2 3
1 13 ,1 13,

13 13

 
   

(i.e.,)  1 2, 1 3      1 2, 1 3 

 1,4     3, 2

(i) :

 1,4 , 13r 



   2 2
1 4 13x y   

2 22 1 8 16 13 0x x y      

2 2 2 8 4 0x y x y    

(ii) :

 3, 2 , 13r 



   2 2
3 2 13x y   

2 26 9 4 4 13 0x x y y      

www.sa
ks

hieduca
tio

n.co
m



2 2 6 4 0x y x y   

19. 1 1 0x y   2 2 2x y a       1 1,P x y    


A.  2 2 2x y a 

 1 1,P x y  

2
1 1xx yy a   .... (1)

X -  A Y -B 



1 1
2 2 1

xx yy

a a
 

2 2

1 1

1
x y

a a

x y

 
   
      

2 2

1 1

,
a a

OA OB
x y

 

2 2

1 1

1 1
. .

2 2

a a
OAB OA DB

x y
 

= 

4

1 12

a

x y
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20. 2 2 2x y a    P X - 1 2,  

1 2cot cot k   

A.  2 2 2x y a 

m    1 1,P x y 

2
1 1 1y mx a m  

   2 2 2
1 1 1y mx a m  

2 2 2 2 2 2
1 1 1 12 0m x y m y a a m    

   2 2 2 2 2
1 1 1 12 0m x a mx y y a    

1 2,m m  

1 1
1 2 1 2 2 2

1

2
tan tan

x y
m m

x a
    



2 2
1

1 2 1 2 2 2
1

tan tan
y a

m m
x a

 


 


 1 2cot cot k  

1 2

1 1

tan tan
k

 
 

1 2

1 2

tan tan

tan .tan
k

 
 




1 1
2 2
1

2x y
k

y a




 2 2
1 1 12x y k y a 

 1 1,P x y    2 22xy k y a 

    2 2
1 1, 2P x y xy k y a 



1 2cot cot k    
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P   2 22xy k y a 

21. 0lx my n    2 2 2x y a  


A.  1 1,P x y    P 

2 2 2x y a 

 0lx my n     .... (1)

 2 2 2x y a 

 1 1,x y  

1 11S S

2 2
1 1 1 1xx yy x y  

 2 2
1 1 1 1 0xx yy x y     .... (2)

(2) 

   
2 2 2 2

1 1
2 2 2 2
1 1 1 1

, ,
a l a m a x a y

n n x y x y

    
            

   = 
2 2

1 1
2 2 2 2
1 1 1 1

,
a x a y

x y x y

 
   

0lx my n    P 

   2 2
1 1

2 2 2 2
1 1 1 1

0
a x m a y

l n
x y x y

  
 

 2 2 2 2
1 1 1 1 0la x ma y n x y   

 1 1,P x y      2 2 2 0n x y a lx my   
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22. 2 2 14 6 33 0x y x y     , 2 2 30 2 1 0x y x y      


A. 
2 2 14 6 33 0x y x y      

2 2 30 2 1 0x y x y    

    7, 3 , 15,1A B 

1 49 9 33 5r    

2 225 1 1 15r    

   2 2
7 15 3 1AB     

= 1 2484 16 500 r r   

    4 

1 2: 5 :15 1: 3r r  

1,S AB    1 : 3  

1S  

   1. 15 3.7 1.1 3 3
,

1 3 1 3

    
   

= 
6 1 9 3

, , 2
4 4 2

          

S, AB 1 : 3

S  

     1 15 3 7 1.1 3 3
,

1 3 1 3

    
   

  =  15 21 1 9
, 18, 5

2 2

        
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23. 2 2 8 6 21 0x y x y     , 2 2 2 15 0x y y         


A. 1 2,C C    1 2,r r  


2 2 8 6 21 0x y x y      

2 2 2 15 0x y y   

   1 24,3 , 0,1C C

1 216 9 21 2, 1 15 4r r      

   2 22
1 2 4 0 3 1 16 4 20C C       

1 2 2 5C C 

1 2 1 22 4 2, 2 4 6r r r r       

1 2 1 2 1 2r r C C r r   

2 

1 2: 2 : 4 1: 2r r  



S 

     1.0 2.4 1.0 2.3 8 5
, , 8,5

1 2 2 1 1

                
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24. 2 2 4 6 12 0x y x y     , 2 2 6 18 26 0x y x y       


A. 
2 2 4 6 12 0x y x y      

2 2 6 18 26 0x y x y    

    1 22,3 , 3, 9C C   

1 4 9 12 5r    

2 9 81 26 8r    

   2 2
1 2 2 3 3 9C C    

= 1 225 144 13 r r   

 



1 2 0S S 

10 24 38 0x y   

5 12 19 0x y  

 1 2,P C C  5 : 8



P 

   5 3 8.2 5 9 8.3 1 21
, ,

5 8 5 8 13 13

             www.sa
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



1. ( 3, 2)A   (0,4)B 


 ( 3, 2)A   (0,4)B 
( , )P x y 

PA PB
2 2PA PB

2 2 2 2( 3) ( 2) ( 0) ( 4)x y x y      
2 2 2 26 9 4 4 8 16x x y y x y y        

6 4 3x y  
  P  (1,2)A  P  

 P 
 0(0,0), (1, 2)A 

( , )P x y 
 2OP AP

2 24OP AP
2 2 2 24[( 1) ( 2) ]x y x y    

2 24( 2 1 4 4)x x y y     
2 2 2 24 4 8 16 20x y x y x y     


2 23 3 8 16 20 0x y x y    

    P     P  Y  
 P 

 ( , )P x y 
 2 2 24 4OP y x y y   

P  2 2 4 0x y y  

www.sa
ks

hieduca
tio

n.co
m



 ( ,0),A a  ( ,0)B a   0 a c   2 2 22PA PB C     P  


 ( , )P x y 
( ,0)A a

( ,0)B a 


2 2 22PA PB C 

2 2 2 2 2( ) ( 0) ( ) ( 0) 2x a y x a y c       
2 2 2 2 2 2 22 2 2x ax a y x ax a y c       

2 2 2 22 2 2 2x y c a  
2 2 2 2x y c a    



  (3,0)A P  ( 3,0)B  P 
 P 

  ( , )P x y P 


2PA PB

 2 24PA PB
 2 2 2 2( 3) 4[( 3) ]x y x y    

 2 2 2 26 9 4[ 6 9 ]x x y x x y      

 2 23 3 30 27 0x y x   

 2 2 10 9 0 (2)x y x    

 1 1( , )Q x y 





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 ( 4 , 0 )  ( 0 , 4 ) 


 (4,0)A   (0, 4)B  
,PA PB  ( , )P x y 

 2 2 2 (1)PA PB AB  

, ,P A B 
 2 2 2 2( 4) ( 4) 16 16x y x y       

,P A P B 

 2 2 4 4 0x y x y    
( , ) (4,0), ( , ) (0, 4) (2)x y x y  

1 1( , )Q x y Q  ,A B 

 2 2

1 1 1 14 4 0x y x y    

1 1 1 1( , ) (4,0), ( , ) (0, 4) (3)x y x y  

 2 2QA QB
2 2 2 2

1 1 1 1( 4) ( 4)x y x y     
2 2 2 2
1 1 1 1 1 18 16 8 16x x y x y y       

2 2
1 1 1 12( 4 4 ) 32x y x y    


2AB

 2 2 2QA QB AB    ,Q A Q B 

 1 1( , )Q x y 
 ,A B  AB 

 (2,3)A  ( 3, 4)B     PAB  P


     ( , )P x y  P  


PAB  8.5 (1) 

 1
(3 4) 2(4 ) 3( 3) 8.5

2
x y y     

 8 2 3 9 17x y y     

 5 17 17x y   
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 5 17 17x y    
5 17 17x y    

 5 0x y   5 34x y 

 ( 5 )( 5 34) 0x y x y   


2 210 25 34 170 0 (2)x xy y x y     

1 1( , )Q x y 
 1 15 0x y  

1 15 34 (3)x y  

 QAB 

1 1 1

1
( (3 4) 2(4 ) 3( 3)

2
x y y     

1 1 1

1
8 2 3 9

2
x y y     

1 1

1
5 17

2
x y   

17
8.5

2
  

 1 1( , )Q x y 

( 5 )( 5 34) 0x y x y    

2 210 25 34 170 0x xy y x y    

  P  P 


 (2,3), ( 1,5)A B  
( , )P x y 

 090APB 
2 2 2AP PB AB 

2 2 2 2( 2) ( 3) ( 1) ( 5)x y x y      
2 2(2 1) (3 5)   

2 2 2 24 4 6 9 2 1x x y y x x y        

10 25 9 4y   
2 22 2 2 16 26 0x y x y    

P  2 2 8 13 0x y x y    
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( , ) (2,3)x y   ( , ) ( 1,5)x y  

      


 (5,0), ( 5,0)A B  
( , )P x y 

 8PA PB 

8PA PB  
2 2 2 2[( 5) ( 0) ]PA PB x y    

2 2[( 5) ( 0) ]x y   
2 2 2 210 25 10 25x x y x x y       

20x 

( )( ) 20PA PB PA PB x   

( )8 20PA PB x  

5
(2)

2
PA PB   


5 5 16

2 8
2 2

x x
PA

 
  

4 5 16PA x  
2 216 ( 5 16)PA x  

2 2 216[( 5) ] ( 5 16)x y x    
2 2 216[ 10 25 ] [ 5 16]x y x     

2 216 16 160 400x y x  
225 256 160x x  

2 29 16 144x y 

P 
2 29 16

1
144 144

x y
 


2 2

1
16 9

x y
 
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 (4,0),A   ( 4,0)B    4PA PB   P 
 (4,0)A   ( 4,0)B   

( , )P x y 
 4 (1)PA PB  

2 2 2 2[( 4) ( 0)PA PB x y    
2 2[( 4) ]x y  

2 2 2 28 16 8 16x x x y x x y       

16x 

( )( ) 16PA PB PA PB x   

( ) 4 1 6P A P B x  

4 (2)PA PB x   


2 4 4PA x 

2 2PA x 
2 2(2 2 )PA x 

2 2 2( 4) ( 0) (2 2 )x y x    
2 2 28 16 4 4 8x x y x x     

2 23 12x y 

 P 
2 23

1
12 12

x y
 

2 2

1
4 12

x y
 

      


 (0, 2), (0, 2)A B  
( , )P x y 

 6 (1)PA PB  
2 2 2 2[( 0) ( 2) ]PA PB x y    

2 2[( 0) ( 2) ]x y   
2 2 2 24 4 4 4 8x y y x y y y         

( )( ) 8PA PB PA PB y   
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6( ) 8PA PB y  

8

6

y
PA PB  

4
(2)

3

y
PA PB   

 4
2 6

3

y
PA  

2
3

3

y
PA  

2
2 2

3
3

y
PA    

 

2
2 2 2

( 2) 3
3

y
x y      

 
2

2 2 4
4 4 9 4

9

y
x y y y     

2 2 29 9 36 81 4x y y   
2 29 5 45x y 

P 
2 29 5

1
45 45

x y
 

2 2

1
5 9

x y
 

 (2,3), (2, 3),A B  8PA PB   P 
 (2, 3), (2, 3)A B  

( , )P x y 
 8 (1)PA PB  

2 2 2 2[( 2) ( 3) ]A PB x y    
2 2[( 2) ( 3) ]x y   
2 2 2 2( 2) ( 3) ( 2) ( 3)x y x y       
2 2( 3) ( 3) 12y y y     

( )( ) 12PA PB PA PB y   

8( ) 12PA PB y  

12

8

y
PA PB


 

3

2

y
PA PB


 
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
3 16 3

2 8
2 2

y y
PA


  

4 16 3PA y 
2 216 (16 3 )PA y 

2 2 216[( 2) ( 3) ] (16 3 )x y y    
2 2 216( 4 4 6 9) (16 3 )x x y y y      

2 216 16 64 96 208x y x y   
2256 9 96y y  

2 216 7 64 48 0x y x   

P  2 216 7 64 48 0x y x   

 (5,3)A  (3, 2)B  PAB P


 (5,3)A  (3, 2)B  

( , )P x y 
 9PAB 

1
5( 2 ) 3( 3) (3 2) 9

2
y y x      

10 5 3 9 5 18y y x     

5 2 19 18x y   

5 2 19 18x y   5 2 19 18x y   

5 2 37 0x y   5 2 1 0x y  

P 
(5 2 37)(5 2 1) 0x y x y    

 (1,2)A  (2, 3)B   ( 2,3)C   2 2 22PA PB PC   P

 P  7 7 4 0x y   
 ( , )P x y 

(1, 2), (2, 3), ( 2,3)A B C     
 2 2 22PA PB PC 

2 2 2 2( 1) ( 2) ( 2) ( 3)x y x y       
2 22[( 2) ( 3) ]x y   

2 22 2 6 2 18x y x y    
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2 22 2 8 12 26x y x y    

14 14 8 0x y   

7 7 4 0x y    

.    (4, 0) , (0, 4).   vÀ Oµ±¸äS¸ñvÀ S¸ Sµ v0s OÐg iñsûµÀY ¶¢ÀÃfÐ §±µø0  t0lµÀ ¶plûµ
¶ª£ÀOµ±µg¸né Oµ¶mÀOÐÖ0fº.

  A(4, 0) , B(0, 4)

  P(x, y) t0lµÀ ¶plûµ0 ËÈp JlÉn t0lµÀ¶¢Á C¶mÀOÐ0fº.
  PA , PB    vÀ  v0s0S¸ Gm¸é±ÀÀ

PA2 + PB2 = AB2

(x–4)2 + y2 + x2 + (y–4)2 = (4–0)2 + (0–4)2

x2 – 8x+16+ y2 + x2 + y2 – 8y + 16 = 16+16

2x2 + 2y2 – 8x – 8y = 0

P(x, y)  t0lµÀ ¶plûµ0    x2 + y2 – 4x – 4y = 0

12.(2, 3) , (2, –3)  t0lµÀ ¶¢Á v¶mÀ0W P. lµÃ±µ02 : 3 n¶¨êiå vÑ G0dÉ t0lµÀ ¶plûµ
¶ª£ÀOµ±µg¸né Oµ¶mÀOÐÖ0fº.


P(x, y) t0lµÀ ¶plûµ0 ËÈp JlÉn t0lµÀ¶¢Á C¶mÀOÐ0fº.
   A(2, 3), B(2, –3)

  PA : PB = 2 : 3

 3PA = 2PB

 9PA2 = 4PB2

 9[(x–2)2 + (y–3)2] = 4[(x–2)2 + (y+3)2]

 9[x2 – 4x + 4 + y2 – 6y + 9]

= 4[x2 – 4x + 4 + y2 + 6y + 9]

 P(x, y)  t0lµÀ ¶plûµ0  5x2 + 5y2 – 20x – 78y + 65 = 0  .www.sa
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13. (2, 3) , (–1, 5)    t0lµÀ ¶¢Á v¶mÀ OµwÊp ±ÉP¹ P0fµ0 P ¶¢lµç v0sOÐg0 VÉÊªå t0lµÀ
¶plûµ ¶ª£ÀOµ±µg¸né Oµ¶mÀOÐÖ0fº

Sol.   A(2, 3), B(–1, 5).
P(x,y),A(2,3), B(–1,5)

 P(x, y) t0lµÀ ¶plûµ0 ËÈp JlÉn t0lµÀ¶¢Á C¶mÀOÐ0fº

: APB = 90°

 (  AP  ¢¸vÀ) (¢¸vÀ BP ) = –1

 
y 3 y 5

1
x 2 x 1

 
  

 

2 2

(y 3)(y 5) (x 2)(x 1) 0

x y x 8y 13 0

     

    

  P(x, y)  t0lµÀ ¶plûµ0 x2 + y2 – x – 8y + 13 = 0
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


 
2i) x 7x 12 0  

 a 1  b 7   c 12

2b b 4ac
x

2a

  


7 49 48

2

 


7 1

2




8 6
,

2 2
 4,3


ii) 2x x 2 0   

 a 1   b 1  c 2

2b b 4ac
x

2a

  


1 1 8

2( 1)

  



1 3

2

 



4 2

(or)
2 2



 

2 (or) 1 

 2, 1

iii) 22x 3x 2 0  

 a 2  b 3  c 2

2b b 4ac 3 9 16
x

2a 4

     
 

3 7i

4

 


 3 i 7

4

 

 

iii)
p q

p q


 

(p q)

p q

 
  (p q) 


p q p q

p q p q

 
  

 

2 2 2 2

2 2

p q 2pq p q 2pq

p q

    


 2 2

4pq

p q






p q (p q)
1

p q p q

   
         


2x ( )x 0    

2
2 2

4pq
x x 1 0

p q

 
    

2 2 2 2 2(p q )x 4pqx (p q ) 0    
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iv) 7 2 5

 7 2 5 7 2 5 14      

(7 2 5)(7 2 5) 49 20 29      


2x ( )x 0    

2x 14x 29 0  

v) 3 5i 

 3 5i 3 5i 6        

( 3 5i)( 3 5i)     

9 25 

34


2x ( )x 0    

2x 6x 34 0  

 
i) 22x 8x 3 0  

 a 2  b 8   c 3
2b 4ac 64 24  

40 0 


ii) 29x 30x 25 0  

 a 9  b 30   c 25
2b 4ac 900 900  

0


 ii)

22 7 10 0x x  

 2 24 ( 7) 4 2 10 0b ac      


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 2 0ax bx c    ,   , ,a b c

 
2

)i
 
 

 
 

 
 0c  

2 2

2 2
) , 0ii c
 
  




 

 )i 
2

 
 

 
 

 

 22 2

2 2

 

 




   2 2

2 2

   
 

 


   
2

2

2 2
4

 
  

 
     

2

22

2 2

2

4
b

b caa
c a

a

 
  

 
 2 2

2 2

4b b ac

c a




)ii 

2 2 2 2 2
2 2

2 2 2

2 2

1 1
c

a

   
 

 
 

 

 
  

 

 m 
 )i  2(2 1) 2( 3) ( 5) 0m x m x m     

2 4 0b ac 
24( 3) 4(2 1)( 5) 0m m m    

2 26 9 2 11 5 0m m m m     
2 5 4 0m m   

2 5 4 0m m  

5 25 16

2
m

  


5 41

2
m

 
www.sa
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 2 0x px q    ,     2 2
,     



 ;
b

a
  
  

c

a
 

   2 22x x             2
0       

 22 2 22( )x x        
2( ) 4 0      

 22 2 2x x          2 2
4 0          

2 2 2
2

2 2 2

2 4
2 0

b ac b b ac
x x

a a a

    
     

   

 , , 1b p c q a  
2 2 2 22( 2 ) ( 4 ) 0x p q x p q q    

 2ax bx c 0    ,    a, b,c


 ,  

2ax bx c 0  

 b

a


    b

a


  

i)
1 1  
 

  

b
a

c
a

  
 
 
 
 

b

c
 

ii) 2 2

1 1


 


2 2

2 2

 


 

2

2

( ) 2

( )

   




2

2

b c
2

a a

c
a

       
   

 
 
 

2

2

b 2ac

c




iii) 4 7 7 4   

 4 4 3 3( )    
4 4 3[( ) 3 ( )]        

4 3( ) [( ) 3 ( )]       
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4 3
c b c b

3
a a a a

                 
        

4 3

4 3

c b 3abc

a a

  
  

 

4 2

7

bc (3ac b )

a




 2x 15 m(2x 8) 0    m 
  2x 15 m(2x 8) 0   

2x 2mx 8m 15 0   

a 1  b 2mc  c 8m 15 
2 2b 4ac ( 2m) 4(1)(8m 15)    

24m 32m 60  
24(m 8m 15)  

4(m 3)(m 5)  

 2ax bx c 0    0

 2b 4ac 0  

4(m 3)(m 5) 0   

m 3) 0 or m 5 0    

m 3  
 m  2(m 1)x 2(m 3)x (m 8) 0      


 2(m 1)x 2(m 3)x (m 8) 0     

a m 1   b 2(m 3)  c m 8 
2 2b 4ac [2(m 3)] 4(m 1)(m 8)]     

24(m 6m 9) 4(m 1)(m 8)]     
2 24m 24m 36 4m 36m 32      12m 4   4(3m 1)  

 2b 4ac 0  

4(3m 1) 0    3m 1 0  

3m 1 
1

m
3

 

 2(x a)(x b) h   
  2(x a)(x b) h  

2 2x (a b)x (ab h) 0    

 2 2(a b) 4(ab h )   
2 2(a b) 4ab 4h   
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2 2(a b) (2h) 0   


 
 , 

7    2 2 25  
2( ) 2 25    

49 25 2   

24
12

2
  


2x ( )x 0    

2x 7x 12 0  

 2 0x bx c    2 0x cx b    ( )b c   1 0b c   


 2 0x bx c  
2 0x cx b  

' ' 
2 0b c   
2 0c b   

( ) 0b c c b    

( )b c b c   

1 

1 0b c   

 2 0ax bx c   n n 


 /n b a   

.
c

n
a

  

( 1)

b

a n
 




2

2 2( 1)

nb c

a n a



2 2( 1)nb ac n 
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 


 2 , 2 2n n 
2 2(2 ) (2 2) 340n n  

2 24 4 8 4 340n n n   
28 8 4 340n n  
22 2 1 85n n  
22 2 84 0n n  

2 42 0n n  

( 7)( 6) 0n n  

6n 


 
 7    2 2 25  

2( ) 2 25    

49 2 25 

24 2

2 7 12 0x x  

  x 
i) 2x 5x 6 

 2x 5x 6 0   

x 2  x 3  2x 5x 6  
a 1 0 

 R  x 
i) 2x x 7 

 a 1 0  
24ac b

4a




28 1 27

4 4


 

ii) 212x x 32 

 a 1 0   
24ac b

4a




128 144

4





16

4
 4
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 x 
 2 3x x 

2 3x x 
2( ) 3f x x x  

2
1 1

3
2 4

y x     
 

2
1 11

2 4
y x    

 

2
11 1

4 2
y x    

 
 1 12 0  

( ) 0f x x R  

  x 
2) 3 4 4i x x  2) 4 5 2ii x x 

 2( ) 3 4 4f x x x  

( ) 0f x 
23 4 4 0x x  

2 4 4
0

3 3
x x  

2
2 4 4

0
3 3 9

x     
 

2
2 8

0
3 9

x x R      
 

)ii  2( ) 4 5 2f x x x  
25 4 2x x     

2 4 2
5

5 5
x x

         

2
2 4 2

5
5 25 5

x
               

2
2 14

5
5 25

x
              

24 5 2 0x x  
25 4 2 0x x  
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4 16 40

10
x

 


4 2 14

10
x




2 14

5
x




2 14 2 14

5 5
x

 
 

  x 
2) 15 4 3i x x  2) 2 5 3ii x x 

 )i  2( ) 15 4 3f x x x  

( ) 0f x 
215 4 3 0x x  

23 4 15 0x x  
23 9 5 15 0x x x   

3 ( 3) 5( 3) 0x x x   

( 3)(3 5) 0x x  

5
3

3
x x


 

 5
3

3
x x

        
 

)ii  2( ) 2 5 3f x x x  

( ) 0f x 
22 5 3 0x x  
22 6 3 0x x x   

2 ( 3) 1( 3) 0x x x   

(2 1)( 3) 0x x  

1
3

2
x  

 
2) 15 4 4 0i x x   2) 2 1 0ii x x  

 2) 15 4 4 0i x x  
215 10 6 4 0x x x   

5 (3 2) 2(3 2) 0x x x   

(3 2)(5 2) 0x x  

www.sa
ks

hieduca
tio

n.co
m



2 2
0

3 5
x x

      
  

2 2

3 5
x


 

2) 2 1 0ii x x  

 2
1 0x  

 2
1 0x   


 2x 2ax 8a 15 0        'a '   

(Mar 04)

 a 1  b 2a,  c 8a 15 

 0 
2(i.e., ) b 4ac 0 

2( 2a) 4(1)(8a 15) 0    

24a 32a 60 0   
2a 8a 15 0   

(a 3)(a 5) 0   

a 3  5

  k  2x 2(k 2)x 9k 0    
 2x 2(k 2)x 9k 0    

  0 
2(i.e., ) b 4ac 0 

 a 1,  b 2 (k 2),  c 9k
2[2(k 1)] 4(1)(9k) 0   
24(k 2) 4(9k) 0   

2(k 2) 9k 0   

2k 5k 4 0   

(k 1)(k 4) 0   

k 1,4 

k  {1, 4}
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 
  ,   1,    2 2 13  

2 2 21
[( ) ( )]

2
      

21
(1) (13)

2
   

6 


2x ( )x 0   

2x (1)x ( 6) 0    

2x x 6 0   

 m     2 2(1 3 ) 7(3 2 ) 0x m x m      


 
  2

2(1 3 ) 4(1)7(3 2 )m m     

24(1 3 ) 28(3 2 )m m   
24(9 8 20)m m  

4( 2)(9 10)m m  

10
36( 2)

9
m m

    
 

 0 2m     10

9
m  

10
, 2

9
m

    
 


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

 2 0ax bx c    1 2,x x  0c   2 2
1 2( ) ( )ax b ax b   

 , ,a b c 
 2

1 1 0ax bx c  

1 2( ) 0x ax b c  

1
1

( )
c

ax b
x


 

 2
2

( )
c

ax b
x


 

   2 2

1 2ax b ax b
    

2 2
1 2

2

x x

c


  2

1 2 1 22

1
2x x x x

c
    

2

2 2

1 2b ac

c a

 
  

 

2

2 2

2b ac

a c




 1 13 3 10x x  

 3x t 
3

3. 10t
t

 

23 3 10 0t t  
23 10 3 0t t  
23 9 3 0t t t   

3 ( 3) 1( 3) 0t t t   

(3 1)( 3) 0t t  

1
, 3

3
t t 

1 13 3 , 3 3x x 

1,1x  

 0, 1x x    3 1
2

1 3

x x

x x


 



 3

1

x
t

x





1
2t

t
 

2 2 1 0t t  
2( 1) 0t  

1t 
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3
1

1

x

x




3 1x x 
1

2
x 

 0x  

2
2

1 1
5 6 0x x

x x
          
   




2

1 1
2 5 6 0x x

x x
           
   

1
x t

x
  

2 5 4 0t t  

( 4)( 1) 0t t  

4,1t 

1
4x

x
 

1
1x

x
 

2 4 1 0x x   2 1 0x x  

4 16 4

2
x

 


1 1 4

2
x

 


2 3x  
1 3

2

i
x




 2ax 2bx c 0    2ax 2cx b 0    (b c) 
 a 4b 4c 0   

 2ax 2bx c 0  
2ax 2cx b 0   
2a 2b c 0...............(1)    
2a 2c b 0...............(2)    

(1) (2) 2 (b c) c b 0      

2 (b c) b c   

b c
2 1

b c


  


 b c

1

2
 
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1

2
   (1) 

2ax 2bx c 0  

1 1
a 2b c 0

4 2
     
 

a 4b 4c 0   

a 4b 4c 0   


 2x 6x 5 0    2x 12x p 0    p 
 2x 6x 5 0  

2x 12x p 0    
2 6 5 0      2 12 p 0    
2 6 5 0 ( 1)( 5) 0         

1  
1   2 12 p 0    

1 12 p 0 p 11     

5   2 12 p 0    

25 60 p 0 p 35     

p 11  
 2x ax b 0     2x cx d 0         

 2(b d) ac  
  

2x ax b 0    ,  
a

a
2

       

2. b b    
2x cx d 0     

2 d 0   

a
b c d 0

2
      
 

2(b d) ac  
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 

i)
2

2

x x 1

x x 1

 
 


2

2

x x 1
y

x x 1

 


 


2 2x y xy y x x 1     
2 2x y xy y x x 1 0      
2x (y 1) x(y 1) (y 1) 0      

x  2b 4ac 0  
2 2(y 1) 4(y 1) 0    
2 2(y 1) (2y 2) 0    

(y 1 2y 2)(y 1 2y 2) 0       

(3y 1)(y 3) 0   

(3y 1)(y 3) 0    
2a y  3 0  

 0

y  1
,3

3


2

2

x x 1

x x 1

 


 


1
,3

3
 
  

ii) 2

x 2

2x 3x 6


 

 2

x 2
y

2x 3x 6




 


 2yx 3yx 6y x 2   
22yx (3y 1)x (6y 2) 0     

x   0
2(3y 1) 4(2y)(6y 2) 0    

29y 1 6y 48y 16y 0     
239y 10y 1 0    

239y 10y 1 0   
239y 13y 3y 1 0    

13y(3y 1) 1(3y 1) 0    
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(3y 1)(13y 1) 0   
2a y   39 0   0

y  1 1
,

13 3

 

 2

x 2

2x 3x 6


 


1 1

,
13 3

   

iv)
2

2

2x 6x 5

x 3x 2

 
 

2

2

2x 6x 5
y

x 3x 2

 


 
2 2yx 3yx 2y 2x 6x 5     

2(y 2)x (6 3y)x (2y 5) 0      
2x R (6 3y) 4(y 2)(2y 5) 0      

2 236 9y 36y 4(2y 9y 10) 0      
2 236 9y 36y 8y 36y 40 0      

 x 
1 1 1

3x 1 x 1 (3x 1)(x 1)
 

    




1 1 1

y
3x 1 x 1 (3x 1)(x 1)

  
    

2

x 1 3x 1 1 4x 1

(3x 1)(x 1) 3x 4x 1

    
 

   

23yx 4yx y 4x 1    
23yx (4y 4)x (y 1) 0     

2x R (4y 4) 4(3y)(y 1) 0     
2 216y 16 32y 12y 12y 0     

24y 20y 16 0   
24y 20y 16 0  

2y 5y 4 0   

(y 1)(y 4) 0 y 1, 4     
24y 20y 16 0 y 1      y 4
2y  0

y 
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 x  2

x

x 5x 9 
 1

1,
11

 

 2
2

x
y yx 5yx 9y x

x 5x 9
    

 
2yx ( 5y 1)x 9y 0     

2x R ( 5y 1) 4y(9y) 0     
2 225y 1 10y 36y 0    

211y 10y 1 0..........(1)    
2 211y 10y 1 0 11y 11y y 1 0         

11y( y 1) 1( y 1) 0      

1
( y 1)(11y 1) 0 y 1,

11


      

211y 10y 1 0   
2y  ve,  0

(1)  1
y 1

11


 

y  1
1,

11

 

 R  x  2

x p

x 3x 2


 

 p 

 2

x p
y (y

x 3x 2




 


 2yx 3yx 2y x p   
2yx ( 3y 1)x (2y p) 0      

2x R ( 3y 1) 4y(2y p) 0       
2 29y 6y 1 8y 4py 0     

2y (6 4p)y 1 0    

y R,   2y (6 4p)y 1 0   


0

2(6 4p) 4 0   
24(3 2p) 4 0   

2(3 2p) 1 0   
24p 12p 8 0   
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2p 3p 2 0   

(p 1)(p 2) 0   

p 1  p 2  2

x p

x 3x 2


 



1 p 2   
 

2) 5 6i x x  2)15 4 3ii x x 

 )i  2( ) 5 6f x x x  

( 3)( 2)x x  

( ) 0f x 

2 3x 

 ( ) 0f x 

( 2) (3 )x x      

2
5 25

6
2 4

y x     
 

y


1

4




)ii  2( ) 15 4 3f x x x  

( ) 0f x 
215 4 3 0x x  

23 4 15 0x x  
23 9 5 15 0x x x   

3 ( 3) 5( 3) 0x x x   

( 3)(3 5) 0x x  

3
3

5
x


 

( ) 0f x 

3
(3 )

5
x x

        
 

215 4 3y x x  

2 4
3 5

3
y x x

      

2
2 4

3 5
3 9

y x
        
   
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2
2 49

3 .3
3 9

y x     
 

2
2 49

3
3 9

y x     
 

y


49

3


 2c ab       2 2 2 22 0c ab x a bc x b ac     

 3 3 3 3a b c abc    0a  
   0

    22 2 24 4 0a bc c ab b ac    

4 2 2 2 2 22a b c a bc b c   
3 3 2 0c a b a a bc  
4 2 3 3 22 0a a bc c a b a a bc    

3 3 3 3 0a a b c abc     
3 3 3 3 0a b c abc     0a 
3 3 3 3a b c abc    0a 

 
2) 6 5 8 2i x x x    

 2 6 5 0x x    
2 6 5 0x x  

  5 1 0x x  

1 5...........(1)x 

2 26 5 64 4 32x x x x     
20 5 38 64 5x x   

 25 38 69 0x x  
25 23 15 69 0x x x   

5 ( 3) 23( 3) 0x x x   

( 3)(5 23) 0x x  

23
3 .........(2)

5
x 


3 5x 
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 2ax bx c 0   
2b b 4ac

2a

    (Mar 02)

  2ax bx c 0  
24a(ax bx c) 0   

2 2 2 24a x 4abx b b 4ac 0     
2 2(2ax b) b 4ac   

22ax b b 4ac    

22ax b b 4ac    

2b b 4ac
x

2a

  
 

2ax bx c 0    
2b b 4ac

2a

  

 2ax bx c 0            x     
 2ax bx c   a 

 2ax bx c 0    0 
2 2(i.e., )b 4ac 0 4ac b 0    

2
2ax bx c b c

x x
a a a

 
  

2 2
2

2

b b b c
x 2. x

2a 2a 4a a
      
 

2 2

2

b 4ac b
x 0

2a 4a

     
 

 x R 

2x R, ax bx c, a    
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 ,   2ax bx c 0      
i)  x     2ax bx c   a 
ii)  x    x   2ax bx c   a 

 ,   2ax bx c 0   
2ax bx c a( )(x )    

2ax bx c
(x )(x )

a

 
   

i)  x x 0,       x 0 

2ax bx c
0

a

 
 

2ax bx c   a 
ii) x  

x      

x 0, x 0    

(x )(x ) 0   

2ax bx c
0

a

 
 

2ax bx c,a  

x    , x x         

(x ) 0, x 0    

(x )(x ) 0   

2ax bx c
0

a

 
 

2ax bx c, a   
x    x   2ax bx c  a 
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 x, R 
2

2

x 34x 71

x 2x 7

 
 

 (Mar 05)


2

2

x 34x 71
y

x 2x 7

 


 


2 2x y 2xy 7y x 34x 71     
2(y 1)x 2(y 17)x (71 7y) 0      

x R 0   
2(i.e., )b 4ac 0 

2[2(y 17)] 4(y 1)(71 7y) 0     
2(y 17) (y 1)(71 7y) 0     

2 2y 34y 289 ( 7y 78y 71) 0       
29y 112y 360 0   

2y 14y 45 0   

(y 5)(y 9) 0   
2y  1 0,   2y 14y 45 0  

y 5  y 9

y 

 ,   22x x 3 0      1

1





1

1


  

 (Mar 03)

 ,   22x x 3 0   
1

,
2

    3

2
 


1 1

1 1

 
 

 

(1 )(1 ) (1 )(1 )

(1 )(1 )

    


 

1 1

1

   


 

3
2 2

2 2 2
1 31 ( )

1
2 2

       
       

 
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1

2





1 1

1 1

          

1 1 ( )

1 1 ( )

     
 

     

1 3
1 32 2

1 3 21
2 2

 
 

 


2x   x   0

2 1 3
x x 0

2 2
      
 

22x x 3 0   

 x  26x x 2  
  26x x 2 0  

26x 4x 3x 2 0    

2x(3x 2) 1(3x 2) 0    

1 2
(2x 1)(3x 2) 0 x ,

2 3
      

a 6 0 

2 1
x

3 2
   

26x x 2  
2

x
3

   1
x

2
  26x x 2  www.sa
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 2 0ax bx c    ,   2 2 3 3,      , ,a b c


 

,
b c

a a
     

   22 2 2        

2 2 2

2 2 2

2 2
2

b c b ac b ac

a a a a a

           
   

  3 3 2 2          

   2
2           

     2
3         

2

3
b b c

a a a

              
       

2 3

2 3

3 3b b c abc b

a a a a

  
    

 

 2 0ax bx c    ,   0c  
1 1

,
 

 
 



  b

a
     c

a
 

0, 0, 0c     
1 1 (1 ) (1 )     
  
    

 

2  


 


2 2

b

a
c

a

 


       
 
 
 

2 2
b b

c c
       
 
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 11 1    
  

        
  

1
b c

a b ca a
c c
a

              
 
 
 

 2 0ax bx c    2 0bx cx a   
 3 3 3 3a b c abc   

 2 2
1 1 1 2 2 20, 0a x b x c a x b x c     



    2

1 2 2 1 1 2 2 1 1 2 2 1c a c a a b a b b c b c   

 1 ,a a  1 ,b b 1 ,c c  2 ,a b  2 ,b c  2c a

     22 2 2cb a ac b ba c   

2 2 2 42b c a bc a  
2 3 3 2 2a bc ac b a b c   

4 3 3 23a ab ac a bc   
3 3 3 3a b c abc    0a  
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yîlÐ]l*Ä¶æ$ÆŠ‡ íÜ§é®…™èl… 
Very Short Answer Questions 

 

1.   n ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ  ( ) ( )2 2 11 1 2 cos
2

n n n n
i i

π++ + − =     Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.    

Solution : - 

  { }1 cos sini r iθ θ+ = +     C¶mÀOÍ¶mÀ¶¢ÀÀ. 

 ( ) ( )2 2
cos sin 2 2r r rθ θ+ = ⇒ =  

 
1 1

cos sin . / 4
2 2

PV ofθ θ θ π= = =  

 1 2 cos sin
4 4

i i
π π ∴ + = + 

 
 ElÉ£lûµ0S¸ ( )1 2 cos sin

4 4
i i

π π − = − 
 

 

  ( ) ( ) ( ) ( )
2 2

2 22 2
1 1 2 cos sin 2 cos sin

4 4 4 4

n n
n nn n

i i i i
π π π π   + + − = + + −   

   
 

 
2

2 cos sin
4

n n
i

π= + 2 2
cos sin

4 4

n n
i

π π − 2

4

nπ 
 
 

 

 12 cos
2

n nπ+=
 

 

2.  F Oºñ0l¼ ¢¸n £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀF Oºñ0l¼ ¢¸n £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀF Oºñ0l¼ ¢¸n £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀF Oºñ0l¼ ¢¸n £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    

 (i) ( )3

1 3i+      

Solution : - 

 1 3 2 cos sin / 3
3

i i
π π + = + 

 
   

 ( )
3

3

1 1 3 8 cos sin / 3
3

i
π π + = + 

 
 

 { }8 cos siniπ π= +  ( ){ }cos sin cos sin
n

i n i nθ θ θ θ+ = +∵  

 { }8 1 0 8= − + = −  
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(ii) ( )8
1 i−   

Solution   ( ) { }
8 8

8 41 1
1 2 2 cos sin 2 cos 2 sin 2

4 42 2
i i i i

      − = − = − = −     
     

π π π π  

(iii) ( )16
1 i+    

Solution   ( ) { }
16

16
1 2 cos sin 2 cos2 sin 2

4 4
i i i

π π π π  + = + = +  
  

 

  256=  

(iv) 
5 3

3 3

2 2 2 2

i i   
+ − −      

   
 

Solution  . 
5 5

3 3

2 2 2 2

i i   
+ − −      

   
 

 
5 5

cos sin cos sin
6 6 6 6

i i
π π π π   + − −   

   
 

 
5

cos
6

π 5 5
sin cos

6 6
i

π π+ − 1sin / 6π+  

 
5

2 sin 2
6

i
π = ( ) 1

2
i i=

 

3.   ( )
1

31 3i− ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    

 
( )

1
1 3
3

1

3

1 3
1 3 2

2 2

2 cos sin
3 3

i i

i

   − = −   
   

  = −  
  

π π

 

 

1
1 3
32 cos sin

3 3
i

π π − −   = +    
    

 

 
1
3

2 2
3 32 cos

3 3

k k
isn

π ππ π
    − −     = +  
   

   

0,1, 2k =  

 ( )3 2 6 1 0,1, 2
9

cis k k
π= − =
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4.       ( )
1

6i− ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    

Solution : - 

 ( )
1

1 6
6 cos sin

2 2
i i

π π − −   − = +    
    

 

  
2 / 2

0,1, 2, 3, 4, 5
6

k
cis k

π π− = = 
 

 

 ( ) ( )
1

61 4 1 0,1, 2, 3
12

cis k k
π∴ − = − =

 

 

5.   ( )2/3
1 i+ ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    

 ( )
1

2 3
2/3

1 2 cos 1sin
4 4

i
π π   + = +   

    

 

 

1

3

2 cos sin / 2
2

i
π π  = +  

  
 

 
1

3

2
22 0,1, 2

3

k
cis k

ππ + 
= = 

 
 

 

 ( )
1

32 4 1 0,1, 2
6

cis k k
π= + =

 

 

6.   ( )
1

416− ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    

 ( ) ( ) ( )
11 1

4 44 416 2 1− = −  

 ( )
1

4
2

2 2 0,1, 2, 3
4

k
cis cis k

π ππ + = = = 
 

 

 ( )2 2 1 0,1,2, 3
4

cis k k
π= + =
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7.  ( )
1

532− ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    

 ( ) ( ) ( ) { }
11 1 1

5 55 5 532 2 1 2 cos siniπ π− − = +
 

 

8.   21, ,ω ω  vÀvÀvÀvÀ1    ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ    1 1 1

2 1 2 1ω ω ω
+ =

+ + +
    Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.    

Solution : - 

 L.H.S 
1 1

2 1 2ω ω
+

+ +
 

 ( ) ( )
( )

2

3 11 2 2

2 1 2 2 4 2

ωω ω
ω ω ω ω ω

++ + + =
+ + + + +

 

 
( )

( )2

3 1

2 1 5

ω
ω ω

+
=

+ +
 

 
( )2

2
3

1
2 5

ω
ω ω

ω ω
−

= + = −
− +

∵  

 21 ω ω+ =  

 
23

3

ω ω
ω

−= = −  

 
2

1 1

1ω ω
= − =

+  

 

9. 21, ,ω ω  vÀvÀvÀvÀ1    ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ    ( ) ( ) ( )( )2 10 112 2 2 2 49ω ω ω ω− − − − =     Cn Cn Cn Cn 

VµÃ¶p0fº.VµÃ¶p0fº.VµÃ¶p0fº.VµÃ¶p0fº.        

Solution : -( ) ( ) ( )( )2 10 112 2 2 2− − − −ω ω ω ω = 

 ( )( ){ } ( ) ( ){ } { }2 2 10 11 22 2 2 2ω ω ω ω ω ω ω ω− − − − = =∵  

 = ( ){ } ( ){ }2 3 2 34 2 4 2ω ω ω ω ω ω− + + − + +  

 =( )( )4 2 1 4 2 1 49+ + + + =  
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10. 21, ,ω ω  vÀvÀvÀvÀ1    ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ C±ÀÀhÉ    

( ) ( ) ( )2 3 3 32 3x y z x y z x y x y z xyzω ω ω ω+ + + + + + = + + −     Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.    

Solution: - 

 ( ){ } { }2 2x y z x y z x y zω ω ω ω+ + + + + +  

 ( ) { }2 2 2 3 2 2 2 3x y z x xy xz xy xy y yz xz yz zω ω ω ω ω ω ω ω ω+ + + + + + + + + + +  

 ( ) ( ) ( ) ( ){ }2 2 2 2 2 2x y z x y z xy yz zxω ω ω ω ω ω+ + + + + + + + + +  

 ( ) { }2 2 2x y z x y z xy yz zx+ + + + − − −  

 3 3 3 3x y z xyz+ + −  

 

11. i)   x = cisθθθθ C±ÀÀhÉ  C±ÀÀhÉ  C±ÀÀhÉ  C±ÀÀhÉ  6
6

1
x

x

 + 
 

£vÀ¶¢ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ£vÀ¶¢ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ£vÀ¶¢ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ£vÀ¶¢ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    

Sol: i) ix eθ=  

 

6 i6

6i
6

x e

1
e

x

θ

− θ

=

=
 

 6 i6 6 i
6

1
x e e

x
θ − θ+ = +  

 
cos6 isin 6 cos6 isin 6

2cos6 .

= θ + θ + θ − θ

= θ  

 

ii)     x = cisθθθθ C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ        8±ÀÇÀÀOµÖ±ÀÇÀÀOµÖ±ÀÇÀÀOµÖ±ÀÇÀÀOµÖ    ¶T¶m ¶¢ÀÃv0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶T¶m ¶¢ÀÃv0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶T¶m ¶¢ÀÃv0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶T¶m ¶¢ÀÃv0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

1/3x (8)=  

 
3

2

x 8 0

(x 2)(x 2x 4)

− =

− + + =0
 

 
2 4 16

x 2, x
2

− ± −= =  
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2 2 3 i

x
2

x 1 3 i

− ±=

= − ±

 

Roots are 2, 2ω, 2ω2. 

 

12   JOµOµ¶pÁJOµOµ¶pÁJOµOµ¶pÁJOµOµ¶pÁ    ¶T¶m ¶¢ÀÃv¹vÀ¶T¶m ¶¢ÀÃv¹vÀ¶T¶m ¶¢ÀÃv¹vÀ¶T¶m ¶¢ÀÃv¹vÀωωωω , ωωωω2 C±ÀÀ¶m C±ÀÀ¶m C±ÀÀ¶m C±ÀÀ¶m z2 – z + 1 = 0     ¶¢ÀÃv¹vÀ¶¢ÀÃv¹vÀ¶¢ÀÃv¹vÀ¶¢ÀÃv¹vÀ–ωωωω , –ωωωω2     vÀ C¶¢vÀ C¶¢vÀ C¶¢vÀ C¶¢Áh¸±ÀµÀn VµÃ¶pÁ¶¢ÀÀ.Áh¸±ÀµÀn VµÃ¶pÁ¶¢ÀÀ.Áh¸±ÀµÀn VµÃ¶pÁ¶¢ÀÀ.Áh¸±ÀµÀn VµÃ¶pÁ¶¢ÀÀ. 

 Sol: 2z z 1 0− + =  

1 1 4
z

2

± −=  

2

1 3i
z

2

[ 1 3i]
z

2

z ,

±=

− − ±=

= −ω −ω  

 

13. 21, ,ω ω  vÀvÀvÀvÀ1    ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ    C±ÀÀhÉ  F Oºñ0l¼ ¢¸n £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀC±ÀÀhÉ  F Oºñ0l¼ ¢¸n £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀC±ÀÀhÉ  F Oºñ0l¼ ¢¸n £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀC±ÀÀhÉ  F Oºñ0l¼ ¢¸n £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    

i) 3 2 2 2 3(a b) (a b ) (a b )+ + ω + ω + ω + ω  

Sol: i) 3 2 2 2 3(a b) (a b ) (a b )+ + ω + ω + ω + ω  

3 3 2 2 3 3 3 6 2 2 2 2 4 3 6 3 3 2 4 2 2 2a b 3a b 3ab a b 3a b 3a b a b 3a b 3b a= + + + + ω + ω + ω ⋅ ω + ω⋅ ω + ω + ω + ω ⋅ω + ω ⋅ ω  

3 3 2 2 3 3 2 2 3 3a b 3a b(1 ) a b 3b a( 1) a b= + + + ω + ω + + + ω + ω + + +  

3 33(a b )= +  

 

ii) 2 2 2 2 2(a 2b) (a 2b ) (a 2b )+ + ω + ω + ω + ω  

sol. 2 2 2 2 2(a 2b) (a 2b ) (a 2b )+ + ω + ω + ω + ω  

2 2 2 4 2 2 3 2 2 2 4 3

2 2 2 2 3 2

a 4b 4ab a 4b 4ab a 4b 4ab

a (1 ) 4b (1 ) 4ab(1 )

12ab.

= + + + ω + ω + ω + ω + ω + ω

= + ω + ω + + ω + ω + + ω + ω
=
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iii) 2 3(1 )− ω + ω  

sol. 
2 3(1 )− ω + ω  

 Now  21 0+ ω + ω =  

  21+ ω = −ω  

  

3

3 3

( )

( 2)

8

= −ω− ω

= − ω
= −  

 

iv) 2 4 8(1 )(1 )(1 )(1 )− ω − ω − ω − ω

 
sol.   

 

2 3 2

2 3 2 3

(1 )(1 )(1 )

(1 )(1 )

(1 1 1)(1 1 1)

9

= − ω− ω + ω − ω − ω

= − ω− ω + ω − ω− ω + ω
= + + + +
=  

 

v)
2 2

2 2

a b c a b c

c a b b c a

   + ω+ ω + ω+ ω+   
+ ω + ω + ω+ ω     

sol. 

2 2

2 2

a b c a b c

c a b b c a

   + ω+ ω + ω+ ω+   
+ ω + ω + ω+ ω     

 

  

2 2 2 3 4

2 3 4 2 2

2
2

2
3

2

(a b c ) a b c

c a b (b c a )

1

1

ω + ω+ ω ω + ω + ω= +
ω + ω + ω ω + ω+ ω

= ω +
ω
ω= ω +
ω

⇒ ω + ω = −  
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vi) 3 2 3(1 ) (1 )− ω + + ω   

sol. 
3 2 3(1 ) (1 )− ω + + ω  

 

2 3 3( ) ( )

1 ( 1)

2.

= −ω + −ω

= − + −

= −  

 

vii) 2 5 2 5(1 ) (1 )− ω+ ω + + ω− ω  
2 2

2 2

a b c a b c

c a b b c a

   + ω+ ω + ω+ ω+   
+ ω + ω + ω+ ω   

 

 
2 5 2 5(1 ) (1 )− ω+ ω + + ω− ω  

 
2

5 2 5

1

( 2 ) ( 2 )

+ ω = −ω

= − ω + − ω
 

 5 2( 2) ( )= − ω + ω  

 5( 2) ( 1) 32= − − = . 
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Short Answer Questions 

1. ,α β  vÀvÀvÀvÀ 2 2 4 0x x− + =  ¶ª¤ÀOµ±µg0 ±ÀÇÀÀOµÖ ¶¢ÀÃv¹vÀ C±ÀÀ ¶ª¤ÀOµ±µg0 ±ÀÇÀÀOµÖ ¶¢ÀÃv¹vÀ C±ÀÀ ¶ª¤ÀOµ±µg0 ±ÀÇÀÀOµÖ ¶¢ÀÃv¹vÀ C±ÀÀ ¶ª¤ÀOµ±µg0 ±ÀÇÀÀOµÖ ¶¢ÀÃv¹vÀ C±ÀÀ n N∈  C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ 12 cos
3

n n n nπα β ++ =     

Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.    

Solution: - 

 2 2 4 16 2 2 3
2 4 0

2 2

i
x x x

± − ±− + = ⇒ = =  

 2 cos sin 2 cos sin
3 3 3 3

i i
π π π πα β   = + = −   

   
 

 2 cos sin 2 cos sin
3 3 3 3

n n

n n i
π π π πα β       + = + + −      

      
 

 2 cos sin
3 3

n n n
i

π π= + cos sin
3 3

n n
i

π π+ −
 
 
 

 

 12 2 cos 2 cos
3 3

n nn nπ π+ = = 
   

 

2. cos cos cos 0 sin sin sin 0α β ϑ α β ϑ+ + = = + + =   C±ÀÀhÉ F Oºñ0l¼ ¢¸nn n±µÃ»p0Vµ0fº.C±ÀÀhÉ F Oºñ0l¼ ¢¸nn n±µÃ»p0Vµ0fº.C±ÀÀhÉ F Oºñ0l¼ ¢¸nn n±µÃ»p0Vµ0fº.C±ÀÀhÉ F Oºñ0l¼ ¢¸nn n±µÃ»p0Vµ0fº.    

 (i) ( )cos3 cos3 cos3 3 cosα β ϑ α β ϑ+ + = + +  

 (ii) ( )sin 3 sin 3 sin 3 3 sinα β ϑ α β ϑ+ + = + +  

 (iii) ( ) { } ( )cos 2 cos 2 sin 2 3α β ϑ β ϑ α ϑ α β− − + − − + − − =  

 (iv)  ( ) ( ) ( )sin 2 sin 2 sin 2 0α β ϑ β ϑ α ϑ α β− − + − − + − − =  

 (v) cos 2 cos 2 cos 2 0α β ϑ+ + =  

 (vi) sin 2 sin 2 sin 2 0α β ϑ+ + =  

 (vii) 2 2 2cos cos cos 0α β ϑ+ + =  

 (viii) 2 2 2sin sin sin 3/ 2α β ϑ+ + =  

 (ix) ( ) ( ) ( )cos cos cos 0α β β ϑ ϑ α+ + + + + =  

 (x) ( ) ( ) ( )sin sin sin 0α β β ϑ ϑ α+ + + + + =  
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Solution : - 

 Let cos sin cos sin : cos sinx i y i z iα α β β ϑ ϑ= + = + = +  

 ( ) ( )cos cos cos sin sin sinx y z i+ + = + + + + +α β ϑ α β ϑ  

 3 3 30 3x y z x y z xyz+ + = ⇒ + + =  

 

Proof of (i) & (ii) 

 ( ) ( ) ( )3 3 3
cos sin cos sin cos sin 3i i i cis cis cis+ + + + + =α α β β ϑ ϑ α β ϑ  

 ( )3 3 3 3cis cis cis cisα β ϑ α β ϑ+ + = + +  

 ( ) ( ) ( ) ( ) ( )cos3 sin 3 cos3 sin 3 cos3 sin 3 3cos 3 sini i i iα α β β ϑ ϑ α β ϑ α β ϑ+ + + + + = + + + + +  

 By comparing real and imaginary parts on both sides  

 ( )cos3 cos3 cos3 3cosα β ϑ α β ϑ+ + + + +  

 ( )sin 3 sin 3 sin 3 3sinα β ϑ α β ϑ+ + = + +  

 

Proof of (iii) & (iv) 

 We know that ( )sin 3 sin 3 sin 3 3sinα β ϑ α β ϑ+ + = + +  

 
3 3 3 2 2 2

3 3
x y z x y z

xyz yz zx xy

+ + = ⇒ + + =  

 
2 2 2

3
.

cis cis cis

cis cis cis cis cis cis

α β ϑ
β ϑ ϑ α α β

+ + =  

 ( ) ( ) ( )2 2 cos 2 3cis cisα β ϑ β ϑ α ϑ α β− − + − − + − − =  

 ( ) ( ){ } ( ) ( )cos 2 sin 2 cos 2 1sin 2iα β ϑ α β ϑ β ϑ α β ϑ α− − + − − + − − + − −  

 ( ) ( )cos 2 1sin 2 3ϑ α β ϑ α β+ − − + − − =  

 Comparing real and imaginary parts on both sides 

 ( ) ( ) ( )cos 2 cos 2 cos 2 3α β ϑ β ϑ α ϑ α β− − + − − + − − =  

 ( ) ( ) ( )sin 2 sin 2 sin 2 0α β ϑ β ϑ α ϑ α β− − + − − + − − =  
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Proof of V & VI 

 We know that 0x y z+ + =  

 
1 1 1 1 1 1

cos 1sin cos sin cos sinx y z i iα α β β ϑ ϑ
∴ + + = + +

+ + +
 

 cos sin cos sin cos sini i i= − + − + −α α β β ϑ ϑ  

 
1 1 1

0
x y z

+ + =  

 ( )2 2 2 20 0 2 2 2 0x y z x y z x y z xy y zx+ + = ⇒ + + = ⇒ + + + + + =  

 2 2 2 1 1 1
2 0x y z xyz

z x y

 
+ + + + + = 

 
 

 ( ) ( ) ( ) ( ) ( )2 2 2
2 0cis cis cis cis cis cisα β ϑ α β ϑ+ + +  

 
1 1 1

0
x y z

 
+ + = 

 
∵  

 ( ) ( )2 2 2 0 cos 2 cos 2 cos 2 sin 2 sin 2 sin 2 0cis cis cis iα β ϑ α β ϑ α β ϑ+ + = ⇒ + + + + + =  

 ¢¸¶ªå¶¢ ¶¢À±¼±ÀµÀÀ ¶ª0O½±µä sû¹S¸v¶mÀ qÏvÛSµ 

 cos 2 cos 2 cos 2 0α β ϑ+ + =  

 sin 2 sin 2 sin 2 0α β ϑ+ + =  

 

Proof of (vii)  

  cos 2 cos 2 cos 2 0α β ϑ+ + =  

 2 2 22cos 2cos 1 2cos 1 0α β ϑ+ − + − =  

 { }2 2 22 cos cos cos 3α β ϑ+ + =  

 2 2 2 3
cos cos cos

2
α β ϑ∴ + + =

 

 

Proof viii 

 cos 2 cos 2 cos 2 0α β ϑ+ + =  

 2 2 21 2sin 1 2 sin 1 2sin 0α β ϑ− + − + − =  

 
{ }2 2 2

2 2 2

3 2 sin sin sin

3
sin sin sin

2

= + +

⇒ + + =

α β ϑ

α β ϑ  
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Proof of (ix) and (x) 

  
1 1 1

0
x y z

+ + =  

 0yz zx xy∴ + + =  

 0cis cis cis cis cis cisα β β ϑ ϑ α∴ + + =  

 ( ) ( ) ( )cos 0cis cisα β β ϑ ϑ α= + + + + + =  

 ( ) ( ){ } ( ){ } ( ) ( ){ }cos sin cos cos sin 0i iα β α β β ϑ ϑ α ϑ α+ + + + + + + + + =  

 ¢¸¶ªå¶¢ ¶¢À±¼±ÀµÀÀ ¶ª0O½±µä sû¹S¸v¶mÀ qÏvÛSµ 

 ( ) ( ) ( )cos cos cos 0α β β ϑ ϑ α+ + + + + =  

 ( ) ( ) ( )sin sin sin 0α β β ϑ ϑ α+ + + + + =  

 

3.   n ¶pÁ¹±¸ä0Oµ0 C±ÀÀ¶pÁ¹±¸ä0Oµ0 C±ÀÀ¶pÁ¹±¸ä0Oµ0 C±ÀÀ¶pÁ¹±¸ä0Oµ0 C±ÀÀ z cisθ=  C±ÀÀhÉ C±ÀÀhÉ C±ÀÀhÉ C±ÀÀhÉ 
2

2

1
tan

1

n

n

z
i n

z
θ− =

+
    Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.    

Solution : - 

 
( )
( )

22

22

cos sin 11

1 cos sin 1

nn

nn

iz

z i

θ θ
θ θ

+ −− =
+ + +

 

 
cos 2 sin 2 1

cos 2 sin 2 1

n i n

n i n

θ θ
θ θ

+ −=
+ +

 

 
( )

( )
1 cos 2 sin 2

1 cos 2 sin 2

n i n

n i n

θ θ
θ θ

− − +
=

+ +
 

 
( ) { }

2 2

2
2

2sin 2 sin cos
1

2cos 2 sin cos

i n i n n
i

n i n n

θ θ θ
θ θ θ

+
= − =

+
∵  

 
2

=
{ }sin cos sini n n i nθ θ θ+

2 cos cosn nθ θ{ } tan
sin

i n
i n

θ
θ

=
+
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4.   n 2 n
0 1 2 n(1 x) a a x a x ... a x+ = + + + +  C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ    

i) n / 2
0 2 4 6

n
a a a a ... 2 cos

4

π− + − + =  

ii) n / 2
1 3 5 7

n
a a a a ... 2 sin

4

π− + − + = .    Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.    

Sol: n 2 n
0 1 2 n(1 x) a a x a x ... a x+ = + + + +  

Put x = i 

n 2 n
0 1 2 n(1 i) a a i a i ... a i+ = + + + +  

n

0 2 4 1 3 52 cos isin (a a a ...) i(a a a ...)
4 4

 π π + = − + + − +  
  

 

n/2
0 2 4 1 3 5

n n
2 cos isin (a a a ...) i(a a a ...)

4 4

π π + = − + + − + 
 

 

¢¸¶ªå¶¢   sû¹S¸v¶mÀ qÏvÛSµ  

 n / 2
0 2 4

n
a a a ... 2 cos

4

π− + =  

  ¶ª0O½±µä sû¹S¸v¶mÀ qÏvÛSµ 

 n / 2
1 3 5

n
a a a ... 2 sin

4

π− + = .

 
 

5.  (i) 4 1 0x − =  ¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.    

Solution : - 

 (i)  4 41 0 1x x− = ⇒ =  

 ( ) ( )
1 1

4 41 cos0 sin 0x i∴ = = +  

 
2 sin 2

cos 0,1,2, 3
4 4

k i k
k

π π = + = 
 

 

 
3

cos0 1sin 0
2 2

cis cis cis
π ππ= +  

 = 1,  I, -1, -i 

 1, i= ± ±  
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(ii) 5 1 0x + = ¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.    

Solution : - 

   ( )
1

5 51 0 cos sinx iπ π+ = ⇒ +  

 
2

cos 0,1, 2,3, 4
5

k
x k

π π+ = = 
 

 

 
3 7 9

, , , cos
5 5 5 5

x cis cis cis cis
π π π ππ∴ =

 

 

(iii) 9 5 4 1 0x x x− + − = ¶ª¤ÀOµ±µg¸né «¸lû¶ª¤ÀOµ±µg¸né «¸lû¶ª¤ÀOµ±µg¸né «¸lû¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.¼0Vµ0fº.¼0Vµ0fº.¼0Vµ0fº.    

Solution : - 

  9 5 4 1 0x x x− + − =           

 ( ) ( )5 4 41 1 1 0x x x− + − =  

 ( ) ( )4 51 0 : 1 0x x− = + =  

 Do (i) ,  (ii) to get the solution of (iii) 

 

(iv) 4 1 0x + = ¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.¶ª¤ÀOµ±µg¸né «¸lû¼0Vµ0fº.    

Solution : - 

 ( ) ( )
1 1

4 4 41 0 1x x cis+ = ⇒ = − = π  

 
2

0,1, 2, 3
4

k
x cis k

π π+ = = 
 

 

 
3 5 7

,
4 4 4 4

x cis cis cis cis
π π π π=
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6.   n ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ    ( ) ( ) ( )
11 1

2 2 2
1

2 cos . tannn n
q

p iq p iq p q arc
n p

 
+ + − = +  

 
    Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.        

Solution : - 

 Let { }cos sinp iq r iθ θ+ = +  

 2 2 2cos sinr p r q r p qθ θ= = ⇒ = +  

 2 2r p q∴ = +  

 
2 2 2 2

cos sin
p q

p q p q
θ θ= =

+ +
 

 1tan tan
q p

p q
θ θ −  

= ⇒ =  
 

 

 ( ) ( ) ( ){ } ( ){ }
1 11 1

cos sin cos sinn nn np iq p q r i r iθ θ θ θ+ + − = + + −  

 
1

cos sinnr i
n n

θ θ= + cos sini
n n

θ θ+ −
 
 
 

 

 
1

2
2 1

2cos
n

p q
n

θ  = +   
   

 

 ( )
1

2 2 12
1

2 cos tann
q

p q
n p

− 
= +  

   

 

7.  

8/3

1 sin cos
8 8 1

1 sin cos
8 8

i

i

π π

π π

 + + 
= − 

 + −
 

    Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.    

Solution : - 

 LHS 

8/3

1 sin cos
8 8

1 sin cos
8 8

i

i

π π

π π

 + + 
=  
 + −
 

 

 

8/3

1 cos /8 sin /8
2 2

1 cos /8 1sin / 3
2 2

i
π ππ π

π ππ π

    + − + −        
 

    + − − −        
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8/3 8/3
2

2

3 3 3 3 3
1 cos sin 2cos 2 sin cos

8 8 16 16 16
3 3 3 3 3

1 cos sin 2cos 2 sin cos
8 8 16 16 16

i i

i i

π π π π π

π π π π π

   + + +   
=   

   + − −
   

 

 

8

33 3 3
2cos cos 1sin

16 16 16
3 3 3

2cos cos sin
16 16 16

i

π π π

π π π

  +  
  
  −    

 

 

8/3

3 3 3 3
cos sin cos sin

16 16 16 16
3 3 3 3

cos sin cos sin
16 16 16 16

i i

i i

π π π π

π π π π

   + +   
   

     − +     
     

 

 

8/32

2 2

3 3
cos sin

16 16
3 3

cos sin
16 16

i
π π

π π

  +  
  
 + 
  

 

 
8/3

3 3
cos sin

8 8
i

π π + 
 

 

 cos sin 1iπ π+ = −  

 

8.   x12 – 1 = 0 , x4 + x2 + 1 = 0   v G¶¢Àîfº ¶¢ÀÃv¶¢ÀÀv¶mÀ Oµ¶mÀOÐÖ0fºv G¶¢Àîfº ¶¢ÀÃv¶¢ÀÀv¶mÀ Oµ¶mÀOÐÖ0fºv G¶¢Àîfº ¶¢ÀÃv¶¢ÀÀv¶mÀ Oµ¶mÀOÐÖ0fºv G¶¢Àîfº ¶¢ÀÃv¶¢ÀÀv¶mÀ Oµ¶mÀOÐÖ0fº    

Sol: 12x 1 0− =  

1/12x (1)=  

[ ]1/12
x cos(2n ) isin(2n )

n 0,1,2,...11 ...(1)

= π + π

=
 

4 2

2 4 2

6

1/ 6

x x 1 0

(x 1)(x x 1) 0

x 1 0

x (1)

+ + =

− + + =

− =

=

 

[ ]1/ 6
x cos(2n ) isin(2n )

2n 2n
cos isin , n 0,1,2,3,4,5...(2)

6 6

= π + π

π π= + =
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Common roots to (1) and (2) 

2 4 5
cis ,cis ,cis ,cis

3 3 3 3

π π π π
.  

 

9.   JOµ Oµ¶pÁ JOµ Oµ¶pÁ JOµ Oµ¶pÁ JOµ Oµ¶pÁ 15    ¶¢ ¶¢ÀÃv¹vÀ,¶¢ ¶¢ÀÃv¹vÀ,¶¢ ¶¢ÀÃv¹vÀ,¶¢ ¶¢ÀÃv¹vÀ,  JOµ Oµ¶pÁ JOµ Oµ¶pÁ JOµ Oµ¶pÁ JOµ Oµ¶pÁ 25    ¶¢ ¶¢ÀÃv¹vvÎ G¶¢Àîf¶¢ ¶¢ÀÃv¹vvÎ G¶¢Àîf¶¢ ¶¢ÀÃv¹vvÎ G¶¢Àîf¶¢ ¶¢ÀÃv¹vvÎ G¶¢Àîfº ¶¢ÀÃv¹v ¶ª0Pï¶mÀ Oµ¶mÀOÐÖ0fº º ¶¢ÀÃv¹v ¶ª0Pï¶mÀ Oµ¶mÀOÐÖ0fº º ¶¢ÀÃv¹v ¶ª0Pï¶mÀ Oµ¶mÀOÐÖ0fº º ¶¢ÀÃv¹v ¶ª0Pï¶mÀ Oµ¶mÀOÐÖ0fº  

Sol: 1/15x (1)=  

1/15x [cos 2n isin 2n ]

2n 2n
x cos isin

15 15

n 0,1,2,3,...14

n 3,m 5

2 2
x cos isin

25 25

n 9,m 15

6 6
cos isin

5 5

= π + π

π π= +

=

= =

π π= +

= =

π π+

 

1/ 25

1/ 25

x (1)

x [cos 2m isin 2m ]

=

= π + π
 

2m 2m
x cos isin

25 25

π π= +  

m 0,1,2,3,...24

n 6,m 10

4 4
x cos isin

5 5

n 12,m 20

8 8
cos isin

5 5

=

= =

π π= +

= =

π π+

 

n = 0, m = 0 

5 roots common. 
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6. 21, ,ω ω  vÀvÀvÀvÀ1    ±ÀÇÀÀOµÖ ¶ª0O½±µä ±ÀÇÀÀOµÖ ¶ª0O½±µä ±ÀÇÀÀOµÖ ¶ª0O½±µä ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ¶T¶m ¶¢ÀÃv¹vÀ¶T¶m ¶¢ÀÃv¹vÀ¶T¶m ¶¢ÀÃv¹vÀ    C±ÀÀhÉ C±ÀÀhÉ C±ÀÀhÉ C±ÀÀhÉ (x–1)3 + 8 = 0.           ±ÀÇÀÀOµÖ ¶¢ÀÃv¹vÀ±ÀÇÀÀOµÖ ¶¢ÀÃv¹vÀ±ÀÇÀÀOµÖ ¶¢ÀÃv¹vÀ±ÀÇÀÀOµÖ ¶¢ÀÃv¹vÀ    

Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. 

Sol: 3(x 1) 8− = −  

3

2 2

(x 1) ( 8)

x 1 2 x 1

x 1 2 x 2 1

x 1 2 x 2 1

− = −

− = − ⇒ = −

− = − ω⇒ = − ω +

− = − ω ⇒ = − ω +  

 

5.   (1 + i)4/5.    ±ÀÇÀÀOµÖ Cné ¶¢ÀÃv¹v vs¹çné Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné ¶¢ÀÃv¹v vs¹çné Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné ¶¢ÀÃv¹v vs¹çné Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ Cné ¶¢ÀÃv¹v vs¹çné Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Sol: (1 + i)4/5 

4 /5
4 / 5 1 i

( 2)
2 2

 = + 
 

 

4 /5
2 / 5(2) cos 2n isin 2n

4 4

n 0,1,2,3,4

 π π   = π + + π +    
    

=  

2 /5

2 /5

4 4
(2) cos isin ...(1)

4 5 4 5

9 4 9 4
(2) cos isin ...(2)

4 5 4 5

π π = ⋅ + ⋅  

π π = ⋅ + ⋅  

 

Product = 
i (1 9 17 25 33)

2 /5 5 5(2 ) e
π + + + +    

 

i (85)2 5

2

2 e

2 [cos17 isin17 ]

4

π

=

= π + π

= −  
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10  z ¶ª0O½±µä ¶ª0Pï C±ÀÀ¶ª0O½±µä ¶ª0Pï C±ÀÀ¶ª0O½±µä ¶ª0Pï C±ÀÀ¶ª0O½±µä ¶ª0Pï C±ÀÀ  z2 + z + 1 = 0     C±ÀÀhÉ   C±ÀÀhÉ   C±ÀÀhÉ   C±ÀÀhÉ       

Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.    

 

Sol: let z = ω    

L.H.S. =  

2 2 2
2 3

2 3

2 2 2
4 5 6

4 5 6

1 1 1

1 1 1

     ω + + ω + + ω + +     ω ω ω     

     ω + + ω + + ω +     ω ω ω     

 

2 2 2 2 2 2( 1) ( 1) (2) ( 1) ( 1) (2)

12

= − + − + + − + − +

=
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 2 2 2 2 2
2 3 4 5 6

2 3 4 5 6

1 1 1 1 1 1
z z z z z z 12

z z z z z z

           + + + + + + + + + + + =           
           
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Long Answer Questions 

 

1.   JOµ Oµ¶pÁ JOµ Oµ¶pÁ JOµ Oµ¶pÁ JOµ Oµ¶pÁ n    ¶¢ ¶¢ÀÃv¹vÀ¶¢ ¶¢ÀÃv¹vÀ¶¢ ¶¢ÀÃv¹vÀ¶¢ ¶¢ÀÃv¹vÀ 
2 3 n 11, , , ,... −α α α α     C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ  

p p 2 p 3 p n 1 p1 ( ) ( ) ... ( )−+ α + α + α + + α
0 if p kn

n if p kn

≠= 
=

    Cn VµÃ¶p0fºCn VµÃ¶p0fºCn VµÃ¶p0fºCn VµÃ¶p0fº  ( p, k ∈∈∈∈ N.) 

Sol:   n 1/ nx 1 0 x (1)− = ⇒ =  

1/ n

p

x [cos 2n isin 2n ]

2m 2m
x cos isin

n n

2m 2m
cos isin

n n

2mp 2mp
cos isin

n n

= π + π

π π= +

π πα = +

π πα = +

 

Now p = kn 

1 + 1 + 1 + … n terms = n 

If p ≠kn value 

p p 2 p 3 p n 1 p1 ( ) ( ) ... ( ) 0−+ α + α + α + + α = . 

 

2.   x7 – 1 = 0  ¶¢ÀÃv¹v ±ÀÇÀÀOµÖ ¶¢ÀÃv¹v ±ÀÇÀÀOµÖ ¶¢ÀÃv¹v ±ÀÇÀÀOµÖ ¶¢ÀÃv¹v ±ÀÇÀÀOµÖ 99¶¢¶T¹h¸v È¢ÀÀhµå0 ¶¥Ã¶mï0 C¶nVµÃ¶p0fº.  l¿¶mÀ=E ¶mÀ0W ¶¢¶T¹h¸v È¢ÀÀhµå0 ¶¥Ã¶mï0 C¶nVµÃ¶p0fº.  l¿¶mÀ=E ¶mÀ0W ¶¢¶T¹h¸v È¢ÀÀhµå0 ¶¥Ã¶mï0 C¶nVµÃ¶p0fº.  l¿¶mÀ=E ¶mÀ0W ¶¢¶T¹h¸v È¢ÀÀhµå0 ¶¥Ã¶mï0 C¶nVµÃ¶p0fº.  l¿¶mÀ=E ¶mÀ0W  deduce the 

roots of  6 5 4 3 2x + x + x + x + x + x +1 = 0.            ±ÀÇÀÀOµÖ ¶¢ÀÃv¹v¶mÀ ±¸sdà0fº. ±ÀÇÀÀOµÖ ¶¢ÀÃv¹v¶mÀ ±¸sdà0fº. ±ÀÇÀÀOµÖ ¶¢ÀÃv¹v¶mÀ ±¸sdà0fº. ±ÀÇÀÀOµÖ ¶¢ÀÃv¹v¶mÀ ±¸sdà0fº.     

Sol: 7 1/ 7x 1 0 x (1)− = ⇒ =  

1/ 7x (cos 2k isin 2k )= π + π  

2k 2k
x cos isin

7 7

π π= +  

k 0,1,2,3,4,5,6=  

2 4 12
i i i

7 7 7
1 2 3 6x 1, x e , x e ,..., x e

π π π

= = = =  

99 99 99
1 2 3x x x ...+ + +  
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2 4 12
99i 99i 99i

99 7 7 71 e e ...e 0
π π π⋅ ⋅ ⋅

+ + + =  

  6 5 4 3 2x + x + x + x + x + x +1 = 0±ÀÇÀÀOµÖ ¶¢ÀÃv¹vÀ  2k 2k
cos isin

7 7

π π+ ; k = 1, 2, 3, 4, 5, 6. 

7(x ) 1− =∵  

 6 5 4 3 2(x 1)(x + x + x + x + x + x +1) = 0−  

x = 1  LOµ ¶¢ÀÃv0 

2k
cis ;

7

π
⇒  k = 1, 2, 3, 4, 5, 6 vÀ 

6 5 4 3 2x + x + x + x + x + x +1 = 0.±ÀÇÀÀOµÖ ¶¢ÀÃv¹vÀ. 

 

5.      n     lûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉlûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉlûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉlûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ(x – 1)n = xn  «¸lû¼0Vµ0fº«¸lû¼0Vµ0fº«¸lû¼0Vµ0fº«¸lû¼0Vµ0fº    

Sol: 
n

x 1
1

x

−  = 
 

 

( )1/ nx 1
1

x

− =  

[ ]1/ n

2m
i

n

x 1
cos 2m isin 2m

x

x 1 2m 2m
cos isin

x n n

1
1 e

x

π

− = π + π

− π π= +

− =

 

2

2m 2m 1
1 cos isin

n n x

m m m 1
2sin 2isin cos

n n n x

m m m 1
2sin sin i cos

n n n x

π π− − =

π π π− =

π π π − =  
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2 2

1
x

m m m
2sin sin icos

n n n

m m
sin i cos

1 n n
X

m m m m m
2sin sin icos sin i cos

n n n n n

m m
sin icos

n n
m m m

2sin sin cos
n n n

m m
sin i cos

n n
m

2sin
n

=
π π π −  

π π +  =
π π π π π   − +      

π π +  =
π π π +  

π π +  = π

 

1 m
1 icot

2 n

π +  
; m = 1, 2, 3, …(n – 1) 

 

2.   m, n  vÀ ¶pÁ¹±¸ä0O¸vÀ ¶¢À±¼±ÀµÀÀvÀ ¶pÁ¹±¸ä0O¸vÀ ¶¢À±¼±ÀµÀÀvÀ ¶pÁ¹±¸ä0O¸vÀ ¶¢À±¼±ÀµÀÀvÀ ¶pÁ¹±¸ä0O¸vÀ ¶¢À±¼±ÀµÀÀ  x = cosαααα+ isinαααα, y = cosββββ + isinββββ  C±ÀÀhÉ  C±ÀÀhÉ  C±ÀÀhÉ  C±ÀÀhÉ   

m n
m n

1
x y cos(m n )

x y
+ = α + β and m n

m n

1
x y 2isin(m n )

x y
− = α + β     Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.    

Sol. xm = (cosα + isinα)m 

    = cos mα + isin mα 

yn = (cosβ + isinβ)n 

 = cos nβ + isin nβ 

∴xmyn =  (cos mα + isinmα) (cosnβ + isinnβ) 

= cos (mα + nβ) + isin (mα + nβ) ... (1) 

m n

1 1

cos(m n ) isin(m n )x y

cos(m n ) isin(m n ) ...(2)

=
α + β + α + β

= α + β − α + β
 

By adding (1) and (2), we get 

m n
m n

1
x y cos(m n )

x y
+ = α + β  
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By subtracting (2) from (1), we get 

   

m n
m n

1
x y 2isin(m n )

x y
− = α + β

 

 

3.   n     lûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉlûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉlûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉlûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ (1 + i)n + (1 – i)n = 
n 2

2 n
2 cos

4

+ π 
 
 

    Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.    

Sol. 
 

 

2 cos isin
4 4

π π = + 
 

 

1 1
(1 i) 2 i

2 2

2 cos isin
4 4

 − = − 
 

π π = − 
 

 

 

( )
n

nn

n / 2

(1 i) 2 cos isin
4 4

n n
2 cos isin ...(1)

4 4

π π + = + 
 

π π = + 
 

 

( )
n

nn

n / 2

(1 i) 2 cos isin
4 4

n n
2 cos isin ...(2)

4 4

π π − = − 
 

π π = − 
 

 

 By adding (1) and (2), we get 

 

n 2
n n n/2 2n n

(1 i) (1 i) 2 2cos 2 cos
4 4

+π π   + + − = =   
     
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4. n     lûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉlûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉlûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉlûµ¶m ¶pÁ¹±¸ä0Oµ0 C±ÀÀhÉ 
n n(1 cos isin ) (1 cos isin )+ θ + θ + + θ − θ = n 1 n n

2 cos cos
2 2

+ θ θ   
   
   

 CnCnCnCn    

VµÃ¶p0fº.VµÃ¶p0fº.VµÃ¶p0fº.VµÃ¶p0fº. 

Sol. L.H.S. =  

 n n(1 cos isin ) (1 cos isin )+ θ + θ + + θ − θ =  

n n
2 22cos 2isin cos 2cos 2isin cos

2 2 2 2 2 2

θ θ θ θ θ θ   = + + −   
   

 

n n
n n2 cos cos isin cos isin

2 2 2 2 2

 θ θ θ θ θ   = + + −    
     

 

n n n n n n
2 cos cos isin cos isin

2 2 2 2 2

θ θ θ θ θ = + + − 
 

 

n n n
2 cos 2cos

2 2

θ θ =  
 

 

n 1 n n
2 cos cos R.H.S.

2 2
+ θ θ= =

 

 

5.   cosαααα +cosββββ + cosγγγγ = 0 = sinαααα + sinββββ + sinγγγγ n             C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ 

     cos2 αααα + cos2ββββ + cos2 γγγγ = 3

2
 =sin2 αααα + sin2 ββββ + sin2 γγγγ    Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº.Cn VµÃ¶p0fº. 

Sol. (cos isin ) (cos isin )α + α + β + β +  (cos isin )γ + γ  

(cos cos cos ) i(sin sin sin ) 0 i0

(cos isin ) (cos isin ) (cos isin ) 0 ...(1)

= α + β + γ + α + β + γ = +

α + α + β + β + γ + γ =
 

Let x cis , y cis ,z cis= α = β = γ  then 

x + y + z = 0 by (1), then  

x2 + y2 + z2 = –2(xy + yz + zx) 

  = 
1 1 1

2xyz
x y z

 
− + + 

 
 

2xyz[cos isin cos isin cos isin ]

2xyz[(cos cos cos ) i(sin sin sin )]

= − α − α + β − β + γ − γ

= − α + β + γ − α + β + γ
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2 2 2

2 2 2

2xyz(0 i0) 0

x y z 0

(cos isin ) (cos isin ) (cos isin ) 0

cos 2 isin 2 cos 2 isin 2 cos 2 isin 2 0

= − − =

∴ + + =

⇒ α + α + β + β + γ + γ =

⇒ α + α + β + β + γ + γ =

 

2 2 2

2 2 2

(cos 2 cos 2 cos 2 ) i(sin 2 sin 2 sin 2 ) 0

cos 2 cos 2 cos 2 0

2cos 1 2cos 1 2cos 1 0

2(cos cos cos ) 3

⇒ α + β + γ + α + β + γ =

∴ α + β + γ =

α − + β − + γ − =

α + β + γ =

 

2 2 2 3
cos cos cos

2
∴ α + β + γ =  

2 2 2 3
1 sin 1 sin 1 sin

2
− α + − β + − γ =  

2 2 2 3
sin sin sin

2
∴ α + β + γ = . 

 

6.  1/ 4( 3 i)+    ±ÀÇÀÀOµÖ Cné±ÀÇÀÀOµÖ Cné±ÀÇÀÀOµÖ Cné±ÀÇÀÀOµÖ Cné    £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ £vÀ¶¢v¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ     

Sol.  3 i+   ±ÀÇÀÀOµÖ ¶¢Ã¶p D±ÀµÃ¶¢À ±µÃ¶p0±ÀÇÀÀOµÖ ¶¢Ã¶p D±ÀµÃ¶¢À ±µÃ¶p0±ÀÇÀÀOµÖ ¶¢Ã¶p D±ÀµÃ¶¢À ±µÃ¶p0±ÀÇÀÀOµÖ ¶¢Ã¶p D±ÀµÃ¶¢À ±µÃ¶p0    

3 i
3 i 2 2(cos30 isin 30 )

2 2

 
+ = + = ° + °  

 
 

  
1/ 4

1/ 4( 3 i) 2cis
6

π + =  
 

 

1/ 4
2k

62 cis
4

π π + 
=  

 
, k = 0, 1, 2, 3 

1/ 4 12k
2 cis

24

π + π =  
 

, k = 0, 1, 2, 3 

1/ 42 cis(12k 1)
24

π= + ,  k = 0, 1, 2, 3 

∴  3 i+ ±ÀÇÀÀOµÖ Cné £vÀ¶¢vÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢vÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢vÀ±ÀÇÀÀOµÖ Cné £vÀ¶¢vÀ 

 1/4 1/4 1/4 1/413 25 37
2 cis ,2 cis ,2 cis ,2 cis

24 24 24 24

π π π π
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7. 21, ,ω ω  vÀvÀvÀvÀ1    ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ±ÀÇÀÀOµÖ ¶ª0O½±µä ¶T¶m ¶¢ÀÃv¹vÀ    C±ÀÀhÉ Oºñ0l¼¢¸nn n±µÃ»p0Vµ0fº.C±ÀÀhÉ Oºñ0l¼¢¸nn n±µÃ»p0Vµ0fº.C±ÀÀhÉ Oºñ0l¼¢¸nn n±µÃ»p0Vµ0fº.C±ÀÀhÉ Oºñ0l¼¢¸nn n±µÃ»p0Vµ0fº.    

i) 2 6 2 6(1 ) (1 ) 128− ω + ω + − ω + ω =  2 7 2 7(1 ) (1 )= − ω + ω + + ω − ω          

Sol:   21+ ω + ω = 
( 1 i 3) ( 1 i 3)

1 0
2 2

− + − −+ + =
 
and 

3
3 2

cis cis2 1
3

π ω = = π = 
 

 

i) 2 6 2 6(1 ) (1 )− ω + ω + − ω + ω  

 
6 2 2 6

6 6 12 6

( ) ( )

2 ( ) 2 (2) 128

= −ω− ω + −ω − ω

= ω + ω = =
 

 2 7 2 7(1 ) (1 )− ω+ ω + + ω− ω  

 7 2 2 7( ) ( )= −ω − ω + −ω − ω  

 

7 7 14

7 2

( 2) ( )

( 2) ( )

( 128)( 1) 128.

= − ω + ω

= − θ + θ

= − − =  

ii) 2 2 3 3(a b)(a b )(a b ) a b+ ω + ω ω + ω = + . 

 2 2(a b)(a b )(a b )+ ω + ω ω + ω  

 
( )

2 3 4 2 2 3

2 2 2

2 2

3 3

(a b)(a ab ab b )

(a b) a ab( ) b

(a b)(a ab b )

a b

= + ω + ω + ω + ω

= + + ω+ ω +

= + − +

= +  

 

iii)x 2 + 4x + 7 = 0 , x = ωωωω – ωωωω2 – 2. 

  2x 2= ω − ω −  

 

2

2 2 4 3

2 2

2

(x 2)

(x 2) 2

x 4x 4 2 1 2 3

x 4x 7 0.

+ = ω− ω

⇒ + = ω + ω − ω

⇒ + + = ω + ω− = − − = −

⇒ + + =
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Ð]l–™èl¢ çÜÆý‡×æ$Ë$---- - I 
 

Theorem:                    r1, r2    vÀ ¢¸ï«¸±¸çvÀ S¸Sµv   ¶¢Åhµå OÉ0l¸ñv ¶¢Àlµï lµÃ±µ0 vÀ ¢¸ï«¸±¸çvÀ S¸Sµv   ¶¢Åhµå OÉ0l¸ñv ¶¢Àlµï lµÃ±µ0 vÀ ¢¸ï«¸±¸çvÀ S¸Sµv   ¶¢Åhµå OÉ0l¸ñv ¶¢Àlµï lµÃ±µ0 vÀ ¢¸ï«¸±¸çvÀ S¸Sµv   ¶¢Åhµå OÉ0l¸ñv ¶¢Àlµï lµÃ±µ0 d    ¶¢À±¼±ÀµÀÀ ¢¸dº ¶¢Àlµï OÐg0 ¶¢À±¼±ÀµÀÀ ¢¸dº ¶¢Àlµï OÐg0 ¶¢À±¼±ÀµÀÀ ¢¸dº ¶¢Àlµï OÐg0 ¶¢À±¼±ÀµÀÀ ¢¸dº ¶¢Àlµï OÐg0 θ 

C±ÀÀhÉ   C±ÀÀhÉ   C±ÀÀhÉ   C±ÀÀhÉ   
2 2 2

1 2

1 2

d r r
cos

2r r

− −θ =         CnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀ....  

Proof:        S = 0, S′ = 0   v¶mÀ lµhµå ¶¢Åh¸åvÀ C¶mÀOÍ¶mÀ¶¢ÀÀ.v¶mÀ lµhµå ¶¢Åh¸åvÀ C¶mÀOÍ¶mÀ¶¢ÀÀ.v¶mÀ lµhµå ¶¢Åh¸åvÀ C¶mÀOÍ¶mÀ¶¢ÀÀ.v¶mÀ lµhµå ¶¢Åh¸åvÀ C¶mÀOÍ¶mÀ¶¢ÀÀ.    

C1, C2    vÀ ¶¢Åhµå OÉ0l¸ñvÀ ¶¢Åhµå OÉ0l¸ñvÀ ¶¢Åhµå OÉ0l¸ñvÀ ¶¢Åhµå OÉ0l¸ñvÀ  vÀ  vÀ  vÀ  r1, r2 vÀ ¢¸ï«¸±¸çvÀ    C¶mÀOÍ¶mÀ¶¢ÀÀ. vÀ ¢¸ï«¸±¸çvÀ    C¶mÀOÍ¶mÀ¶¢ÀÀ. vÀ ¢¸ï«¸±¸çvÀ    C¶mÀOÍ¶mÀ¶¢ÀÀ. vÀ ¢¸ï«¸±¸çvÀ    C¶mÀOÍ¶mÀ¶¢ÀÀ.     C¶pÁýêfµÀC¶pÁýêfµÀC¶pÁýêfµÀC¶pÁýêfµÀ C1C2 = d.    

P0f¸¶m t0lµÀ¶¢Á P0f¸¶m t0lµÀ¶¢Á P0f¸¶m t0lµÀ¶¢Á P0f¸¶m t0lµÀ¶¢Á P        C¶mÀOÍ¶mÀ¶¢ÀÀC¶mÀOÍ¶mÀ¶¢ÀÀC¶mÀOÍ¶mÀ¶¢ÀÀC¶mÀOÍ¶mÀ¶¢ÀÀ  

 

 

 

 

   PC1 = r1, PC2 = r2, ∠APB = θ 

 S = 0 OµÀOµÀOµÀOµÀ PB ¶ªê±µ÷ ±ÉP   O¸¶¢Á¶m¶ªê±µ÷ ±ÉP   O¸¶¢Á¶m¶ªê±µ÷ ±ÉP   O¸¶¢Á¶m¶ªê±µ÷ ±ÉP   O¸¶¢Á¶m   , ∠C1PB = π/2 

 S′ = 0 OµÀOµÀOµÀOµÀ   PA ¶ªê±µ÷ ±ÉP   O¸¶¢Á¶m¶ªê±µ÷ ±ÉP   O¸¶¢Á¶m¶ªê±µ÷ ±ÉP   O¸¶¢Á¶m¶ªê±µ÷ ±ÉP   O¸¶¢Á¶m     , ∠C2PA = π/2 

   ∠C1PC2 = ∠C1PB + ∠C2PA – ∠APB= π/2 + π/2 – θ = π – θ 

   ∆C1PC2, OµÀ OÍËÈª´m ¶ªÃhµñ0 ¢¸ñ±ÀµÀSµOµÀ OÍËÈª´m ¶ªÃhµñ0 ¢¸ñ±ÀµÀSµOµÀ OÍËÈª´m ¶ªÃhµñ0 ¢¸ñ±ÀµÀSµOµÀ OÍËÈª´m ¶ªÃhµñ0 ¢¸ñ±ÀµÀSµ  

 
2 2 2 2
1 2 1 2 1 2 1 2C C PC PC 2PC PC cos C PC= + − ⋅ ∠ ⇒ 2 2 2 2 2 2

1 2 1 2 1 2 1 2d r r 2r r cos( ) d r r 2r r cos= + − π − θ ⇒ = + + θ  

                    ⇒
2 2 2

2 2 2 1 2
1 2 1 2

1 2

d r r
2r r cos d r r cos

2r r

− −θ = − − ⇒ θ =
  

Corollary:  

     x2 + y2 + 2gx + 2fy + c = 0,   x2 + y2 + 2g′′′′x + 2f′′′′y + c′′′′= 0     ¶¢Åh¸åv ¶¢Àlûµï ¶¢Åh¸åv ¶¢Àlûµï ¶¢Åh¸åv ¶¢Àlûµï ¶¢Åh¸åv ¶¢Àlûµï  θθθθ     OÐg0  C±ÀÀhÉ  OÐg0  C±ÀÀhÉ  OÐg0  C±ÀÀhÉ  OÐg0  C±ÀÀhÉ  

2 2 2 2

c c 2(gg ff )
cos

2 g f c g f c

′ ′ ′+ − +θ =
′ ′ ′+ − + −

    Cn VµÃ¶pÁ¶¢ÀÀ. Cn VµÃ¶pÁ¶¢ÀÀ. Cn VµÃ¶pÁ¶¢ÀÀ. Cn VµÃ¶pÁ¶¢ÀÀ.   

Proof:    C1, C2            vÀ ¶¢Åhµå OÉ0l¸ñvÀ,vÀ ¶¢Åhµå OÉ0l¸ñvÀ,vÀ ¶¢Åhµå OÉ0l¸ñvÀ,vÀ ¶¢Åhµå OÉ0l¸ñvÀ, r1, r2           vÀ ¢¸ï«¸±¸çvÀ vÀ ¢¸ï«¸±¸çvÀ vÀ ¢¸ï«¸±¸çvÀ vÀ ¢¸ï«¸±¸çvÀ C1C2 = d        C¶mÀOÍ¶mÀ¶¢ÀÀ.C¶mÀOÍ¶mÀ¶¢ÀÀ.C¶mÀOÍ¶mÀ¶¢ÀÀ.C¶mÀOÍ¶mÀ¶¢ÀÀ.    

  

S=0 

A  

P 

S′=0  

B  
C1 C2 

θ 
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 ∴ C1 = (–g, –f), C2 = (–g′, –f′),  

 2 2 2 2
1 2r g f c, r g f c′ ′ ′= + − = + −  

  
2 2 2

1 2

1 2

d r r
cos

2r r

− −θ =
2 2 2 2 2 2

2 2 2 2

(g g ) (f f ) (g f c) (g f c )

2 g f c g f c

′ ′ ′ ′ ′− + − − + − − + −=
′ ′ ′+ − + −

 

  

2 2 2 2 2 2 2 2

2 2 2 2

g g 2gg f f 2ff g f c g f c

2 g f c g f c

′ ′ ′ ′ ′ ′ ′+ − + + − − − + − − +=
′ ′ ′+ − + −

 

  = 
2 2 2 2

c c 2(gg ff )

2 g f c g f c

′ ′ ′+ − +

′ ′ ′+ − + − .

   

  S ≡≡≡≡ x2 + y2 + 2gx + 2fy + c = 0, S′′′′≡≡≡≡ x2 + y2 + 2g′′′′x + 2f′′′′y + c′′′′=0 ¶¢Åh¸åvÀ v0s0S¸ ¶¢Åh¸åvÀ v0s0S¸ ¶¢Åh¸åvÀ v0s0S¸ ¶¢Åh¸åvÀ v0s0S¸ 

P0fº0VµÀOµÀ0dÉ  P0fº0VµÀOµÀ0dÉ  P0fº0VµÀOµÀ0dÉ  P0fº0VµÀOµÀ0dÉ   2gg′′′′ + 2ff′′′′ = c + c′′′′.  

 

Very Short Answer Questions 

1.  x2+y2 + 2by-k = 0, x2+y2+2ax+8=0  ¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀ OµÀ0dÉ ¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀ OµÀ0dÉ ¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀ OµÀ0dÉ ¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀ OµÀ0dÉ ‘k’         £vÀ¶¢ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ£vÀ¶¢ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ£vÀ¶¢ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ£vÀ¶¢ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

  x2+y2 + 2by-k = 0, x2+y2+2ax+8=0 

Sol.   ¶¢Åh¸åvÀ :¶¢Åh¸åvÀ :¶¢Åh¸åvÀ :¶¢Åh¸åvÀ : x2+y2 + 2by-k = 0, x2+y2+2ax+8=0 

     g1 = 0;   f1 =b; c1  k 

        g2 = a;   f1 = 0; c1= 8 

     ¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é ±ÀÀ    O¸¶¢Á¶m¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é ±ÀÀ    O¸¶¢Á¶m¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é ±ÀÀ    O¸¶¢Á¶m¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é ±ÀÀ    O¸¶¢Á¶m 

 2g1g2 + 2f1 f2 = c1 + c2 

 2(0) (a) + 2(b) (0)  k + 8  

 0 = - k + 8  

    

 

2.  x2 + y2 – 12x – 6y + 41 = 0;    x2 + y2 – 4x + 6y – 59 = 0 ¶¢Åh¸åv  ¶¢Àlµï OÐg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶¢Åh¸åv  ¶¢Àlµï OÐg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶¢Åh¸åv  ¶¢Àlµï OÐg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶¢Åh¸åv  ¶¢Àlµï OÐg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.  

Sol.  x2 + y2 – 12x – 6y + 41 = 0 

     C1= (6, 3) , r1 = {36 + 9 - 41}1/2   =2   

 x2 + y2 – 4x + 6y – 59 = 0, C2 = (-2,-3) 

     r2= {4 + 9 - 59}1/2   = {72}1/2 = 6  
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 C1C2 = d  =  

    ¶¢Åh¸åv ¶¢Àlûµï ¶¢Åh¸åv ¶¢Àlûµï ¶¢Åh¸åv ¶¢Àlûµï ¶¢Åh¸åv ¶¢Àlûµï  θθθθ     OÐg0  C±ÀÀhÉ  OÐg0  C±ÀÀhÉ  OÐg0  C±ÀÀhÉ  OÐg0  C±ÀÀhÉ  =  =  =  

 θ =   

  

4. x2 + y2 + 6x – 8y + 12 = 0; x2 + y2 – 4x + 6y + k = 0  ¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é±ÀµÀn ¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é±ÀµÀn ¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é±ÀµÀn ¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é±ÀµÀn 

VµÃ¶pÁ¶¢ÀÀVµÃ¶pÁ¶¢ÀÀVµÃ¶pÁ¶¢ÀÀVµÃ¶pÁ¶¢ÀÀ.  

 Sol.     ¶¢Åh¸åvÀ :¶¢Åh¸åvÀ :¶¢Åh¸åvÀ :¶¢Åh¸åvÀ :x2 + y2 + 6x – 8y + 12 = 0;  x2 + y2 – 4x + 6y -24 = 0  

  g= 3 ,  f 4,  c  12  ,   g1 = -2, f1 = 3 ;  c1  = 0.    

  c + c1  12 -24=  -36.  

  2gg1 + 2ff1=  2.3.(-2)+2.(-4)3=-12 – 24= -36 

     2gg1 + 2ff1 = c + c1 

  ¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é±ÀÀ.¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é±ÀÀ.¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é±ÀÀ.¶¢Åh¸åvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀm¸é±ÀÀ.  

 

5. x2 + y2 – 3x – 4y + 5 = 0,  3(x2 + y2) – 7x + 8y + 11 = 0 

 ¶¢Åh¸åv  ¶¢ÀÃv C°µ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶¢Åh¸åv  ¶¢ÀÃv C°µ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶¢Åh¸åv  ¶¢ÀÃv C°µ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶¢Åh¸åv  ¶¢ÀÃv C°µ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

Sol.  S ≡ x2 + y2 – 3x – 4y + 5 = 0 

2 2 7 8 11
S' x  y –  x  y    0

3 3 3
= + + + =  

¶¢ÀÃv C°µ0¶¢ÀÃv C°µ0¶¢ÀÃv C°µ0¶¢ÀÃv C°µ0    S – S′ = 0   

(x2 + y2 – 3x – 4y + 5) – 2 2 7 8 11
x y x y 0

3 3 3
 + − + + = 
 

 

2 20 4
x y 0 x 10y 2 0

3 3 3
− − + = ⇒ + − =    
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6. x2 + y2 – 4x – 4y + 3 = 0,   x2 + y2 – 5x – 6y + 4 = 0   ¶¢Åh¸åv  G¶¢Àîfº Y¹ï ¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶¢Åh¸åv  G¶¢Àîfº Y¹ï ¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶¢Åh¸åv  G¶¢Àîfº Y¹ï ¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶¢Åh¸åv  G¶¢Àîfº Y¹ï ¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ   

Sol.    S= x2 + y2 – 4x – 4y + 3 = 0 

 S1= x2 + y2 – 5x – 6y + 4 = 0 

  G¶¢Àîfº Y¹ï:G¶¢Àîfº Y¹ï:G¶¢Àîfº Y¹ï:G¶¢Àîfº Y¹ï:  S – S′ = 0 

  (x2 + y2 – 4x – 4y + 3)–(x2 + y2 – 5x–6y+4) = 0 ⇒  x + 2y – 1 = 0   

 

 

Short Answer Questions  

 

1.    ¶¢ÀÃv t0lµÀ¶¢Á¶¢ÀÃv t0lµÀ¶¢Á¶¢ÀÃv t0lµÀ¶¢Á¶¢ÀÃv t0lµÀ¶¢Á    SµÀ0f¸ qÒhµÃ SµÀ0f¸ qÒhµÃ SµÀ0f¸ qÒhµÃ SµÀ0f¸ qÒhµÃ  x2 + y2 – 4x + 6y + 10 = 0, x2 + y2 + 12y + 6 = 0 

    ¶¢Åh¸åv¶mÀ v0s0S¸ P0fº0VÉ ¶¢Áýñh¸åné Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶¢Åh¸åv¶mÀ v0s0S¸ P0fº0VÉ ¶¢Áýñh¸åné Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶¢Åh¸åv¶mÀ v0s0S¸ P0fº0VÉ ¶¢Áýñh¸åné Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶¢Åh¸åv¶mÀ v0s0S¸ P0fº0VÉ ¶¢Áýñh¸åné Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

  

Sol.   x2+ y2 + 2gx + 2fy + c = 0 ----(1) ¶mÀ ¶mÀ ¶mÀ ¶mÀ O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ. 

 ËÈp ¶¢Åhµå0    ËÈp ¶¢Åhµå0    ËÈp ¶¢Åhµå0    ËÈp ¶¢Åhµå0    ¶¢ÀÃv t0lµÀ¶¢Á¶¢ÀÃv t0lµÀ¶¢Á¶¢ÀÃv t0lµÀ¶¢Á¶¢ÀÃv t0lµÀ¶¢Á    SµÀ0f¸ qÒhÐ0l¼.SµÀ0f¸ qÒhÐ0l¼.SµÀ0f¸ qÒhÐ0l¼.SµÀ0f¸ qÒhÐ0l¼.      

   0+0+0+0+c = 0   c=0. 

   x2 + y2 – 4x + 6y + 10 = 0, x2 + y2 + 12y + 6 = 0      ¶¢Åh¸åv¶mÀ¶¢Åh¸åv¶mÀ¶¢Åh¸åv¶mÀ¶¢Åh¸åv¶mÀ  x2+ y2 + 2gx + 2fy + c = 0    

v0s0S¸ P0«Òå0l¼ Oµ¶mÀOµv0s0S¸ P0«Òå0l¼ Oµ¶mÀOµv0s0S¸ P0«Òå0l¼ Oµ¶mÀOµv0s0S¸ P0«Òå0l¼ Oµ¶mÀOµ  

  2gg1 + 2ff1 = c + c1 

  2g (-2) + 2f (3) = 0 + 10 

  -4g + 6f = 10   ----- (2) 

    

  2g (0) + 2f (6) = 6 + 0 

  12f = 6------ (3)⇒ f =  

   (2),   (3)  v¶mÀ0fº  v¶mÀ0fº  v¶mÀ0fº  v¶mÀ0fº   

  -4g + 6    = 10  

  -4g = 10 – 3 ⇒ g = -  

   ¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0 
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 x2 + y2 -  x + y = 0⇒ 2x2 + 2y2 –7x + 2y = 0.  

 

2. (0, -3) t0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Á    SµÀ0f¸ qÒhµÃ SµÀ0f¸ qÒhµÃ SµÀ0f¸ qÒhµÃ SµÀ0f¸ qÒhµÃ  x2 + y2–6x+3y+5 = 0, x2+ +y2– x – 7y = 0     ¶¢Åh¸åv¶mÀ v0s0S¸ ¶¢Åh¸åv¶mÀ v0s0S¸ ¶¢Åh¸åv¶mÀ v0s0S¸ ¶¢Åh¸åv¶mÀ v0s0S¸ 

P0fº0VÉ ¶¢P0fº0VÉ ¶¢P0fº0VÉ ¶¢P0fº0VÉ ¶¢Áýñh¸åné Oµ¶mÀSÍ¶mÀ¶¢ÀÀÁýñh¸åné Oµ¶mÀSÍ¶mÀ¶¢ÀÀÁýñh¸åné Oµ¶mÀSÍ¶mÀ¶¢ÀÀÁýñh¸åné Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

Sol.    x2+ y2 + 2gx + 2fy + c = 0 ----(1) ¶mÀ O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.¶mÀ O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.¶mÀ O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.¶mÀ O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.   

x2 + y2–6x+3y+5 = 0, x2+ +y2– x – 7y = 0     ¶¢Åh¸åv¶mÀ¶¢Åh¸åv¶mÀ¶¢Åh¸åv¶mÀ¶¢Åh¸åv¶mÀ  x2+ y2 + 2gx + 2fy + c = 0    v0s0S¸ P0«Òå0l¼ v0s0S¸ P0«Òå0l¼ v0s0S¸ P0«Òå0l¼ v0s0S¸ P0«Òå0l¼ 

Oµ¶mÀOµOµ¶mÀOµOµ¶mÀOµOµ¶mÀOµ    

   2g(–3) + 2f
3

2

+ 
  

 = c + 5 

   –6g + 3f = c + 5----------- (2)  

    

     2g 
1

2

+ 
  

 + 2f
7

2

+ 
  

 = c 

    –g –7f = c ----(3) 

   (1)     (0, -3)     t0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Á    SµÀ0f¸ qÒhÐ0l¼SµÀ0f¸ qÒhÐ0l¼SµÀ0f¸ qÒhÐ0l¼SµÀ0f¸ qÒhÐ0l¼    

    0 + 9 – 6f + c = 0 

  (3) – (2) 

       5g – 10f = – 5⇒   g – 2f = – 1 

  (iii) + (iv) 

  9 – g – 13f = 0  ⇒ g + 13f = 9 

          g – 2f = –1 

           15f = 10 

 

    f = ⇒ g = 2.  – 1⇒ g = +  

   

     ⇒ 9 – 6.  + c = 0⇒  c = – 5 

  ¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0     x2 + y2 + y +   x – 5 = 0  

  (Or)  3x2 + 3y2 + 2x + 4y – 15 = 0  
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3.   (2, 0), (0, 2)       t0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Áv SµÀ0f¸ qÒhµv SµÀ0f¸ qÒhµv SµÀ0f¸ qÒhµv SµÀ0f¸ qÒhµÃ Ã Ã Ã  2x2 + 2y2 + 5x – 6y + 4 = 0   ¶mÀ v0s0S¸ P0fº0VÉ¶mÀ v0s0S¸ P0fº0VÉ¶mÀ v0s0S¸ P0fº0VÉ¶mÀ v0s0S¸ P0fº0VÉ ¶¢Åhµå ¶¢Åhµå ¶¢Åhµå ¶¢Åhµå 

¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.  

Sol.   x2+ y2 + 2gx + 2fy + c = 0 ----(1) ¶mÀ O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.¶mÀ O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.¶mÀ O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.¶mÀ O¸¶¢wù¶m ¶¢Åhµå0 C¶mÀOÍ¶mÀ¶¢ÀÀ.   

 (1)   (2, 0), (0, 2)       t0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Áv SµÀ0f¸ qÒhÐ0l¼ O¸¶¢Á¶m v SµÀ0f¸ qÒhÐ0l¼ O¸¶¢Á¶m v SµÀ0f¸ qÒhÐ0l¼ O¸¶¢Á¶m v SµÀ0f¸ qÒhÐ0l¼ O¸¶¢Á¶m   

   4 + 0 + 4g + c = 0 ---- (2)   

     0 + 4 + 4f + c = 0 ----- (2) 

  (1) –(2)  f-g =0  

     x2 + y2  +   x –  y + 2 = 0   ¶mÀ ¶mÀ ¶mÀ ¶mÀ (1)     v0s0S¸ P0fº«Òå0l¼ O¸¶¢Á¶m v0s0S¸ P0fº«Òå0l¼ O¸¶¢Á¶m v0s0S¸ P0fº«Òå0l¼ O¸¶¢Á¶m v0s0S¸ P0fº«Òå0l¼ O¸¶¢Á¶m 

 
5 3

2 2 2
4 2

g f c
   + − = +      

 

  g – 3f = 2 + c 

   g = f ⇒   g – 3g = 2 +c 

  ⇒ – g = 4 + 2c 

   (2)                 ¶mÀ0fº¶mÀ0fº¶mÀ0fº¶mÀ0fº 

  –16–8c + c = –4⇒ c = –  

  ⇒  –g 4 –  = +  

    ¶¢Åhµå ¶m¤ÀOµ¶¢Åhµå ¶m¤ÀOµ¶¢Åhµå ¶m¤ÀOµ¶¢Åhµå ¶m¤ÀOµ±µg0±µg0±µg0±µg0  

    

  ⇒ 7(x2 + y2) – 8x – 8y – 12 = 0 

 

4. (2, 3)         OÉ0lµñ0 S¸ SµwØ  OÉ0lµñ0 S¸ SµwØ  OÉ0lµñ0 S¸ SµwØ  OÉ0lµñ0 S¸ SµwØ  x2 + y2 – 4x + 2y – 7 = 0   ¶mÀ v0s0S¸ P0fº0VÉ¶mÀ v0s0S¸ P0fº0VÉ¶mÀ v0s0S¸ P0fº0VÉ¶mÀ v0s0S¸ P0fº0VÉ ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 

Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.  

Sol.         EWÛ¶m ¶¢Åhµå0EWÛ¶m ¶¢Åhµå0EWÛ¶m ¶¢Åhµå0EWÛ¶m ¶¢Åhµå0  x2 + y2 – 4x + 2y – 7 = 0 -----(1) 

  O¸¶¢wù¶m ¶¢Åhµå0  O¸¶¢wù¶m ¶¢Åhµå0  O¸¶¢wù¶m ¶¢Åhµå0  O¸¶¢wù¶m ¶¢Åhµå0    S=x2 + y2 + 2gx + 2fy + c = 0 

 OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0    (–g, –f) = (2,3)   

      g = –2, f = – 3 

   ¶¢Åh¸åvÀ ¶¢Åh¸åvÀ ¶¢Åh¸åvÀ ¶¢Åh¸åvÀ   v0s0S¸ P0fº0VµÀ OµÀ0dÀm¸é±ÀÀ O¸¶¢Á¶mv0s0S¸ P0fº0VµÀ OµÀ0dÀm¸é±ÀÀ O¸¶¢Á¶mv0s0S¸ P0fº0VµÀ OµÀ0dÀm¸é±ÀÀ O¸¶¢Á¶mv0s0S¸ P0fº0VµÀ OµÀ0dÀm¸é±ÀÀ O¸¶¢Á¶m 
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   2gg1 + 2ff1 = c + c1 

   2(–2) (–2) + 2(–3) (1) = – 7 + c 

  ⇒ 8 – 6 = – 7 + c⇒+ 2 = – 7 + c 

   c = 7 + 2 = 9 ⇒ c = 9 

    O¸¶¢wù¶m ¶¢Åhµå0  O¸¶¢wù¶m ¶¢Åhµå0  O¸¶¢wù¶m ¶¢Åhµå0  O¸¶¢wù¶m ¶¢Åhµå0    x2 + y2 – 4x – 6y + 9 = 0  

\ 

5. x2 + y2 + 10x – 2y + 22 = 0,  x2 + y2 + 2x – 8y + 8 = 0.   ¶¢Åh¸åv    ¶ªê±µ÷ t0lµÀ¶¢Á  ¶¢lµç G¶¢Àîfº ¶¢Åh¸åv    ¶ªê±µ÷ t0lµÀ¶¢Á  ¶¢lµç G¶¢Àîfº ¶¢Åh¸åv    ¶ªê±µ÷ t0lµÀ¶¢Á  ¶¢lµç G¶¢Àîfº ¶¢Åh¸åv    ¶ªê±µ÷ t0lµÀ¶¢Á  ¶¢lµç G¶¢Àîfº 

¶ªê±µ÷ ±ÉP¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶ªê±µ÷ ±ÉP¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶ªê±µ÷ ±ÉP¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ¶ªê±µ÷ ±ÉP¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ     

Sol.  S=x2 + y2 + 10x – 2y + 22 = 0 

  OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0 A = (-5, 1), ¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0  r1 = 2 

S’= x2 + y2 + 2x – 8y + 8 = 0. 

OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0 B = (-1, 4) ,    ¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0  r2 = 3 

AB = 16 9 5+ =  

 AB =5 = 3+2 = r1+r2. 

O¸¶¢Á¶m    ¶¢Åh¸åvÀ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀO¸¶¢Á¶m    ¶¢Åh¸åvÀ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀO¸¶¢Á¶m    ¶¢Åh¸åvÀ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀO¸¶¢Á¶m    ¶¢Åh¸åvÀ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ. 

¶¢Åh¸åvÀ   ¶ªêýÅ¶¢Åh¸åvÀ   ¶ªêýÅ¶¢Åh¸åvÀ   ¶ªêýÅ¶¢Åh¸åvÀ   ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ O¸¶¢Á¶m  G¶¢Àîfº ¶ªê±µ÷ ±ÉP D ¶¢Åh¸åv ¶¢ÀÃv¹°µ0 C¶¢ÁhµÀ0l¼.  ¦0VµÀ OµÀ0dÀm¸é±ÀÀ O¸¶¢Á¶m  G¶¢Àîfº ¶ªê±µ÷ ±ÉP D ¶¢Åh¸åv ¶¢ÀÃv¹°µ0 C¶¢ÁhµÀ0l¼.  ¦0VµÀ OµÀ0dÀm¸é±ÀÀ O¸¶¢Á¶m  G¶¢Àîfº ¶ªê±µ÷ ±ÉP D ¶¢Åh¸åv ¶¢ÀÃv¹°µ0 C¶¢ÁhµÀ0l¼.  ¦0VµÀ OµÀ0dÀm¸é±ÀÀ O¸¶¢Á¶m  G¶¢Àîfº ¶ªê±µ÷ ±ÉP D ¶¢Åh¸åv ¶¢ÀÃv¹°µ0 C¶¢ÁhµÀ0l¼.  

¶¢ÀÃv¹°µ0 :¶¢ÀÃv¹°µ0 :¶¢ÀÃv¹°µ0 :¶¢ÀÃv¹°µ0 :  S – S′ = 0   

∴ (x2 + y2 + 10x – 2y + 22) – (x2 + y2 + 2x – 8y + 8) = 0 

   8x + 6y +14 = 0 (or) 4x + 3y + 7 = 0  

 

6.   x2 + y2 – 8x – 2y + 8 = 0 , x2 + y2 – 2x + 6y + 6 = 0    ¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶»»p »»p »»p »»p 

¶ªê±µ÷ t0lµÀ¶ªê±µ÷ t0lµÀ¶ªê±µ÷ t0lµÀ¶ªê±µ÷ t0lµÀ¶¢Á¶mÀ¶¢Á¶mÀ¶¢Á¶mÀ¶¢Á¶mÀ    Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.    

Sol. S = x2 + y2 – 8x – 2y + 8 = 0  

 OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0  C1 = (4, 1) ;    ¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0  1r 16 1 8 3= + − =  

 S1= x2 + y2 – 2x + 6y + 6 = 0 

   OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0  C2 = (1, –3), ¢¸ï«¸±µ¢¸ï«¸±µ¢¸ï«¸±µ¢¸ï«¸±µç0ç0ç0ç0  2r 1 9 6 2= + − =  
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2 2
1 2C C (4 1) (1 3) 5= − + + =  

 r1 + r2 = C1 + C2  0   ¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ. 

  

    ¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ ¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ ¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ ¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ r1: r2        n´¨ê iå vÎ £sûµZ¶ªÀå0l¼n´¨ê iå vÎ £sûµZ¶ªÀå0l¼n´¨ê iå vÎ £sûµZ¶ªÀå0l¼n´¨ê iå vÎ £sûµZ¶ªÀå0l¼. . . .  

    ¶ªê±µ÷ t0lµÀ¶¶¢Á ¶ªê±µ÷ t0lµÀ¶¶¢Á ¶ªê±µ÷ t0lµÀ¶¶¢Á ¶ªê±µ÷ t0lµÀ¶¶¢Á ( )3(1) 2(4) 3( 3) 2(1)
, 11/ 5, 7 / 5

3 2 3 2

+ − + = = − + + 
  

 

7.   x2 + y2 – 2x = 0  ,x2 + y2 + 6x – 6y + 2 = 0 0    ¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶»»p ¶ªê±µ÷ ¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶»»p ¶ªê±µ÷ ¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶»»p ¶ªê±µ÷ ¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶»»p ¶ªê±µ÷ 

t0lµÀ¶mÀ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. t0lµÀ¶mÀ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. t0lµÀ¶mÀ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. t0lµÀ¶mÀ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.      FFFF    ¶¢Åh¸åvÀ C0hµ±µ0S¸ vÉl¸ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÇÃ ¶¢Åh¸åvÀ C0hµ±µ0S¸ vÉl¸ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÇÃ ¶¢Åh¸åvÀ C0hµ±µ0S¸ vÉl¸ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÇÃ ¶¢Åh¸åvÀ C0hµ±µ0S¸ vÉl¸ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÇÃ 

hÇvÀ¶pÁ¶¢ÀÀ.hÇvÀ¶pÁ¶¢ÀÀ.hÇvÀ¶pÁ¶¢ÀÀ.hÇvÀ¶pÁ¶¢ÀÀ.   

Sol.    S = x2 + y2 – 2x = 0 

 OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0  C1 = (1, 0), ¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0  = r1 = 1 0 1+ =  

  S′ = x2 + y2 + 6x – 6y + 2 = 0 

OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0  C2 = (–3, 3),   ¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0  2r 9 9 2 4= + − =  

2 2
1 2C C (1 3) (0 3) 16 9 25 5= + + − = + = = 1 2r r 1 4 5+ = + =  

  C1C2 = r1 + r2      O¸¶¢Á¶m    ¶¢Åh¸åvÀ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀO¸¶¢Á¶m    ¶¢Åh¸åvÀ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀO¸¶¢Á¶m    ¶¢Åh¸åvÀ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀO¸¶¢Á¶m    ¶¢Åh¸åvÀ s¹¶¬ï0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ0dÀm¸é±ÀÀ0dÀm¸é±ÀÀ0dÀm¸é±ÀÀ. 

¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ ¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ ¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ ¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ r1: r2        n´¨ên´¨ên´¨ên´¨ê    iå vÎ C0hµ±µ0S¸ £sûµZ¶ªÀå0iå vÎ C0hµ±µ0S¸ £sûµZ¶ªÀå0iå vÎ C0hµ±µ0S¸ £sûµZ¶ªÀå0iå vÎ C0hµ±µ0S¸ £sûµZ¶ªÀå0l¼l¼l¼l¼ 

r1 : r2 = 1 : 4  

¶ªê±µ÷ t0lµÀ¶¶¢Á ¶ªê±µ÷ t0lµÀ¶¶¢Á ¶ªê±µ÷ t0lµÀ¶¶¢Á ¶ªê±µ÷ t0lµÀ¶¶¢Á 1( 3) 4(1) 1(3) 4(0) 1 3
P , ,

1 4 1 4 5 5

− + +   = =   + +   
.   
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8.    S ≡≡≡≡ x2 + y2 – 2x – 4y – 20 = 0 and S′′′′≡≡≡≡ x2 + y2 + 6x + 2y – 90 = 0     ¶¢Åh¸åvÀ C0hµ±µ0S¸ ¶¢Åh¸åvÀ C0hµ±µ0S¸ ¶¢Åh¸åvÀ C0hµ±µ0S¸ ¶¢Åh¸åvÀ C0hµ±µ0S¸ 

¶ªê¶ªê¶ªê¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶»»p ¶ªê±µ÷ t0lµÀ¶mÀ¶mÀ, G¶¢Àîfº ¶ªê±µ÷ ±ÉP¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. ýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶»»p ¶ªê±µ÷ t0lµÀ¶mÀ¶mÀ, G¶¢Àîfº ¶ªê±µ÷ ±ÉP¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. ýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶»»p ¶ªê±µ÷ t0lµÀ¶mÀ¶mÀ, G¶¢Àîfº ¶ªê±µ÷ ±ÉP¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. ýÅ¦0VµÀ OµÀ0dÀm¸é±ÀµÀn VµÃ¶»»p ¶ªê±µ÷ t0lµÀ¶mÀ¶mÀ, G¶¢Àîfº ¶ªê±µ÷ ±ÉP¶mÀ  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.      

Sol. S ≡ x2 + y2 – 2x – 4y – 20 = 0  …(1)   

S′≡ x2 + y2 + 6x + 2y – 90 = 0 …(2) 

  C1, C2            vÀ ¶¢Åhµå OÉ0l¸ñvÀ       vÀ ¶¢Åhµå OÉ0l¸ñvÀ       vÀ ¶¢Åhµå OÉ0l¸ñvÀ       vÀ ¶¢Åhµå OÉ0l¸ñvÀ       r1, r2            vÀ ¶¢Åhµå   ¢¸ï«¸±¸çvÀ C¶mÀOÐ0fº.   vÀ ¶¢Åhµå   ¢¸ï«¸±¸çvÀ C¶mÀOÐ0fº.   vÀ ¶¢Åhµå   ¢¸ï«¸±¸çvÀ C¶mÀOÐ0fº.   vÀ ¶¢Åhµå   ¢¸ï«¸±¸çvÀ C¶mÀOÐ0fº.     C1 = (1, 2), C2 = (–

3, –1), r1 = 5, r2 = 10 

C1C2 =¶¢Åhµå OÉ0l¸ñv ¶¢Àlµï lµÃ±µ0  ¶¢Åhµå OÉ0l¸ñv ¶¢Àlµï lµÃ±µ0  ¶¢Åhµå OÉ0l¸ñv ¶¢Àlµï lµÃ±µ0  ¶¢Åhµå OÉ0l¸ñv ¶¢Àlµï lµÃ±µ0     = 5 

|r1 – r2| = |5 – 10| = 5 = C1C2 

∴ ¶¢Åh¸åvÀ C0hµ±µ0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ. G¶¢Àîfº ¶ªê±µ÷ ±ÉP D ¶¢Åh¸åv ¶¢ÀÃv¹°µ0 C¶¢ÁhµÀ0l¼.  ¶¢Åh¸åvÀ C0hµ±µ0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ. G¶¢Àîfº ¶ªê±µ÷ ±ÉP D ¶¢Åh¸åv ¶¢ÀÃv¹°µ0 C¶¢ÁhµÀ0l¼.  ¶¢Åh¸åvÀ C0hµ±µ0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ. G¶¢Àîfº ¶ªê±µ÷ ±ÉP D ¶¢Åh¸åv ¶¢ÀÃv¹°µ0 C¶¢ÁhµÀ0l¼.  ¶¢Åh¸åvÀ C0hµ±µ0S¸ ¶ªêýÅ¦0VµÀ OµÀ0dÀm¸é±ÀÀ. G¶¢Àîfº ¶ªê±µ÷ ±ÉP D ¶¢Åh¸åv ¶¢ÀÃv¹°µ0 C¶¢ÁhµÀ0l¼.  

¶¢ÀÃv¹°µ0 :  ¶¢ÀÃv¹°µ0 :  ¶¢ÀÃv¹°µ0 :  ¶¢ÀÃv¹°µ0 :   S – S′ = 0. 

i.e. 4x + 3y – 35 = 0 

¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ ¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ ¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ ¶ªê±µ÷ t0lµÀ¶¶¢Á OÉ0l¸ñv¶mÀ OµwÊp ±ÉP¶mÀ r1: r2        n¶¨êiå vÎ s¹ ¶¬ï0S¸ £sûµZ¶ªÀå0l¼n¶¨êiå vÎ s¹ ¶¬ï0S¸ £sûµZ¶ªÀå0l¼n¶¨êiå vÎ s¹ ¶¬ï0S¸ £sûµZ¶ªÀå0l¼n¶¨êiå vÎ s¹ ¶¬ï0S¸ £sûµZ¶ªÀå0l¼ 

r1: r2        ====  5: 10 =  1: 2    

∴ ¶ªê±µ÷ t0lµÀ¶¶¢Á¶ªê±µ÷ t0lµÀ¶¶¢Á¶ªê±µ÷ t0lµÀ¶¶¢Á¶ªê±µ÷ t0lµÀ¶¶¢Á   =   (1)( 3) 2(1) (1)( 1) 2(2)
, (5,5)

1 2 1 2

− − − −  = − −    

 

9.   x2 + y2 + 2gx + 2fy = 0   , x2 + y2 + 2g′′′′x + 2f′′′′y = 0   ¶¢Åh¸åvÀ  ¶¢Åh¸åvÀ  ¶¢Åh¸åvÀ  ¶¢Åh¸åvÀ  ¶ªêýÅ¦0VµÀ¶ªêýÅ¦0VµÀ¶ªêýÅ¦0VµÀ¶ªêýÅ¦0VµÀ    OµÀ0dÉ OµÀ0dÉ OµÀ0dÉ OµÀ0dÉ   f′′′′g = fg′′′′.  Cn Cn Cn Cn 

VµÃ¶pÁ¶¢ÀÀVµÃ¶pÁ¶¢ÀÀVµÃ¶pÁ¶¢ÀÀVµÃ¶pÁ¶¢ÀÀ 

Sol. S = x2 + y2 + 2gx + 2fy = 0  

   OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0  C1 = (–g, –f),    ¢¸ï«¸±µè0¢¸ï«¸±µè0¢¸ï«¸±µè0¢¸ï«¸±µè0    2 2
1r g f= +  

  S1= x2 + y2 + 2g′x + 2f′y = 0     

 C2 = (–g′, –f′), 2 2
2r g f′ ′= +    

   ¶¢Åh¸åvÀ  ¶ªêýÅ¦0 OµÀ0dÉ ¶¢Åh¸åvÀ  ¶ªêýÅ¦0 OµÀ0dÉ ¶¢Åh¸åvÀ  ¶ªêýÅ¦0 OµÀ0dÉ ¶¢Åh¸åvÀ  ¶ªêýÅ¦0 OµÀ0dÉ     C1C2 = r1 + r2 

⇒  (C1C2)
2 = (r1 + r2)

2 

 
2 2 2 2 2 2 2 2 2 2(g g) (f f ) g f g f 2 g f g f′ ′ ′ ′ ′ ′− + − = + + + + + +  
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2 2 2 2 2 2 2 2 1/22(gg ff ) 2{g g f f g f f g }′ ′ ′ ′ ′ ′− + = + + +  

 ⇒
2 2 2 2 2 2 2 2 2(gg ff ) g g f f g f f g′ ′ ′ ′ ′ ′+ = + + +  

 

2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2

2 2 2 2

2

g g f f 2gg ff g g f f g f f g

2gg ff g f f g

g f f g 2gg ff 0

(gf fg ) 0 gf fg

′ ′ ′ ′ ′ ′ ′ ′+ + = + + +

′ ′ ′ ′⇒ = +

′ ′ ′ ′⇒ + − =

′ ′ ′ ′⇒ − = ⇒ =  

 

 

10. x2 + y2 – 4x – 6y + 5 = 0,x2 + y2 – 2x – 4y – 1 = 0,x2 + y2 – 6x – 2y = 0 ¶¢Åh¸åv ¶¢ÀÃv OÉ0lµñ0 ¶¢Åh¸åv ¶¢ÀÃv OÉ0lµñ0 ¶¢Åh¸åv ¶¢ÀÃv OÉ0lµñ0 ¶¢Åh¸åv ¶¢ÀÃv OÉ0lµñ0 

Oµ¶mÀSÍ¶mÀ¶Oµ¶mÀSÍ¶mÀ¶Oµ¶mÀSÍ¶mÀ¶Oµ¶mÀSÍ¶mÀ¶¶¢ÀÀ.¶¢ÀÀ.¶¢ÀÀ.¶¢ÀÀ.     

Sol.  ¶¢Åh¸åvÀ:¶¢Åh¸åvÀ:¶¢Åh¸åvÀ:¶¢Åh¸åvÀ: 

 S =x2 + y2 – 4x – 6y + 5 = 0  

 S’=x2 + y2 – 2x – 4y – 1 = 0  

 S”=x2 + y2 – 6x – 2y = 0  

   S =0 , S’=0 v ¶¢ÀÃv C°µ0v ¶¢ÀÃv C°µ0v ¶¢ÀÃv C°µ0v ¶¢ÀÃv C°µ0  S-S’ =0 

⇒  –2x – 2y + 6 = 0 

⇒  x + y – 3 = 0  … (1) 

  S’=0 , S” =0 v ¶¢ÀÃv C°µ0v ¶¢ÀÃv C°µ0v ¶¢ÀÃv C°µ0v ¶¢ÀÃv C°µ0  S’ –S” =0 

⇒  4x – 2y – 1 = 0  … (2) 

 (1) , (2)    v ¶mÀ0fºv ¶mÀ0fºv ¶mÀ0fºv ¶mÀ0fº   

  x = 7/6, 
11

y
6

=  

¶¢ÀÃv OÉ0lµñ0¶¢ÀÃv OÉ0lµñ0¶¢ÀÃv OÉ0lµñ0¶¢ÀÃv OÉ0lµñ0    (7/6, 11/6).   
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11 . (3, 0)  )       t0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Á        SµÀ0SµÀ0SµÀ0SµÀ0f¸ qÒhµÃ f¸ qÒhµÃ f¸ qÒhµÃ f¸ qÒhµÃ      x2 + y2 – 6x + 4y – 3 = 0  ¶¶¢Åh¸åné v0s0S¸ P0fº¶ªÃå ¶¶¢Åh¸åné v0s0S¸ P0fº¶ªÃå ¶¶¢Åh¸åné v0s0S¸ P0fº¶ªÃå ¶¶¢Åh¸åné v0s0S¸ P0fº¶ªÃå ,,,,    

 Y- C°¸né ¶ªêýÅ¦0VÉ C°¸né ¶ªêýÅ¦0VÉ C°¸né ¶ªêýÅ¦0VÉ C°¸né ¶ªêýÅ¦0VÉ   ¶¢Åhµå ¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶¢Åhµå ¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶¢Åhµå ¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶¢Åhµå ¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.  

Sol.  (h,k)  ¶mÀ ¶¢Åhµå OÉ0lµñ0¶mÀ ¶¢Åhµå OÉ0lµñ0¶mÀ ¶¢Åhµå OÉ0lµñ0¶mÀ ¶¢Åhµå OÉ0lµñ0  C¶mÀOÐ0fº.C¶mÀOÐ0fº.C¶mÀOÐ0fº.C¶mÀOÐ0fº.     

    ¶¢Åhµå0 ¶¢Åhµå0 ¶¢Åhµå0 ¶¢Åhµå0 Y C°¸né ¶ªêýÅ¦«Òå0l¼ O¸¶¢Á¶m ¢¸ï«¸±µç0 = C°¸né ¶ªêýÅ¦«Òå0l¼ O¸¶¢Á¶m ¢¸ï«¸±µç0 = C°¸né ¶ªêýÅ¦«Òå0l¼ O¸¶¢Á¶m ¢¸ï«¸±µç0 = C°¸né ¶ªêýÅ¦«Òå0l¼ O¸¶¢Á¶m ¢¸ï«¸±µç0 =    |h| 

  

  

 ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 (x – h)2 + (y – k)2 = h2 

 S = x2 – 2hx + y2 -2ky +k2 = 0 

 S=0 ¶¢Åhµå0¶¢Åhµå0¶¢Åhµå0¶¢Åhµå0    (3, 0)  )       t0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Át0lµÀ¶¢Á        SµÀ0f¸ qÒhÐ0l¼.  O¸¶¢Á¶m SµÀ0f¸ qÒhÐ0l¼.  O¸¶¢Á¶m SµÀ0f¸ qÒhÐ0l¼.  O¸¶¢Á¶m SµÀ0f¸ qÒhÐ0l¼.  O¸¶¢Á¶m      

⇒ 9 – 6h + k2 = 0 –– (i) 

 S=0,  x2 + y2 – 6x+ 4y–3=0 vÀ v0s0S¸ Gm¸é±ÀÀ O¸¶¢Á¶mvÀ v0s0S¸ Gm¸é±ÀÀ O¸¶¢Á¶mvÀ v0s0S¸ Gm¸é±ÀÀ O¸¶¢Á¶mvÀ v0s0S¸ Gm¸é±ÀÀ O¸¶¢Á¶m 

 ⇒ 2(–h) (–3)+2(–k) (2) = – 3 + k2 

 ⇒ 6h – 4k = – 3 + k2 

 ⇒ 6h–4k +3–k2 =0----- (2)  

  (1) + (2) ⇒ 12 – 4k = 0 ⇒  k = 3  

     ⇒  h = 3,  

 ¶¢¶¢¶¢¶¢Åhµå ¶m¤ÀOµ±µg0Åhµå ¶m¤ÀOµ±µg0Åhµå ¶m¤ÀOµ±µg0Åhµå ¶m¤ÀOµ±µg0     y2 + x2 – 6x –6y + 9 = 0.  
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12.    x2 + y2 – 4x – 6y + 11 = 0,  x2 + y2 – 10x – 4y + 21 = 0 ¶mÀ v0s0S¸ P0fº¶ªÃå  ¶mÀ v0s0S¸ P0fº¶ªÃå  ¶mÀ v0s0S¸ P0fº¶ªÃå  ¶mÀ v0s0S¸ P0fº¶ªÃå  2x + 3y = 7         

±ÉP È¢0sfº ¢¸ï¶ª0 Sµv ±ÉP È¢0sfº ¢¸ï¶ª0 Sµv ±ÉP È¢0sfº ¢¸ï¶ª0 Sµv ±ÉP È¢0sfº ¢¸ï¶ª0 Sµv  ¶¢Åhµå ¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶¢Åhµå ¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶¢Åhµå ¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.¶¢Åhµå ¶m¤ÀOµ±µg0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.    

Sol.          ¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0 S = x2 + y2 + 2gx + 2fy + c = 0  C¶mÀOÐ0fº.C¶mÀOÐ0fº.C¶mÀOÐ0fº.C¶mÀOÐ0fº. 

  x2 + y2 – 4x – 6y + 11 = 0, x2 + y2 – 10x – 4y + 21 = 0 v¶mÀv¶mÀv¶mÀv¶mÀ S=0       v0s0S¸ P0fº¶«Òå0l¼  Oµ¶mÀOµ v0s0S¸ P0fº¶«Òå0l¼  Oµ¶mÀOµ v0s0S¸ P0fº¶«Òå0l¼  Oµ¶mÀOµ v0s0S¸ P0fº¶«Òå0l¼  Oµ¶mÀOµ  

 ⇒  2g (–2) +2f(–3) = 11 + c ––––  (1) 

 ⇒  2g (–5) +2f(–2) = 21 + c –––– (2) 

 (1) –(2) ⇒ –6g +2f = 10–––– (3) 

 OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0 (-g,-f),   2x + 3y = 7 ±ÉPËÈp G0l¼ O¸¶¢Á¶m±ÉPËÈp G0l¼ O¸¶¢Á¶m±ÉPËÈp G0l¼ O¸¶¢Á¶m±ÉPËÈp G0l¼ O¸¶¢Á¶m 

   –2g –3f = 7        –––– (4) 

    (3) , (4)  v¶mÀ «¸lû¼0VµS¸v¶mÀ «¸lû¼0VµS¸v¶mÀ «¸lû¼0VµS¸v¶mÀ «¸lû¼0VµS¸ 

  f = –1, g = -2, 

  (1),  ¶mÀ0fº ¶mÀ0fº ¶mÀ0fº ¶mÀ0fº c = 3  

   ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0  x2 + y2 – 4x –2y +3 = 0  

 

13.    2x + 3y = 1 ±ÉP±ÉP±ÉP±ÉP x2 + y2 = 4  ¶¢Åh¸åné ¶¢Åh¸åné ¶¢Åh¸åné ¶¢Åh¸åné  A , B t0lµÀ¶¢Áv ¶¢lµç P0fºÊªå t0lµÀ¶¢Áv ¶¢lµç P0fºÊªå t0lµÀ¶¢Áv ¶¢lµç P0fºÊªå t0lµÀ¶¢Áv ¶¢lµç P0fºÊªå     AB    ¢¸ï¶ª0S¸ Sµv ¶¢Åhµå ¢¸ï¶ª0S¸ Sµv ¶¢Åhµå ¢¸ï¶ª0S¸ Sµv ¶¢Åhµå ¢¸ï¶ª0S¸ Sµv ¶¢Åhµå 

¶ª¤ÀOµ±µg0 Oµ¶mÀOÐÖ0fº.¶ª¤ÀOµ±µg0 Oµ¶mÀOÐÖ0fº.¶ª¤ÀOµ±µg0 Oµ¶mÀOÐÖ0fº.¶ª¤ÀOµ±µg0 Oµ¶mÀOÐÖ0fº.      

Sol.  ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 ¶¢Åhµå ¶m¤ÀOµ±µg0 S = x2 + y2 = 4 

  ¶ª±µyµ¶ª±µyµ¶ª±µyµ¶ª±µyµ ±ÉP±ÉP±ÉP±ÉP  L = 2x + 3y = 1. 

    S=0 , L=0  v P0fµ¶m t0lµÀ¶¢Áv SµÀ0f¸ qÒ±ÀÉÀ ¶¢Åhµåv P0fµ¶m t0lµÀ¶¢Áv SµÀ0f¸ qÒ±ÀÉÀ ¶¢Åhµåv P0fµ¶m t0lµÀ¶¢Áv SµÀ0f¸ qÒ±ÀÉÀ ¶¢Åhµåv P0fµ¶m t0lµÀ¶¢Áv SµÀ0f¸ qÒ±ÀÉÀ ¶¢Åhµå    ¶ª¤ÀOµ±µg0¶ª¤ÀOµ±µg0¶ª¤ÀOµ±µg0¶ª¤ÀOµ±µg0 S+λ L =0 

  ⇒  (x2 + y2 – 4) +  (2x + 3y – 1) = 0 

  ⇒ x2 + y2 + 2  + 3 y – 4-  = 0 

  ⇒  OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0    

             OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ02x + 3y – 1 = 0 ±ÉP ËÈp G0l¼. ±ÉP ËÈp G0l¼. ±ÉP ËÈp G0l¼. ±ÉP ËÈp G0l¼.  ⇒  2(- ) + 3  - 1 = 0 

   =  

    ¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0¶¢Åhµå ¶m¤ÀOµ±µg0  

  13 (x2 + y2)-4 x 13 – 2(2x + 3y -1) = 0 

    13 (x2 + y2) - 4x – 6y - 50 = 0.  
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14. x2 + y2 – 6x – 4y + 9 = 0 , x2 + y2 – 8x – 6y + 23 = 0     ¶¢Åh¸åv G¶¢Àîfº Y¹ï ±Ç0fµ¶¢ ¶¢Åh¸ånOº ¶¢Åh¸åv G¶¢Àîfº Y¹ï ±Ç0fµ¶¢ ¶¢Åh¸ånOº ¶¢Åh¸åv G¶¢Àîfº Y¹ï ±Ç0fµ¶¢ ¶¢Åh¸ånOº ¶¢Åh¸åv G¶¢Àîfº Y¹ï ±Ç0fµ¶¢ ¶¢Åh¸ånOº 

¢¸ï¶ª0 Cn VµÃ»p l¸n qÏfµ¶¢Á¶mÀ Oµ¶mÀOÐÖ0fº ¢¸ï¶ª0 Cn VµÃ»p l¸n qÏfµ¶¢Á¶mÀ Oµ¶mÀOÐÖ0fº ¢¸ï¶ª0 Cn VµÃ»p l¸n qÏfµ¶¢Á¶mÀ Oµ¶mÀOÐÖ0fº ¢¸ï¶ª0 Cn VµÃ»p l¸n qÏfµ¶¢Á¶mÀ Oµ¶mÀOÐÖ0fº  

Sol.   S =x2 + y2 – 6x – 4y + 9 = 0, S’ = x2 + y2 – 8x – 6y + 23 = 0 

  G¶¢Àîfº Y¹ïG¶¢Àîfº Y¹ïG¶¢Àîfº Y¹ïG¶¢Àîfº Y¹ï S-S’ =0 

 ⇒  (x2 +y2 – 6x – 4y+9) – (x2+y2–8x–6y+23) = 0 

⇒  2x + 2y – 14 = 0 

⇒  x + y – 7 = 0 … (i) 

OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0  (4, 3)    n n n n x + y – 7 =0    ¶ª¤ÀOµ±µg0 vÎ ¶pñiÇ°ÉqÏ0VµS¸¶ª¤ÀOµ±µg0 vÎ ¶pñiÇ°ÉqÏ0VµS¸¶ª¤ÀOµ±µg0 vÎ ¶pñiÇ°ÉqÏ0VµS¸¶ª¤ÀOµ±µg0 vÎ ¶pñiÇ°ÉqÏ0VµS¸ 

  4+3-7 =0 ⇒ 0=0. 

G¶¢Àîfº Y¹ïG¶¢Àîfº Y¹ïG¶¢Àîfº Y¹ïG¶¢Àîfº Y¹ï (i)  ,      S’ =0. ¶¢Åh¸ånOº ¢¸ï¶ª0 C¶¢ÁhÐ0l¼.¶¢Åh¸ånOº ¢¸ï¶ª0 C¶¢ÁhÐ0l¼.¶¢Åh¸ånOº ¢¸ï¶ª0 C¶¢ÁhÐ0l¼.¶¢Åh¸ånOº ¢¸ï¶ª0 C¶¢ÁhÐ0l¼.    

¢¸ï«¸±µç0= ¢¸ï«¸±µç0= ¢¸ï«¸±µç0= ¢¸ï«¸±µç0= 2 24  3 –  23 2+ =  

¢¸ï¶ª0 ¢¸ï¶ª0 ¢¸ï¶ª0 ¢¸ï¶ª0 =2 2    

 

15.     x2 +y2 +2x+2y + 1 = 0, x2 +y2 +4x +3y + 2 = 0¶¢Åh¸åv G¶¢Àîfº Y¹ï ¶ª¤ÀOµ±µg0 ¶mÀ ¶¢À±¼±ÀµÀÀ l¸n ¶¢Åh¸åv G¶¢Àîfº Y¹ï ¶ª¤ÀOµ±µg0 ¶mÀ ¶¢À±¼±ÀµÀÀ l¸n ¶¢Åh¸åv G¶¢Àîfº Y¹ï ¶ª¤ÀOµ±µg0 ¶mÀ ¶¢À±¼±ÀµÀÀ l¸n ¶¢Åh¸åv G¶¢Àîfº Y¹ï ¶ª¤ÀOµ±µg0 ¶mÀ ¶¢À±¼±ÀµÀÀ l¸n 

qÏfµ¶¢ÁqÏfµ¶¢ÁqÏfµ¶¢ÁqÏfµ¶¢Á¶mÀ Oµ¶mÀOÐÖ0fº.¶mÀ Oµ¶mÀOÐÖ0fº.¶mÀ Oµ¶mÀOÐÖ0fº.¶mÀ Oµ¶mÀOÐÖ0fº. 

Sol. S = x2 +y2 +2x+2y + 1 = 0,  

S’=x2 +y2 +4x +3y + 2 = 0 

G¶¢Àîfº Y¹ï ¶ª¤ÀOµ±µg0  G¶¢Àîfº Y¹ï ¶ª¤ÀOµ±µg0  G¶¢Àîfº Y¹ï ¶ª¤ÀOµ±µg0  G¶¢Àîfº Y¹ï ¶ª¤ÀOµ±µg0  S – S′ = 0 

(x2 + y2 + 2x+2y+1) – (x2 +y2 +4x +3y+2) = 0 

–2x – y – 1 = 0 ⇒ 2x + y + 1 = 0 

  S =0 OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0OÉ0lµñ0  (–1, –1) 

¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0¢¸ï«¸±µç0  = 1 1 1 1+ − =  

  (–1,–1) OÉ0lµñ0 ¶mÀ0fº Y¹ï ¤ÀlµOµÀ S¿»ª¶m v0s0 = OÉ0lµñ0 ¶mÀ0fº Y¹ï ¤ÀlµOµÀ S¿»ª¶m v0s0 = OÉ0lµñ0 ¶mÀ0fº Y¹ï ¤ÀlµOµÀ S¿»ª¶m v0s0 = OÉ0lµñ0 ¶mÀ0fº Y¹ï ¤ÀlµOµÀ S¿»ª¶m v0s0 = 
2 2

2( 1) ( 1) 1 2
d

52 1

− + − += =
+  
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G¶¢Àîfº Y¹ï  qÏfµ¶¢Á=  G¶¢Àîfº Y¹ï  qÏfµ¶¢Á=  G¶¢Àîfº Y¹ï  qÏfµ¶¢Á=  G¶¢Àîfº Y¹ï  qÏfµ¶¢Á=  2 2 4 2
2 r d 2 1

5 5
− = − =
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SYSTEM OF CIRCLES

1. 

1) 2 2 2 4 1 0x y x y      ;

2 2 2 6 3 0x y x y      ;

2 22 2 6 8 3 0x y x y    

A. 
2 2 2 2 0x y gx fy c    

3      2 1 2 2 1g f c    .... (i)

 3 3
2 2 2

2 2
g f c
       .... (ii)

   2 1 2 3 3f f c     .... (iii)

(iii) - (ii)

3
5 2

2
g f


      10 4 3g f     .... (iv)

(iii) - (i)

4 2 4g f   

2 2f g    .... (v)

(iv), (v) 

7, 5 2, 34f g c     

 
2 2 5 14 34 0x y x y    www.sa

ks
hieduca

tio
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m



2) 2 2 2 17 4 0x y x y     ,  2 2 7 6 11 0x y x y     , 2 2 22 3 0x y x y    

SOL. 2 2 2 17 4 0x y x y       (1)

2 2 7 6 11 0x y x y       (2)

2 2 22 3 0x y x y        (3)

   2 2 2 2 0x y gx fy c     3 
  2 17 4g f c      (5)

 7 6 11g f c      (6)

  22 3g f c      (7)

(5) - (6) 5 11 7g f      (8)

(6) - (7) 8 16 8 2 1g f g f        (9)

(8) + 5×(9) 2f  

(9)  2 2 1 3g g      

(5)    2 3 17 2 4 44c c         .

  2 2 6 4 44 0x y x y    

3. 2 2 4 2 4 0x y x y     ¶¢Åh¸åné v0s0S¸ P0fº¶ªÃå ,¶¢ÀÃv t0lµÀ¶¢Á SµÀ0f¸
qÒhµÃ 4x y   CÊm ±ÉP ËÈp OÉ0lµñ0 Sµv ¶¢Åhµå ¶ª¤ÀOµ±µg0 Oµ¶mÀOÐÖ0fº.

Sol :
 2 2 2 2 0x y gx fy c       (1) 

  2 2 4 2 4 0x y x y     
4 2 4g f c      (2)

(1) ¶¢ÀÃv t0lµÀ¶¢Á SµÀ0f¸ qÏhÐl¼ O ¶̧¢Á¶m 0c 
(2) 4 2 4g f      (3)

  (1) OÉ0lµñ0  ,g f 

OÉ0lµñ0 4x y    ËÈp G0l¼. O¸¶¢Á¶m
4g f     (4)

(3) + 2(4) 6 12 2g g     

(4)  2 4 2 4 2f f       
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  2 2 4 4 0x y x y   

18. 2 2

1 1 1

ca b
    2 2 2 0x y ax c    , 2 2 2 0x y by c      



A.   1 ,0C a    2 0,C b

1  2
1a c r 

2  2
2b c r 

1 2 1 2C C r r 

   2 2
1 2 1 2C C r r 

 2 2 2 2 2 22a b a c b c a c b c       

2 2.c a c b c  

   2 2c a c b c  

 2 2 2 2 2 2c c a b a b c    

  2 2 2 2c a b a b    2 2

1 1 1
c a b
 

iii. 2 2 2 17 4 0x y x y    

2 2 7 6 11 0x y x y    

2 2 22 3 0x y x y    

A. 
2 2

1 2 17 4 0S x y x y       ... (i)

2 2
1 7 6 11 0S x y x y       .... (ii)

2 2
1 22 3 0S x y x y       .... (iii)

10, 0S S     1 0S S 

5 11 7 0x y   
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5 11 7 0x y                .... (iv)

110, 0S S     11 0S S 

3 5 1 0x y                             .... (v)

(iv), (v) 

 -11 7 5

-5 1 3

x y

-11

-5

1

1
11 35 21 5 25 33

x y
 

    

24 16
3, 2

8 8
x y   

  3,2P

PT = P   S = 0 

= 9 4 6 34 4 57    

    

   2 2
3 2 57x y   

2 26 9 4 4 57 0x x y y      

2 2 6 4 44 0x y x y    
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l¿¿±µÙ ¶¢Åhµå0


1. 

i. 
2 29 16 36 32 92 0x y x y    

A. 2 29 16 36 32 92 0x y x y    

   2 29 4 4 16 2 1x x y y     = 92 + 36 + 16

   2 2
9 2 16 1 144x y   

   2 2
2 1

1
16 9

x y 
 

2 216, 9 4, 3a b a b    

2 2

2

16 9 7

16 4

a b
e

a

 
  

   7
, 2 4. , 1

4
h ae k

 
     

=  2 7, 1 



22. 2.9 9

4 2

b

a
 

 
a

x h
e

 

4 4
2

7
x


 

7 2 7 16x  
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ii) 9x2 + 16y2 = 144
iii) 4x2 + y2 – 8x + 2y + 1 = 0
iv) x2 + 2y2 – 4x + 12y + 14 = 0

Sol. ii) 9x2 + 16y2 = 144


2 2x y

1
16 9

 

 a = 4, b = 3  ,a>b

l¿±µÙ ±ÉP qÏfµ¶¢Á = 2a = 2  4 = 8

¶¬ñ¶ªö ±ÉP qÏfµ¶¢Á  = 2b = 2  3 = 6

= 
22b 2 9 9

a 4 2


 

e= 
2 2

2

a b 16 9 7

16 4a

 
 

OÉ0lµñ0 C(0, 0)

   (ae, 0) = ( 7,0)



a 4 16
x x 4

e 7 7

7x 16

       

  

ii)   4x2 + y2 – 8x + 2y + 1=0

   
2 2

2 2

2 2

2 2

4(x 2x) (y 2y) 1

4 (x 1) 1 (y 1) 1 1

4(x 1) (y 1) 4 1 1 4

(x 1) (y 1)
1

1 4

    

      

      

 
 

   a = 1, b = 2 , a < b  y-l¿±µÙ ±ÉP
l¿±µÙ ±ÉP qÏfµ¶¢Á = 2b = 4

¶¬ñ¶ªö ±ÉP qÏfµ¶¢Á = 2a = 2

 = 
22a 2

1
b 2

 

e= 
2 2

2

b a 4 1 3

4 2b

 
 
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OÉ0lµñ0  c(–1, 1)

e = 
3

2 3
2

 

 ( 1,1 3) 



b 4
y 1

e 3

3y 3 4

3y 3 4 0

    

  

  

iii) x2 + 2y2 – 4x + 12y + 14 = 0
x2 – 4x + 2(y2 + 6y) = –14
 (x2 – 4x + 4) + 2(y2 + 6y + 9) = 4+18–14
 (x – 2)2 + 2(y + 3)2 = 8

2 2

2 2

22

(x 2) (y 3)
1

8 4

(x 2) (y 3)
1

2(2 2)

 
  

 
  

a 2 2,b 2,h 2, k 3    

l¿±µÙ ±ÉP qÏfµ¶¢Á  = 2a = 2(2 2) 4 2

¶¬ñ¶ªö ±ÉP qÏfµ¶¢Á = 2b = 2  2 = 4



=
22b 2 4

2 2
a 2 2


 

e= 
2

2

b 4 1
1 1

8a 2
   

OÉ0lµñ0 = (h, k) = (2, –3)

= (h  ae, k) = (2  2, –3)

= (4, –3), (0, –3)



a 2 2
x h x 2

e (1/ 2)

x 2 4

      

   
i.e. x = 6, x = –2
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2. 


A. = 1

2
 

 
2 1

2 2
2

b
b

a


2

2
b

b
a


2a b

 2 2 2 2 24 4 1a b a a e   

2 21 3
1

4 4
e e   

3

2
e 

3. 2 22 4 12 14 0x y x y       2, 1  


A. 

   1 1 1 12 2 6 14 0xx yy x x y y      

   2 2 2 2 6 1 14 0x y x y       

4 4 0y  

 1y  

'0'



 1
1 2

0
y x


  
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4. 2 23 3x y    4 0x y k     k 

A.  2 23 3x y 

2 2

1
3 1

x y
 

2 23, 1a b  ,  4 0x y k  

4y x k  

4,m c k   

 2 2 2 2c a m b 

   2 2
3 4 1k   

2 48 1 49k   

7k  

5.   2 0x y   ,  
2
3

e  ,     1, 1     



A.  1 1,P x y 



2 0x y  

ZM  PM SP 

SP = e . PM

2 2 2.SP e PM

   
22

2 2 1 1
1 1

2 2
1 1

3 1 1

x y
x y

             

     2
2 2 1 1

1 1

24
1 1

9 2

x y
x y

 
   

     2 2 2
1 1 1 19 1 1 2 2x y x y       

2 2
1 1 1 19 2 1 2 1x x y y      
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= 2 2
1 1 1 1 1 12 4 2 4 4x y x y x y      

2 2
1 1 1 19 9 18 18 18x y x y   

= 2 2
1 1 1 1 1 12 2 4 8 8 8x y x y x y    

2 2
1 1 1 1 1 17 4 7 26 10 10 0x x y y x y     

 1 1,P x y

2 27 4 7 26 10 10 0x xy y x y     



6. 15

2
,  2 



A. 15

2

= 2

22 15
, 2 2

2

b
ae

a
 

1ae 

2 2 2 2b a a e  

2 2 1b a  

215
1

4
a a  

24 15 4 0a a              2 2 1b a 

4a    
1

4
a                    = 16 - 1


2 2

1
16 15

x y
 
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7.        


A. = 8

= 32

2 8ae 
2

32
a

e


4ae  16
a

e


  64
a

ae
e

    

2 64a 

2 2 2b a a e 

= 64 - 16 = 48



2 2

1
64 48

x y
  

8. 


A. 
22b

a

= 2a


22 1

,2
2

b
a

a


22b a

 2 2 21b a e 

 2 2 22 1a e a 

2 1
1

2
e 
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2 1 1

2 2
e e  

9.    2,2 , 3, 1    

A. 

2 2

2 2 1
x y

a b
 

   2,2 , 3, 1  

2 2

4 4
1

a b
   .... (i)

2 2

9 1
1

a b
   .... (ii)

(i), (ii) 

2 2

1 3 1 5
;

32 32a b
 

2 23 5
1

32 32

x y
 


2 23 5 32x y 

10. 


i) 2 24 8 2 1 0x y x y    

iii) 2 22 4 12 14 0x y x y    

A.

i.  2 24 8 2 1 0x y x y    

   2 24 2 2 1x x y y    

   2 2
4 1 1 4 1 1 4x y      
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   2 2
1 1

1
1 4

x y 
 

a b   Y 

1, 2a b 

= 2 4b 

= 2 2a 


22 2

1
2

a

b
 


2 2

2

4 1 3

4 2

b a

b

 
 

  1,1C 

3
2. 3

2
be  

  1,1 3 

 1
b

y
e

 

= 
4

3


3 3 4y   

3 3 4 0y   

ii.  2 22 4 12 14 0x y x y    

 2 24 2 6 14x x y y    

   2 24 4 2 6 9 4 18 14x x y y        

   2 2
2 2 3 8x y    

   2 2
2 3

1
8 4

x y 
  
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 
 

 2 2

2 2

2 3
1

22 2

x y 
  

2 2, 2, 2, 3a b h k    

  2 2 2 2 4 2a  

=  2 2 2 4b  

= 
 2 2 42

2 2
2 2

b

a
 


2

2

4 1
1 1

8 2

b

a
   

    , 2, 3C h k  

 =    , 2 2, 3h ae k   

=    4, 3 , 0, 3 


a

x h
e

  

2 2
2

1

2

x k  
 
  

2 4x   

i.e, 6, 2x x  
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11.  4, 1 ,    1, 1     8,0  

A.    2 2
4 1 1 1a     

5a 

 8,0  

   2 2

2

8 4 0 1
1

25 b

 
 

2

1 16
1

25b
 

2

1 9
25b





   
2

24 9
1 1

25 25

x
y


  

   2 2
4 9 1 25x y   

12.
2 2

2 2 1
x y

a b
     cosα sin αx y p    

A. 
2 2

2 2 1
x y

a b
   .... (1)

 cosα sin αx y p 

sin α cosαy x p  

cosα
.
sin α sin α

p
y x  

cosα
,

sin α sin α
p

m c   

 2 2 2 2c a m b 

2 2
2 2

2

cos α
.

sin α sin α
p

a b 
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 2 2 2 2 2cos α sin αp a b 

13. 2 22 8x y     

i) 2 4 0x y    
A.

i.  1

2

 2 2 2y mx a m b  

2
2 21 1

2 2
y x a b

     

2 2

1
4 8

x y
 

1 1
4 8

2 4
y x   

1
3

2
y x 

2 6 0y x  

 2 6 0x y  

ii. 2 0x y   



 2 2 2y mx a m b  

4 8y x  



2 3y x 

2 3 0x y  
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iii.  X -  π
4


A.  2 3y x 

14. OB  , ', 'S S SBS   

A.   ,0S ae

  ' ,0S ae

B    0,b

SB  = 
b

ae
,  SB'  = 

b

ae

' 90SBS SB    ' 1S B  

. 1
b b

ae ae
  

2 2 2b a e

 2 2 2 21a e a e 

2 2 21 2 1e e e   

2 1

2
e 

2 1

2
e 

15. 2 29 16 144x y  

A.  2 29 16 144x y 

2 2

1
16 9

x y
 

2 216, 9a b 


2 2 2x y a 
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2 2 16x y 

16. 

A. = 3

 2 3 2 3a b a b  

 2 2 2 29 9 1a b a a e   

2 21 1 8
1 1

9 9 9
e e     

2 2

3
e 

 = 
2 2

3

17.  29 16 144x y    


A.  29 16 144x y 

2 2

1
16 9

x y
  2 216, 9a b 

4, 3a b 

 SS' 

 S, S' 

  2 2 2 2 2 2 21 16 9 7a e a a e a b       

 2 2 7x y 

www.sa
ks

hieduca
tio

n.co
m



18. S, T  B.  STB 


A. 
2 2

2 2 1
x y

a b
 

   ,0 , ,0S ae T ae   

 0,B b  

STB 
2 2SB ST SB ST  

2 2 2 2 24a e b a e 

2 2 23b a e

 2 2 2 21 3a e a e 

2 21 3e e 

24 1e 

2 1

4
e 

   
1

2
e 

19.     2 29 16 144x y     


A.   2 29 16 144x y 

2 2

1
16 9

x y
 

2 2

2

16 9 7

16 4

a b
e

a

 
  

 

2 9
, 7,

4

b
P ae

a

         
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P 

1 1
2 2 1

xx yy

a b
 

7 9
. . 1
16 9 4

y
x

    

7
1

16 4

x y
 

 7 4 16x y 

20. i) 
2 2

2 2 1
x y

a b
     0lx my n   

ii) 
2 2

2 2 1
x y

a b
    0lx my n    

A.

i.  
2 2

2 2 1
x y

a b
 

 θP 

cosθ sin θ 1x y

a b
   .... (1)

 lx my n    .... (2)

(1), (2) 

� �Q®°} Hê # ° ‡ é óQê

cosθ sinθ 1
a b nn
l m

 


cosθ sin θ 1
al bm n

 


cosθ sin θal bm

n n
   
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2 2cos θ sin θ 1 

2 2 2 2

2 2 1
a l b m

n n
 

2 2 2 2 2a l b m n    

ii. 0lx my n      P a  

 P a  

2 2

cosθ sinθ
ax by

a b    .... (1)

= lx my n    .... (2)

(1), (2)  

2 2

cosθ sin θ

l m n
a a bb


 

    
      

2 2

cosθ sin θl m n

a b a b

 
 



   2 2 2 2
cosθ , sin θan bn

l a b m a b


 

 

2 2cos θ sin θ 1 

   
2 2 2 2

2 22 2 2 2 2
1

a n b n

l a b m a b
 

 

 22 22 2

2 2 2

a ba b

l m n


   www.sa
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21 
2 2

2 2 1
x y

a b
  
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´ë„ìSMýS À¯é²Ë$ 

Very Short Answer Questions 

I.    � ������ 	
��  q¸°ºOµtûm¸évÀ S¸ £fµSÍdà0fº.q¸°ºOµtûm¸évÀ S¸ £fµSÍdà0fº.q¸°ºOµtûm¸évÀ S¸ £fµSÍdà0fº.q¸°ºOµtûm¸évÀ S¸ £fµSÍdà0fº. 

1. 
2x 3

(x 1)(x 3)

+
+ −

 

Sol.  
2x 3 A B

(x 1)(x 3) x 1 x 3

+ = +
+ − + −

  

2x 3 A(x 3) B(x 1)

1
x 1 1 A( 4) A

4

9
x 3 9 B(4) B

4

2x 3 1 9

(x 1)(x 3) 4(x 1) 4(x 3)

+ = − + +

= − ⇒ = − ⇒ = −

= ⇒ = ⇒ =

+ −= +
+ − + −

 

 

2. 
5x 6

(2 x)(1 x)

+
+ −

 

Sol. Let 
5x 6 A B

(2 x)(1 x) 2 x 1 x

+ = +
+ − + −

 

  (2 + x) (1 – x) 

5x + 6 = A(1 – x) + B(2 + x) 

  x = –2, –10 + 6 = A(1 + 2) ⇒ A = 
4

3
−  

  x = 1, 5 + 6 = B(2 + 1) ⇒ B = 
11

3
 

∴ 5x 6 4 11

(2 x)(1 x) 3(2 x) 3(1 x)

+ = − +
+ − + −
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Short Answer Questions 

1. 
2

3x 7

x 3x 2

+
− +

 

Sol:  

2

3x 7 3x 7

(x 2)(x 1)x 3x 2

+ +=
− −− +

 

Let 
2

3x 7 A B

(x 2) (x 1)x 3x 2

+ = +
− −− +

 

A(x 1) B(x 2) 3x 7⇒ − + − = +  … (1) 

 x = 2    ¶pñi°É»p0VµS¸¶pñi°É»p0VµS¸¶pñi°É»p0VµS¸¶pñi°É»p0VµS¸    

  A = 13 

  x = 1 ¶pñi°É»p0VµS¸¶pñi°É»p0VµS¸¶pñi°É»p0VµS¸¶pñi°É»p0VµS¸    

  –B = 10 i.e., B = –10 

2

3x 7 13 10

x 2 x 1x 3x 2

+∴ = −
− −− +

 

 

2. 
2

x 4

(x 4)(x 1)

+
− +

 

Sol. 
2

x 4 A B C

x 1 x 2 x 2(x 4)(x 1)

+ = + +
+ + −− +

  

2x 4 A(x 4) B(x 1)(x 2) C(x 1)(x 2)+ = − + + − + + +  

2

x 1 3 A(1 4) 3A A 1

x 2 2 B( 2 1)( 2 2) 4B

2 1
B

4 2

1
x 2 6 C(2 1)(2 2) 12C C

2

x 4 1 1 1

x 1 2(x 2) 2(x 2)(x 4)(x 1)

= − ⇒ = − = − ⇒ = −

= − ⇒ = − + − − =

⇒ = =

= ⇒ = + + = ⇒ =

+∴ = − + +
+ + −− +
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3. 
2

3 2

2x 2x 1

x x

+ +
+

 

Sol. Let 
2 2

3 2 2 2

2x 2x 1 2x 2x 1 A B C

x x 1x x x (x 1) x

+ + + += = + +
++ +

 

  x2(x + 1)    �
 �������    

 

2x2 + 2x + 1 = A x(x + 1) + B(x + 1) + Cx2  

Put x = 0, 1 = B 

Put x = –1, 2 – 2 + 1 = C(1) ⇒ C = 1 

  x2    �lµ SµÀgO¸v¶mÀ qÏvÛSµlµ SµÀgO¸v¶mÀ qÏvÛSµlµ SµÀgO¸v¶mÀ qÏvÛSµlµ SµÀgO¸v¶mÀ qÏvÛSµ    

2 = A + C ⇒ A = 2 – C = 2 – 1 = 1 

2

3 2 2

2x 2x 1 1 1 1

x x 1x x x

+ +∴ = + +
++

 

 

4. 
3

2x 3

(x 1)

+
−

 

Sol.   x – 1 = y  C¶mÀOÐ0fº  C¶pÁýêfµÀC¶mÀOÐ0fº  C¶pÁýêfµÀC¶mÀOÐ0fº  C¶pÁýêfµÀC¶mÀOÐ0fº  C¶pÁýêfµÀ    

  x = y + 1 

3 3 3

2 3 2 3

3 2 3

2x 3 2(y 1) 3 2y 5

(x 1) y y

2 5 2 5

y y (x 1) (x 1)

2x 3 2 5

(x 1) (x 1) (x 1)

+ + + +
⇒ = =

−

= + = +
− −

+∴ = +
− − −
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5. 
2

3

x 2x 6

(x 2)

− +
−

 

Sol:      x – 2 = y    C¶mÀOÐ0fº  C¶pÁýêfµÀC¶mÀOÐ0fº  C¶pÁýêfµÀC¶mÀOÐ0fº  C¶pÁýêfµÀC¶mÀOÐ0fº  C¶pÁýêfµÀ    

 

2 2

3 3

x 2x 6 (y 2) 2(y 2) 6

(x 2) y

− + + − + +∴ =
−

 

 

2

3

2

3

2 3

y 4y 4 2y 4 6

y

y 2y 6

y

1 2 6

y y y

+ + − − +=

+ +=

= + +

 

 
2 3

1 2 6

x 2 (x 2) (x 2)
= + +

− − −
 

2

3 2 3

x 2x 6 1 2 6

x 2(x 2) (x 2) (x 2)

− +∴ = + +
−− − −

 

 

6. 
2

2

2x 3x 4

(x 1)(x 2)

+ +
− +

 

Sol.  
2

2 2

2x 3x 4 A Bx C

x 1(x 1)(x 2) x 2

+ + += +
−− + +

 

 

2 22x 3x 4 A(x 2) (Bx C)(x 1)

x 1 2 3 4 A(1 2)

9 3A A 3

+ + = + + + −

= ⇒ + + = +

= ⇒ =

 

  x2 �lµ SµÀgO¸v¶mÀ qlµ SµÀgO¸v¶mÀ qlµ SµÀgO¸v¶mÀ qlµ SµÀgO¸v¶mÀ qÏvÛSµÏvÛSµÏvÛSµÏvÛSµ 

2 = A + B ⇒ B = 2 – A = 2 – 3 = –1 

 »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸»ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸»ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸»ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸    

4 = 2A – C ⇒ C = 2A – 4 = 6 – 4 = 2 
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2

2 2

2x 3x 4 3 x 2

x 1(x 1)(x 2) x 2

+ + − += +
−− + +

 

 

7. 
2

3x 1

(1 x x )(x 2)

−
− + +

 

Sol. Let 
2 2

3x 1 A Bx C

2 x(1 x x )(x 2) 1 x x

− += +
+− + + − +

 

  (2 + x)(1 – x + x2)    hÐ SµÀgº0VµS¸hÐ SµÀgº0VµS¸hÐ SµÀgº0VµS¸hÐ SµÀgº0VµS¸  

3x – 1 = A(1 – x + x2) (Bx + C)(2 + x) 

x = –2 ⇒ –7 = A(1+2+4) = 7A ⇒ A = –1 

   x2  �lµ SµÀgO¸v¶mÀ qÏvÛSµlµ SµÀgO¸v¶mÀ qÏvÛSµlµ SµÀgO¸v¶mÀ qÏvÛSµlµ SµÀgO¸v¶mÀ qÏvÛSµ 

0 = A + B ⇒ B = –A = 1 

»ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸ »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸ »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸ »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸     –1 = A + 2C 

2C = –1 – A = –1 + 1 = 0 ⇒ C = 0 

2 2

3x 1 1 x

2 x(1 x x )(x 2) 1 x x

− = − +
+− + + − +

 

 

8. 
2

2

x 3

(x 2)(x 1)

−
+ +

 

Sol. Let 
2

2 2

x 3 A Bx C

x 2(x 2)(x 1) x 1

− += +
++ + +

 

   (x + 2)(x2 + 1)    hÐ SµÀgº0VµS¸hÐ SµÀgº0VµS¸hÐ SµÀgº0VµS¸hÐ SµÀgº0VµS¸    
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2 2x 3 A(x 1) (Bx C)(x 2)

x 2 4 3 A(4 1)

1
1 5A A

5

− = + + + +

= − ⇒ − = +

= ⇒ =

 

  x2 �lµ SµÀgO¸v¶mÀ qÏvÛSµlµ SµÀgO¸v¶mÀ qÏvÛSµlµ SµÀgO¸v¶mÀ qÏvÛSµlµ SµÀgO¸v¶mÀ qÏvÛSµ 

1 4
1 A B B 1 A 1

5 5
= + ⇒ = − = − =  

»ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸ »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸ »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸ »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸     –3 = A + 2C 

1 16 8
2C 3 A 3 C

5 5 5
= − − = − − = − ⇒ = −  

2

2 2

x 3 1 4x 8

5(x 2)(x 2)(x 1) 5(x 1)

− −= +
++ + +

 

 

9. 
2

2 2

x 1

(x x 1)

+
+ +

 

Sol. Let 
2

2 2 2 2 2

x 1 Ax B Cx D

(x x 1) x x 1 (x x 1)

+ + += +
+ + + + + +

 

x2 + 1 = (Ax + B)(x2 + x + 1) + (Cx + D) 

   x3        ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ    

A = 0 

  x2        ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ    

 A + B = 1 ⇒ B = 1 

   x        ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ    

 A + B + C = 0 

⇒ 1 + C = 0 ⇒ C = –1 
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 »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸      »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸      »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸      »ªç±¸0Oµ¶¢ÀÀv¶mÀ qÒvÛS¸        

 B + D = 1 

 ⇒ D = 1 – B = 1 – 1 = 0 

∴ Ax + B = 1, Cx + D = –x 

∴ 
2

2 2 2 2 2

x 1 1 x

(x x 1) x x 1 (x x 1)

+ = −
+ + + + + +

 

 

10. 
3 2

3

x x 1

(x 1)(x 1)

+ +
− −

 

Sol. Let 
3 2 3 2

3 2

x x 1 x x 1

(x 1)(x 1) (x 1)(x 1)(x x 1)

+ + + +=
− − − − + +

 

3 2

2

2 2

x x 1
Let

(x 1)(x 1)(x x 1)

A B Cx D
...(1)

x 1 (x 1) x x 1

+ + =
− − + +

++ +
− − + +

 

 
2 2 2

2 2

A(x 1)(x x 1) B(x x 1) (Cx D)(x 1)

(x 1) (x x 1)

− + + + + + + + −=
− + +

 

3 2 2 2 2x x 1 A(x 1)(x x 1) B(x x 1) (Cx D)(x 1) ...(2)

x 1

1 1 1 A(0) B(1 1 1) (C(1) D)(0)

3B 3 B 1

∴ + + = − + + + + + + + −

=

+ + = + + + + +

⇒ = ⇒ =

 

   x3 ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¶plµ SµÀgO¸v¶mÀ qÏvÛSµ  

 1 = A + C    …(3) 

   x2 ¶plµ SµÀgO¶plµ SµÀgO¶plµ SµÀgO¶plµ SµÀgO¸v¶mÀ qÏvÛSµ¸v¶mÀ qÏvÛSµ¸v¶mÀ qÏvÛSµ¸v¶mÀ qÏvÛSµ  

 1 = A(1 – 1) + B(1) + C(–2) + D(1) 

 ⇒ 1 = B – 2C + D 
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B 1 1 1 2C D 2C D= ⇒ = − + ⇒ =∵  …(4) 

 x = 0   ���� 

 1 = A(–1)(1) + B(1) + D(–1)2  

 ⇒ –A + B + D = 1 ⇒ –A + 1 + D = 1 

 ⇒ A = D    …(5) 

  (3), (4) , (5) � ����� 

D 3D 2
1 D 1 D

2 2 3
= + ⇒ = ⇒ =  

  (5) ����� 2
A

3
= ,    

(4) ����� D (2 / 3) 1
C

2 2 3
= = =  

3 2

3 2 2

1 2
x

x x 1 (2 / 3) 1 3 3
x 1(x 1)(x 1) (x 1) x x 1

 + + +  ∴ = + +
−− − − + +

 

3 2

3 2 2

x x 1 2 1 x 2

3(x 1)(x 1)(x 1) (x 1) 3(x x 1)

+ + +
⇒ = + +

−− − − + +
 

 

11.   
2x

(x 1)(x 2)− −
 

Sol. Let 
2x A B

1
(x 1)(x 2) x 1 x 2

= + +
− − − −

 

  (x – 1)(x – 2)  �
 �������
 

2x (x 1)(x 2) A(x 2) B(x 1)= − − + − + −  
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  x = 1, 1 = A(–1) ⇒ A = –1 

  x = 2, 4 = B(1) ⇒ B = 4 

2x 1 4
1

(x 1)(x 2) x 1 x 2
∴ = − +

− − − −
  

 

14. 
3x

(x 1)(x 2)− +
 

Sol.  
3 3

2

x x

(x 1)(x 2) x x 2
=

− + + −
 

2 2

2

x(x x 2) 1(x x 2) 3x 2

x x 2

+ − − + − + −=
+ −

 

2

3x 2 3x 2
x 1 x 1

(x 1)(x 2)x x 2

3x 2 A B
Let

(x 1)(x 2) x 1 x 2

− −= − + = − +
− ++ −

− = +
− + − +

 

  (x – 1)(x + 2) ����� 

3x – 2 = A(x + 2) + B(x – 1) 

  x = 1, 1 = A(3) ⇒ A = 
1

3
 

  x = –2, –8 = B(–3) ⇒ B = 
8

3
 

3x 1 8
x 1

(x 1)(x 2) 3(x 1) 3(x 2)
∴ = − + +

− + − +
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15. 
3

2

x

(2x 1)(x 1)− −
 

Sol.   

3

2 2

x 1 A B C

2 2x 1 x 1(2x 1)(x 1) (x 1)
= + + +

− −− − −
 

  2(2x – 1)(x – 1)2 �
 �������
 

3 2 22x (2x 1)(x 1) 2A(x 1) 2B(2x 1)(x 1) 2C(2x 1)= − − + − + − − + −  

Put 
1 1 1 1

x ,2 2A A
2 8 4 2

   = = ⇒ =   
   

 

Put x = 1, 2(1) = 2C(1) ⇒ C = 1 

Put x = 0,  

 0 = (–1)(1) + 2A(1) + 2B(–1)(–1) + 2C(–1) 

⇒ 2A + 2B – 2C = 1 

⇒ 2B = 1 + 2C – 2A = 1 + 2 – 1 = 2 ⇒ B = 1 

3

2 2

x 1 1 1 1

2 2(2x 1) (x 1)(2x 1)(x 1) (x 1)
∴ = + + +

− −− − −
 

 

16. 
3x

(x a)(x b)(x c)− − −
 

Sol. Let 
3x

(x a)(x b)(x c)− − −
 = 

A B C
1

x a x b x c
+ + +

− − −
 

  (x – a)(x – b)(x – c) �
 �������
  

3x (x a)(x b)(x c) A(x b)(x c) B(x a)(x c) C(x a)(x b)= − − − + − − + − − + − −  
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  x = a, a3 = A(a – b)(a – c) 

 
3a

A
(a b)(a c)

⇒ =
− −

 

  x = b, b3 = B(b – a)(b – c) 

 
3b

B
(b a)(b c)

⇒ =
− −

 

  x = c, c3 = C(c – a)(c – b) 

 
3c

C
(c a)(c b)

⇒ =
− −

 

  
3 3 3 3x a b c

1
(x a)(x b)(x c) (a b)(a c)(x a) (b a)(b c)(x b) (c a)(c b)(x c)

= + + +
− − − − − − − − − − − −

 

 

 

17.  
3

3x 18

x (x 3)

−
+

 �� �
��  !"#$�%�
&'�()*+ ,�. 

Sol. Let 
3 2 3

3x 18 A B C D

x x 3x (x 3) x x

− = + + +
++

 

2 3

3 3

2 3

3x 18 Ax (x 3) Bx(x 3) C(x 3) Dx

x (x 3) x (x 3)

3x 18 Ax (x 3) Bx(x 3) C(x 3) Dx ...(1)

− + + + + + +∴ =
+ +

⇒ − = + + + + + +

 

  x = –3   

3(–3) – 18 = A(0) + B(0) + C(0) + D(–3)3  

⇒ –27D = –27 ⇒ D = 1 

  x = 0   

3(0) – 18 = A(0) + B(0) + C(0 + 3) + D(0) 

⇒ 3C = –18 ⇒ C = –6 
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  x3    �- ����
��� �.�/�
 

0 = A + D ⇒ A = –D = –1 ⇒ A = –1 

  x2 �- ����
��� �.�/�
 

0 = 3A + B ⇒ B = –3A = –3(–1) = 3 ⇒ B = 3 

3 2 3

3x 18 1 3 6 1

x x 3x (x 3) x x

− −= + − +
++

  

 

18.  
2

3

2x 1

x 1

+
−

  �� �
��  !"#$�%�
&'�()*+ ,�. 

Sol. 
2 2

3 2

2x 1 2x 1
...(1)

x 1 (x 1)(x x 1)

+ +=
− − + +

 

2

2 2

2 2

2 2

2 2

2x 1 A Bx C

x 1(x 1)(x x 1) x x 1

2x 1 A(x x 1) (Bx C)(x 1)

(x 1)(x x 1) (x 1)(x x 1)

2x 1 A(x x 1) (Bx C)(x 1)...(1)

+ += +
−− + + + +

+ + + + + −
⇒ =

− + + − + +

∴ + = + + + + −

 

   x = 1   

2(1) + 1= A(1 + 1 + 1) + (B + C)(0) 

⇒ 3A = 3 ⇒ A = 1 

  x = 0 ���� 

0 + 1 = A(1) + (0 + C)(0 – 1) 

⇒ 1 = A – C ⇒ C = 0 

  x2  �- ����
��� �.�/�
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2 = A + B ⇒ 2 = 1 + B ⇒ B = 1 

 
2

3 2 2

2x 1 1 (1)(x) 0 1 x

x 1 x 1x 1 x x 1 x x 1

+ +∴ = + = +
− −− + + + +

  

  

� ������ 	
��  q¸°ºOµtûm¸évÀ S¸ £fµSÍdà0fºq¸°ºOµtûm¸évÀ S¸ £fµSÍdà0fºq¸°ºOµtûm¸évÀ S¸ £fµSÍdà0fºq¸°ºOµtûm¸évÀ S¸ £fµSÍdà0fº 

1.   
3 2

2 2

x x 1

(x 2)(x 3)

+ +
+ +

   

Sol. Let 
3 2

2 2 2 2

x x 1 Ax B Cx D

(x 2)(x 3) x 2 x 3

+ + + += +
+ + + +

 

2 2

2 2

(Ax B)(x 3) (Cx D)(x 2)

(x 2)(x 3)

+ + + + +=
+ +

 

3 2 2 2x x 1 (Ax B)(x 3) (Cx D)(x 2) ...(1)∴ + + = + + + + +  

3 2 3 2x x 1 (A C)x (B D)x (3A 2C)x (3B 2D)⇒ + + = + + + + + + +  

  x3, x2, x �- ����
��� �.�/�
 

A + C = 1, B + D = 1,  

3A + 2C = 0, 3B + 2D = 1 

 ⇒  A = –2, C = 3, B = –1, D = 2 

3 2

2 2 2 2

2 2

x x 1 2x 1 3x 2

(x 2)(x 3) x 2 x 3

3x 2 2x 1

x 3 x 2

+ + − − +∴ = +
+ + + +

+ += −
+ +
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2.   
3 2

4 2

3x 2x 1

x x 1

− −
+ +

 . 

Sol. 4 2 4 2 2x x 1 x 2x 1 x+ + = + + −  

2 2 2 2 2

3 2 3 2

4 2 2 2

2 2

(x 1) x (x x 1)(x x 1)

3x 2x 1 3x 2x 1

x x 1 (x x 1)(x x 1)

Ax B Cx D

x x 1 x x 1

= + − = + + − +

− − − −=
+ + + + − +

+ += +
+ + − +

 

  x4 + x2 + 1 0� �������
,  

3x3 – 2x2 – 1 = (Ax + B)(x2 – x + 1) + (Cx + D)(x2 + x + 1) 

123 �- ����
4$ �5�/�
 

 A + C = 3  … (1)  

⇒ C = 3 – A  

– A + B + C + D = –2 … (2) 

A – B + C + D = 0 … (3) 

B + D = –1  … (4) D = –1–B 

  (2)  ����� 

–A + B + 3 – A – 1 – B = –2 

⇒ –2A = –4 ⇒ A = 2 

    (3) ����� 

A – B + 3 – A – 1 – B = 0 ⇒ 2 = 2B ⇒ B = 1 

∴ C = 3 – 2 = 1, D = –1–1 = –2 
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Ax + B = 2x + 1, Cx + D = x – 2  

3 2

4 2 2 2

3x 2x 1 2x 1 x 2

x x 1 x x 1 x x 1

− − + −∴ = +
+ + + + − +

 

 

3.   
4 2

2 3

x 24x 28

(x 1)

+ +
+

   

Sol. 
4 2

2 3

x 24x 28

(x 1)

+ +
+

 

  x2 + 1 = y ⇒ x2 = y – 1 

  
4 2 2

2 3 3

x 24x 28 (y 1) 24(y 1) 28

(x 1) y

+ + − + − +=
+

 

2 2

3 3

2

3 3 3 2 3

2 2 2 2 3

y 2y 1 24y 24 28 y 22y 5

y y

y 22y 5 1 22 5

yy y y y y

1 22 5

(x 1) (x 1) (x 1)

− + + − + + += =

= + + = + +

= + +
+ + +

 

 
4 2

2 3 2 2 2 2 3

x 24x 28 1 22 5

(x 1) (x 1) (x 1) (x 1)

+ +∴ = + +
+ + + +

 

 

4.   
3x

(2x 1)(x 2)(x 3)− + −
   

Sol. 
3x

(2x 1)(x 2)(x 3)
=

− + −
 

1 A B C

2 2x 1 x 2 x 3
+ + +

− + −
 

 
32x (2x 1)(x 2)(x 3) 2A(x 2)

(x 3) 2B(2x 1)(x 3) 2C(2x 1)(x 2)

= − + − + +

− + − − + − +
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  1 1 5 5 1
x ,2 2A A

2 8 2 2 50
     = = ⋅ − ⇒ = −     
     

 

 x = –2, 2(–8) = 2B(–5)(–5) ⇒ B = 
8

25

−
 

  x = 3, 2(27) = 2C(5)(5) ⇒ C = 
27

25
 

3x 1 1 8 27

(2x 1)(x 2)(x 3) 2 50(2x 1) 25(x 2) 25(x 3)
∴ = − − +

− + − − + −
 

 

5.   
4x

(x 1)(x 2)− −
  . 

Sol. 
4 4

2

x x

(x 1)(x 2) x 3x 2
=

− − − +
 

2 2 2 2

2

x (x 3x 2) 3x(x 3x 2) 7(x 3x 2) 15x 14

x 3x 2

− + + − + + − + + −=
− +

 

2
2

15x 14
x 3x 7

x 3x 2

−= + + +
− +

 

  15x 14 A B

(x 1)(x 2) x 1 x 2

− = +
− − − −

  

15x 14 A(x 2) B(x 1)− = − + −  

  x = 1, 15 – 14 = A(–1) ⇒ A = –1 

  x = 2, 30 – 14 = B(1) ⇒ B = 16 

4
2x 1 16

x 3x 7
(x 1)(x 2) x 1 x 2

∴ = + + − +
− − − −
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6.   3x

(x 2)(x 1)− +
&167� �8 x4 �- ����
�$  ���(��,�. 

Sol. 
3x A B

(x 2)(x 1) x 2 x 1
= +

− + − +
  

3x = A(x + 1) + B(x – 2) 

  x = –1, –3 = B(–3) ⇒ B = 1 

  x = 2, 6 = A(3) ⇒ A = 2 

∴ 
3x 2 1

(x 2)(x 1) x 2 x 1
= +

− + − +
 

( )

1
1

2 3 4
2 3 4

2 1 x
1 (1 x)

x 1 x 22 1
2

x x x x
1 ... 1 x x x x ...

2 4 8 16

−
− = + = − − + + +   − − 

 

 
= − + + − + + + − + − + 

 

 

∴ x4   �- ��� �  = 
1 15

1
16 16

− + =  

 

7. 
2

x

(x 1) (x 2)− −
&167� �8 xn  �- ����
�$  ���(��,�.  

Sol. 
2 2

x A B C

x 1 x 2(x 1) (x 2) (x 1)
= + +

− −− − −
  

x = A(x – 1)(x – 2) + B(x – 2) + C(x – 1)2  

 x = 1, 1 = B(–1) ⇒ B = –1 

  x = 2, 2 = C(1) ⇒ C = 2 

  x = 0, 0 = 2A – 2B + C ⇒ 2A = 2B – C  

= –2 – 2 = –4 ⇒ A = –2 
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2 2

x 2 1 2

x 1 x 2(x 1) (x 2) (x 1)

−∴ = − +
− −− − −

 

2

1
1 2

2 1 2
x1 x (1 x) 2 1
2

x
2(1 x) (1 x) 1

2

−
− −

= − +
−  − − − 

 

 = − − − − − 
 

 

2 n 2 n

2 2 n

n

2[1 x x ... x ...] [1 2x 3x ... (n 1)x ...]

x x x
1 ... ...

2 4 2

= + + + + + − + + + + + +

 
− + + + + 
 

 

∴   xn   �- ��� �   = 
n

1
2(1) (n 1)

2

 − + −  
 

 

 
n n

1 1
2 n 1 1 n

2 2
= − − − = − − . 

 

8. 
2 2

x 3

(1 x) (1 x )

+
− +

  . 

Sol:     2 2

x 3

(1 x) (1 x )

+
− + 2 2

A B Cx D

(1 x) (1 x) (1 x )

+= + +
− − +

 

2 2 2x 3 A(1 x)(1 x ) B(1 x ) (Cx D)(1 x)⇒ + = − + + + + + −  

123 �- ����
4$ �5�/�
 

A + B + D = 3  … (1) 

–A + C – 2D = 1 … (2) 

A + B – 2C + D = 0 … (3) 

–A + C = 0  … (4) 

9:; 1< 7�#4$ =
>����
 

3 3 1
A ,B 2,C ,D

2 2 2
= = = = −  
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2 2 2 2

x 3 3 2 3x 1

2(1 x)(1 x) (1 x ) (1 x) 2(1 x )

+ −∴ = + +
−− + − +

 

 

9.   
2

3

x 5x 7

(x 3)

+ +
−

   

Sol.   x – 3 = y����?��,� ⇒ x = y + 3 

2 2

3 3

x 5x 7 (y 3) 5(y 3) 7

(x 3) y

+ + + + + +=
−

 

2

3

y 6y 9 5y 15 7

y

+ + + + +=  

2

3 2 3

2

3 2 3

y 11y 31 1 11 31

yy y y

x 5x 7 1 11 31

x 3(x 3) (x 3) (x 3)

+ += = + +

+ +∴ = + +
−− − −

 

 

10.    
2

2

x 13x 15

(2x 3)(x 3)

+ +
+ +

 . 

Sol. Let 
2

2 2

x 13x 15 A B C

2x 3 x 3(2x 3)(x 3) (x 3)

+ + = + +
+ ++ + +

  

2 2x 13x 15 A(x 3) B(x 3)(2x 3) C(2x 3)

3 9 39 9
Put x , 15 A

2 4 2 4

9A 9 78 60 9
A 1

4 4 4

+ + = + + + + + +

 = − − + =  
 

− +
⇒ = = − ⇒ = −

 

  x = –3,  9 – 39 + 15 = C(–3)  

 ⇒ –3C = –15 ⇒ C = 5 
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  x2 �- ����
4$ �5�/�
, 

A + 2B = 1 ⇒ 2B = 1 – A = 1 + 1 = 2 ⇒ B = 1 

2

2 2

x 13x 15 1 1 5

2x 3 x 3(2x 3)(x 3) (x 3)

+ + −∴ = + +
+ ++ + +

 

 

11.   
2

1

(x 1) (x 2)− −
  . 

Sol. Let 
2 2

1 A B C

x 1 x 2(x 1) (x 2) (x 1)
= + +

− −− − −
 

2

2

2

1

(x 1) (x 2)

A(x 1)(x 2) B(x 2) C(x 1)

(x 1) (x 2)

⇒
− −

− − + − + −=
− −

 

 21 A(x 1)(x 2) B(x 2) C(x 1) ...(1)⇒ = − − + − + −  

  x = 1 ⇒1 = A(0) + B(1 – 2) + C(0) 

⇒ –B = 1 ⇒ B = –1 

Put x = 2 ⇒  1 = A(0) + B(0) + C(2 – 1)2 ⇒ C = 1 

x2 �- ����
4$ �5�/�
, 

0 = A + C ⇒ A = –C = –1 ⇒ A = –1 

2 2

1 1 1 1

x 1 x 2(x 1) (x 2) (x 1)

−∴ = − +
− −− − −
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12. 
2

2

x x 1

(x 1)(x 1)

− +
+ −

 

Sol. Let 
2

2 2

x x 1 A B C

x 1 x 1(x 1)(x 1) (x 1)

− + = + +
+ −+ − −

 

 x2 – x + 1 =  A(x – 1)2 + B(x + 1)(x – 1) + C(x + 1) 

  x = –1, 1 + 1 + 1 = A(4) ⇒ A = 
3

4
 

  x = 1, 1 – 1 + 1 = C(2) ⇒ C = 
1

2
 

x2 �- ����
4$ �5�/�
, 

A + B = 1 ⇒ B = 1 – A = 1 – 
3 1

4 4
=  

2

2 2

x x 1 3 1 1

4(x 1) 4(x 1)(x 1)(x 1) 2(x 1)

− +∴ = + +
+ −+ − −

 

 

13. 
2

9

(x 1)(x 2)− +
 

Sol.  
2 2

9 A B C

x 1 x 2(x 1)(x 2) (x 2)
= + +

− +− + +
 

  

9 = A(x + 2)2 + B(x – 1)(x + 2) + C(x – 1) 

x = 1 ⇒ 9 = 9A ⇒ A = 1 

x = –2 ⇒ 9 = –3C ⇒ C = –3 

x2 �- ����
4$ �5�/�
, 

A + B = 0 ⇒ B = –A = –1 
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∴ 
2 2

9 1 1 3

x 1 x 2(x 1)(x 2) (x 2)
= − −

− +− + +
 

 

14. 
2

x 1

(x 1)(x 2)

−
+ −

 

Sol. Let 
2 2

x 1 A B C

x 1 x 2(x 1)(x 2) (x 2)

− = + +
+ −+ − −

 

⇒ x – 1 =  

    A(x – 2)2 + B(x – 2)(x + 1) + C(x + 1) …(1) 

  x = 2   

2 – 1 = A(0) + B(0) + C(2 + 1) 

⇒ 1 = 3C ⇒ C = 
1

3
 

 x = –1  ⇒– 1 –1 = A(–1–2)2 + B(0) + C(0) 

⇒ 9A = –2 ⇒ A = 
2

9

−
 

x2 �- ����
4$ �5�/�
, 

0 = A + B ⇒ B = –A = 
2

9
 

2 2

2 2 1
x 1 9 9 3

x 1 x 2(x 1)(x 2) (x 2)

−
−∴ = + +

+ −+ − −
 

2 2

x 1 2 2 1

9(x 1) 9(x 2)(x 1)(x 2) 3(x 2)

− −= + +
+ −+ − −
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15. 
2

1

(1 2x) (1 3x)− −
 

Sol. Let  

2 2

1 A B C

1 3x 1 2x(1 2x) (1 3x) (1 2x)
= + +

− −− − −
  

2

2

1 A(1 2x) B(1 3x)(1 2x) C(1 3x)

1 2 A
x 1 A 1 A 9

3 3 9

= − + − − + −

 = ⇒ = − = ⇒ = 
 

 

1 3 C
x 1 C 1 C 2

2 2 2
 = ⇒ = − = − ⇒ = − 
 

 

x2 �- ����
4$ �5�/�
, 

0 = 4A + 6B 

6B = –4A = –36 

B = –6 

2 2

1 9 6 2

1 3x 1 2x(1 2x) (1 3x) (1 2x)
= − −

− −− − −
 

 

16 
3

1

x (x a)+
 

Sol. Let 
3 2 3

1 A B C D

x x ax (x a) x x
= + + +

++
 

2 3

3

A x (x a) B(a)(x a) C(x a) Dx

x (x a)

⋅ + + + + + +=
+

 

2 31 A(x )(x a) Bx(x a) C(x a) Dx∴ = + + + + + + …(1) 

Put x = 0   
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1 = A(0) + B(0) + C(0 + a) + D(0) 

⇒ 1 = C(a) ⇒ C = 
1

a
 

Put x = –a   

1 = A(0) + B(0) + C(0) + D(–a)3  

⇒ 1 = –Da2 ⇒ D = 
3

1

a
−  

  x3   �- ����
4$ �5�/�
, 

0 = A + D 

⇒ A = –D = 
3

1

a
, A = 

3

1

a
 

x2 �- ����
4$ �5�/�
, 

0 = Aa + B 

⇒ B = –aA = 
3 2

1 1
a

a a

 − = − 
 

 

2

1
B

a
∴ = −  

3 2 3

3 2 3

3 3 2 2 3 3

1 1 1 1
1 aa a a

x x ax (x a) x x

1 1 1 1 1

x (x a) a x a x ax a (x a)

       − −       
       = + + +

++

⇒ = − + −
+ +
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17. 
3 2

4

3x 8x 10

(x 1)

− +
−

 

Sol:      x – 1 = y        ����A����A����A����A������������ 

3 2

4

3x 8x 10

(x 1)

− +∴
−

 

 
3 2

4

3(y 1) 8(y 1) 10

y

+ − + +=  

 
3 2 2

4

3(y 3y 3y 1) 8(y 2y 1) 10

y

+ + + − + + +=  

 
3 2

4

3y y 7y 5

y

+ − +=  

 
2 3 4

3 1 7 5

y y y y
= + − +  

 
2 3 4

3 1 7 5

x 1 (x 1) (x 1) (x 1)
= + − +

− − − −
 

3 2

4

3x 8x 10

(x 1)

− +∴
−

 

 
2 3 4

3 1 7 5

x 1 (x 1) (x 1) (x 1)
= + − +

− − − −
 

 

18.  
3

3x 18

x (x 3)

−
+

  . 

Sol. Let 
3 2 3

3x 18 A B C D

x x 3x (x 3) x x

− = + + +
++

 

2 3

3 3

2 3

3x 18 Ax (x 3) Bx(x 3) C(x 3) Dx

x (x 3) x (x 3)

3x 18 Ax (x 3) Bx(x 3) C(x 3) Dx ...(1)

− + + + + + +∴ =
+ +

⇒ − = + + + + + +

 

  x = –3   

3(–3) – 18 = A(0) + B(0) + C(0) + D(–3)3  
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⇒ –27D = –27 ⇒ D = 1 

  x = 0   

3(0) – 18 = A(0) + B(0) + C(0 + 3) + D(0) 

⇒ 3C = –18 ⇒ C = –6 

  x3    �- ����
4$ �5�/�
,  

0 = A + D ⇒ A = –D = –1 ⇒ A = –1 

x2 �- ����
4$ �5�/�
, 

0 = 3A + B ⇒ B = –3A = –3(–1) = 3 ⇒ B = 3 

3 2 3

3x 18 1 3 6 1

x x 3x (x 3) x x

− −= + − +
++

 

 

19.   
2

3

2x 1

x 1

+
−

  . 

Sol. 
2 2

3 2

2x 1 2x 1
...(1)

x 1 (x 1)(x x 1)

+ +=
− − + +

 

2

2 2

2

2

2

2

2 2

2x 1 A Bx C

x 1(x 1)(x x 1) x x 1

2x 1

(x 1)(x x 1)

A(x x 1) (Bx C)(x 1)

(x 1)(x x 1)

2x 1 A(x x 1) (Bx C)(x 1)...(1)

+ += +
−− + + + +

+
⇒ =

− + +

+ + + + −
− + +

∴ + = + + + + −

 

  x = 1   

2(1) + 1= A(1 + 1 + 1) + (B + C)(0) 

⇒ 3A = 3 ⇒ A = 1 
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  x = 0   

0 + 1 = A(1) + (0 + C)(0 – 1) 

⇒ 1 = A – C ⇒ C = 0 

x2 �- ����
4$ �5�/�
, 

2 = A + B ⇒ 2 = 1 + B ⇒ B = 1 

 
2

3 2 2

2x 1 1 (1)(x) 0 1 x

x 1 x 1x 1 x x 1 x x 1

+ +∴ = + = +
− −− + + + +

 

 

20.   
3 2

2 2

x x 1

(x 2)(x 3)

+ +
+ +

 . 

Sol. Let 
3 2

2 2 2 2

x x 1 Ax B Cx D

(x 2)(x 3) x 2 x 3

+ + + += +
+ + + +

 

2 2

2 2

(Ax B)(x 3) (Cx D)(x 2)

(x 2)(x 3)

+ + + + +=
+ +

 

3 2

2 2

x x 1

(Ax B)(x 3) (Cx D)(x 2) ...(1)

∴ + + =

+ + + + +
 

3 2 3 2x x 1 (A C)x (B D)x (3A 2C)x (3B 2D)⇒ + + = + + + + + + +  

 x3, x2, x ,BCD 7 �- ����
4$ �5�/�
, 

A + C = 1, B + D = 1,  

3A + 2C = 0, 3B + 2D = 1 

  A = –2, C = 3, B = –1, D = 2 
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3 2

2 2 2 2

2 2

x x 1 2x 1 3x 2

(x 2)(x 3) x 2 x 3

3x 2 2x 1

x 3 x 2

+ + − − +∴ = +
+ + + +

+ += −
+ +

 

 

21. 
3 2

4 2

3x 2x 1

x x 1

− −
+ +

  . 

Sol. 4 2 4 2 2x x 1 x 2x 1 x+ + = + + −  

2 2 2 2 2

3 2 3 2

4 2 2 2

2 2

(x 1) x (x x 1)(x x 1)

3x 2x 1 3x 2x 1

x x 1 (x x 1)(x x 1)

Ax B Cx D

x x 1 x x 1

= + − = + + − +

− − − −=
+ + + + − +

+ += +
+ + − +

 

  3x3 – 2x2 – 1 =  (Ax + B)(x2 – x + 1) + (Cx + D)(x2 + x + 1) 

E7F	G;�H�I 123 �- ����
4$ �5�/�
, 

 A + C = 3  … (1)  

⇒ C = 3 – A  

– A + B + C + D = –2 … (2) 

A – B + C + D = 0 … (3) 

B + D = –1  … (4) D = –1–B 

  (2)����� 

–A + B + 3 – A – 1 – B = –2 

⇒ –2A = –4 ⇒ A = 2 

 (3)����� 
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A – B + 3 – A – 1 – B = 0 ⇒ 2 = 2B ⇒ B = 1 

∴ C = 3 – 2 = 1, D = –1–1 = –2 

Ax + B = 2x + 1, Cx + D = x – 2  

3 2

4 2 2 2

3x 2x 1 2x 1 x 2

x x 1 x x 1 x x 1

− − + −∴ = +
+ + + + − +

 

 

22.  
3x

(2x 1)(x 2)(x 3)− + −
  . 

Sol. 
3x

(2x 1)(x 2)(x 3)
=

− + −
1 A B C

2 2x 1 x 2 x 3
+ + +

− + −
  

32x (2x 1)(x 2)(x 3) 2A(x 2)

(x 3) 2B(2x 1)(x 3) 2C(2x 1)(x 2)

= − + − + +

− + − − + − +
 

 1 1 5 5 1
x 2 2A A

2 8 2 2 50
     = ⇒ = ⋅ − ⇒ = −     
     

 

 x = –2 ⇒  2(–8) = 2B(–5)(–5) ⇒ B = 
8

25

−
 

  x = 3 ⇒2(27) = 2C(5)(5) ⇒ C = 
27

25
 

3x 1 1 8 27

(2x 1)(x 2)(x 3) 2 50(2x 1) 25(x 2) 25(x 3)
∴ = − − +

− + − − + −
 

 

23.  
4x

(x 1)(x 2)− −
  . 

Sol. 
4 4

2

x x

(x 1)(x 2) x 3x 2
=

− − − +
 

 
2 2 2 2

2

x (x 3x 2) 3x(x 3x 2) 7(x 3x 2) 15x 14

x 3x 2

− + + − + + − + + −=
− +
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2
2

15x 14
x 3x 7

x 3x 2

−= + + +
− +

 

  15x 14 A B

(x 1)(x 2) x 1 x 2

− = +
− − − −

  

15x 14 A(x 2) B(x 1)− = − + −  

  x = 1 ⇒  15 – 14 = A(–1) ⇒ A = –1 

 x = 2 ⇒  30 – 14 = B(1) ⇒ B = 16 

4
2x 1 16

x 3x 7
(x 1)(x 2) x 1 x 2

∴ = + + − +
− − − −

 

 

24.   3x

(x 2)(x 1)− +
 &167� �8 x4 �- ����
�$  ���(��,�. 

Sol. 
3x A B

(x 2)(x 1) x 2 x 1
= +

− + − +
  

3x = A(x + 1) + B(x – 2) 

  x = –1, –3 = B(–3) ⇒ B = 1 

  x = 2, 6 = A(3) ⇒ A = 2 

∴ 
3x 2 1

(x 2)(x 1) x 2 x 1
= +

− + − +
 

( )

1
1

2 3 4
2 3 4

2 1 x
1 (1 x)

x 1 x 22 1
2

x x x x
1 ... 1 x x x x ...

2 4 8 16

−
− = + = − − + + +   − − 

 

 
= − + + − + + + − + − + 

 

 

∴ x4 �- ��� � = 
1 15

1
16 16

− + =  
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25.  
2

x

(x 1) (x 2)− −
 &167� �8 xn �- ����
�$  ���(��,�. 

Sol. 
2 2

x A B C

x 1 x 2(x 1) (x 2) (x 1)
= + +

− −− − −
  

x = A(x – 1)(x – 2) + B(x – 2) + C(x – 1)2  

  x = 1, 1 = B(–1) ⇒ B = –1 

  x = 2, 2 = C(1) ⇒ C = 2 

  x = 0, 0 = 2A – 2B + C ⇒ 2A = 2B – C  

= –2 – 2 = –4 ⇒ A = –2 

2 2

x 2 1 2

x 1 x 2(x 1) (x 2) (x 1)

−∴ = − +
− −− − −

 

2

1
1 2

2 1 2
x1 x (1 x) 2 1
2

x
2(1 x) (1 x) 1

2

−
− −

= − +
−  − − − 

 

 = − − − − − 
 

 

2 2 n
2 n 2 n

n

x x x
2[1 x x ... x ...] [1 2x 3x ... (n 1)x ...] 1 ... ...

2 4 2

 
= + + + + + − + + + + + + − + + + + 

 
 

∴ xn �- ��� � = 
n

1
2(1) (n 1)

2

 − + −  
 

 

 
n n

1 1
2 n 1 1 n

2 2
= − − − = − − .  
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26.  5x 6

(2 x)(1 x)

+
+ −

 &167� �8 xJ �- ����
�$  ���(��,�  

Sol. Let 
5x 6 A B

(2 x)(1 x) 2 x 1 x

+ = +
+ − + −

  

5x + 6 = A(1 – x) + B(2 + x) 

11
x 1 11 B(2 1) 3B B

3

4
x 2 4 A(1 2) 3A A

3

= ⇒ = + = ⇒ =

−= − ⇒ − = + = ⇒ =
 

1
1

5x 6 4 11

(2 x)(1 x) 3(2 x) 3(1 x)

4 11
x 3(1 x)

3 2 1
2

2 x 11
1 (1 x)

3 2 3

−
−

+ −= +
+ − + −

−= +
− ⋅ + 

 

 = − + + − 
 

 

 ( )
2 3

2 32 x x x 11
1 ... 1 x x x ...

3 2 4 8 3

 
= − − + − + + + + + 

 
 

∴  xJ �- ��� � 
2 1 11

(1)
3 8 3
 = − − + 
 

 

 
2 88 90 15

24 24 4

+= = =  

 

27.  
2

2

3x 2x

(x 2)(x 3)

+
+ −

 &167� �8 x4 �- ����
�$  ���(��,�.. 

Sol. Let 
2

2 2

3x 2x A Bx C

x 3(x 2)(x 3) x 2

+ += +
−+ − +

  

2 23x 2x A(x 2) (Bx C)(x 3)+ = + + + −  

x 3 27 6 A(9 2)= ⇒ + = +  
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33 11A A 3= ⇒ =  

x2 �- ����
4$ �5�/�
, 

 3 = A + B ⇒ B = 3 – A = 3 – 3 = 0 

 BCD 7 ��#4$ �5�/�
, 

 2A – 3C = 0 ⇒ 3C = 2A = 6 ⇒ C = 2 

2

2 2

2

11 2

3x 2x 3 2

x 3(x 2)(x 3) x 2

3 2
x x3 1 2 1
3 2

x x
1 1

3 2

−−

+ = +
−+ − +

= +
   − − +      

  = − − + +  
   

 

 
2 3 4 2 4x x x x x x

1 ... 1 ...
3 9 27 81 2 4

   
= − + + + + + + − + −   

   
 

∴ x4 �- ��� � 
1 1

81 4
= − +  

  
4 81 77

324 324

− += =  

 

28.   
2

x 4

x 5x 6

−
− +

 &167� �8 xn  �- ����
�$  ���(��,�. 

Sol. Let 
2

x 4 A B

x 2 x 3x 5x 6

− = +
− −− +

  

x 4 A(x 3) B(x 2)

x 2 2 A(2 3) A A 2

x 3 1 B(3 2) B B 1

− = − + −

= ⇒ − = − = − ⇒ =

= ⇒ − = − = ⇒ = −
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2

1 1

x 4 2 1

x 2 x 3x 5x 6

2 1
x x

2 1 3 1
2 3

x 1 x
1 1

2 3 3

− −

− = −
− −− +

= +
   − − −   
   

   = − − + −   
   

 

2 n 2 n

n n

x x x 1 x x x
1 ... ... 1 ... ...

2 4 3 3 92 3

   
= − + + + + + + + + + + +   

   
 

  xn  �- ��� �
n 1 n

1 1

3 2+= −  

 

29.   
2

3x

(x 1)(x 2)− −
 &167� �8 xn  �- ����
�$  ���(��,�. 

Sol: Let 

2

3x

(x 1)(x 2)− −
= 

2

A B C

x 1 x 2 (x 2)
+ +

− − −
 

2A(x 2) B(x 1)(x 2) C(x 1) 3x⇒ − + − − + − =  

  x = 1  ⇒  A = 3 

  x = 2 ⇒  C = 6 

x2 �- ����
4$ �5�/�
, 

A + B = 0 ⇒ B = –A ⇒ B = –3 

2 2

3x 3 3 6

x 1 x 2(x 1)(x 2) (x 2)
∴ = − +

− −− − −
 

1 2
1 3 x 3 x

3(1 x) 1 1
2 2 2 2

− −
−    = − − + − + −   

   
 

Now  

1 2 n(1 x) 1 x x ... x ...,| x | 1−− = + + + + + <  
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1 2 n

n

x x x x
1 1 ... ...

2 2 4 2

−
 − = + + + + + 
 

 , x
1

2
<  

i.e. |x| < 2 

2 2 3 n
x x x x x x

1 1 2 3 4 ... (n 1) ... 1
2 2 2 2 2 2

−
         − = + + + + + + + <         
         

i.e., |x| < 2. 

  |x| < 1. 

( )
2 n

2 n
2 n

3x x x x
3 1 x x ... x ... 1 ... ...

2 4(x 1)(x 2) 2

 
∴ = − + + + + + + + + + + + 

− −  
 

 
2 n

3 x x x
1 2 3 .. (n 1) ...

2 2 2 2

      + + + + + + +             
 

  xn      �- ��� �= 
n n

3 1 3 (n 1)
3

2 22 2

+ − + + 
 

 

 
n 1 n 1

3 3(n 1)
3

2 2+ +
+= − + + .  
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1 7 2 0 3 1AB       

36 4 4 44 2 11   

     2 2 2
7 2 0 3 1 4BC       

81 9 9 99 3 11   

     2 2 2
2, 1 3 2 4 3CA        

9 1 1 11  

2 11 3 11AB AC BC   

A,B,C  
8.    2,3,4 , 1, 2,3A B XZ-


 AB XZ - 

1 2:AB y y 

3: 2 

9.    1,1,1 , 2, 4,1A B   ABC

 'C' 
    1,1,1 , 2, 4,1A B    , ,x y z  ABC


G  ABC  
G 

 1 2 1 4 1 1
, , 0,0,0

3 3 3

x y z        
 

1 5 2
0, 0, 0

3 3 3

x y z  
  

1 0, 5 0, 2 0x y z     
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1, 5, 2x y z    

   C   1, 5, 2 

10.      3, 2, 1 , 4,1,1 , 6,2,5   4,2,2 


          3,2, 1 , 4,1,1 , 6, 2,5 , , ,A B C D x y z 

 G 

3 4 6 2 1 2 1 1 5
, ,

4 4 4

x y z          
 
 

 13 5 5
, , 4, 2, 2

4 2 4

x y z     
 

13
4

4

x


5
2

4

y


5
2

4

z


13 16x          5 8y         
5

2
4

z


16 13 3x       8 5 3y       8 5 3z   

D   3,3,3

11.    6,3, 4 , 2, 1, 2A B       3, 1,2 


    6,3, 4 2, 1, 2A B   
AB  Q

Q   
6 2 3 1 4 2

, ,
2 2 2

    
 
 

 2 2,1, 1 

P   3, 1,2

     2 2 2
3 2 1 1 2 1PQ      

1 4 9 14    www.sa
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12.      3, 2, 4 , 5, 4 6 9,8, 10A B C   B, AC  




   3,2, 4 5, 4, 6A B     9,8, 10C  


     2 2 2
3 5 2 4 4 6AB       

4 4 4 12 2 3    

     2 2 2
5 9 4 8 6 10BC       

16 16 16 48 4 3    

     2 2 2
9 3 8 2 10 4CA       

36 36 36 108 6 3    

2 3 4 3 6 3AB BC CA    

A,B,C 
AC  B = AB:BC

= 2 3 : 4 3 1: 2

13.      0,0,0 , 2, 3,3 , 2,3, 3O A B   
 



     0,0,0 , 2, 3,3 , 2,3, 3O A B   

     2 2 2
0 2 0 3 0 3OA      

4 9 9 22   

     2 2 2
0 2 0 3 0 3OB      

4 9 9 22   

     2 2 2
2 2 3 3 3 3AB       

16 36 36 88 2 22    

22 22 2 22OA OB AB    

  O,A,B  

B O A

AB  'O' 
: 22 : 22 1: 2OA AB   
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OA    B 

: 2 22 : 22 2:1AB BO  

14) Y   1, 2, 1 
 2 2 28 9 8 18 36 18 54 0x y z x y z       



 , ,P x y z 

PM Y  2 2x z 

 1, 2, 1A  
 3,PM PA

2 29PM PA

     2 2 22 2 9 1 2 1x z x y z        
2 29 18 9 9 36 36x x y y     

29 18 9z z  

P  2 2 28 9 8 18 36x y z x y   

18 54 0z  

P  
2 2 28 6 8 18 36 18 54 0x y z x y z      

15.    2, 4,5 , 3,5, 4A B  YZ - 



AB  YZ  P 
P  AB k:1 
P 

3 2 5 4 4 5
, ,

1 1 1

k k k

k k

    
   

P YZ 
  p x = 0

3 2
0 3 2 0

1

k
k

k


   



2

3
k  
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YZ  AB -2:3 
k  p 

p   

 2 2
5 4 4 5

3 30, ,
2 2

1 1
3 3

                
    
  

 0, 2, 23

16.      2, 4, 1 , 3,6, 1 , 4,5,1  




A B

C
D

ABCD 
   2, 4, 1 , 3,6, 1A B   

 4,5,1C 

 , ,D x y z 
ABCD 
AC  =BD 

2 4 4 5 1 1 3 6 1
, , , ,

2 7 2 2 2 2

x y z             
   

3 6

2 2

x


6 9

2 2

y


0 1

2 2

z 


3 6x  6 9y  1 0z  

3x  3y  1z 

     3,3,1D
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17.      1,2,3 , 2,3,1 , 3,1,2 
H,G,S,I 



     2 2 2
2 1 3 2 1 3AB      

1 1 4 6   

     2 2 2
3 2 1 3 2 1BC      

1 4 1 6   

     2 2 2
1 3 2 1 3 2CA      

4 1 1 6   

A(1,2,3)

B(2,3,1) C(3,1,2)

AB BC CA    ABC 

  1 2 3 2 3 1 3 1 2
, , 2, 2, 2

3 3 3
G

        
 




     2,2,2 , 2, 2, 2 , 2, 2, 2H S I  
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18.      0,0,0 , 3,0,0 , 0, 4,0 


     1 1 1 2 2 2 3 3 3, , , , , , , ,A x y z B x y z C x y z  

ABC a,b,c



a

c

b

A B

C

I

1 2 3 1 2 3 1 2 3, ,
ax bx cx ay by cy az bz cz

I
a b c a b c a b c

              

     0,0,0 , 3,0,0 , 0,4,0A B C  

9 16 0 5;a BC    

0 16 0 4;b CA    

9 0 0 3c AB    


           5 0 4 3 3 0 5 0 4 0 3 4

,
5 4 3 5 4 3

I
   

     

     5 0 4 0 3 0

5 4 3

  
  

 1,1,0
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19.   1, 2,3    2,3,1 
  
 Oxyz P   , ,x y z   'O XYZ

 P  , ,X Y Z



z

x
'y

'x

'z

0

(0,0,0) y
'X

'z

Y

'Y

Z

X

   
   

, , , ,

1,2,3     2,3,1

P x y z X Y Z



 ' , ,O h k s 
, ,x X h y Y k z Z s      

  , , , ,h k s x X y Y z Z   

   , , 1 2, 2 3,3 1h k s    

 1, 1, 2  

   ' 1, 1, 2O    

20.    3, 2, 4 , 9,8, 10A B    5, 4, 6P  
P 



    XX X X

l m

A P B Q

       AB  P   :l m

 5, 4 6 

9 3 8 2 10 4
, ,

l m l m l m

l m l m l m

        

ABQ  :l m  
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9 6 8 4 10 8
, ,

2 2 2

l l l l l l

l l l l l l

         

 3, 4,2  

    5, 4, 6P    3, 4, 2Q  

www.sa
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


1. 
 )i   1,2,3, 4,5,6S 

1E  

1 {1,3,5}E 

2E  

2 {2, 4,6}E  

1 2 1 2,E E S E E     

1 2,E E 
)ii 
 , , ,S HH HT TH TT

H  T  

1E  

1 { , , }E HH HT TH 

2E  

2 { }E TT 

 1 2 2 2,E E S E E    

1 2,E E 

      


 )i  {1, 2,3, 4,5,6}S 

1E  

1 {2}E 

2E  

2 {2, 4,6}E 



1 2 1 2{2}, {2, 4,6}E E E E   

 1 2,E E 
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)ii  { , , , }S HH HT TH TT

H  T  

1E  

1 { , }E HT TH 

2E  

2 { , , }E HH HT TH 

 1 2 { , }E E HT TH 

1 2 { , , }E E HH HT TH 

1 2,E E 

 
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

 A 
B 

(60 60)
1( ) 80n S C 

( ) 60, ( ) (30 10) 40n A n B   

( )A B 
( ) 30A B  

60 40 30
( ) , ( ) , ( )

80 80 80
P A P B P A B   

( ) ( ) ( ) ( )P A B P A P B P A B    

60 40 30 70

80 80 80 80
   
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7

8


  ,A B  ( ) 1 ( ) ( ) ( )C CP A B P A B P A P B     


 ( )C C CA B A B   

 ( )
CC CP A B P A B    

 1 P A B  

     1 P A P B P A B      

 1 ( ) ( )P A B P A P B    

( ) 1 ( ) ( ) ( )C CP A B P A B P A P B     

 


 2002

E 

E 
200 200 200 200

1 3 5 199....C C C C    

200 1992 2 2  

  
191

200

2 1
.

2 2
P E  

  ,A B  ,A B


  ' 'A  B 

 ,A B  B 

 2
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 


     { 1,1 , 1, 2 ,...., 1,6 ,S 

     2,1 , 2, 2 ,..... 2,6 ,

   6,1,(6,2 ,......, 6,6 }


 S  S 

E 

            1,6 , 2,5 , 3, 4 , 4,3 , 5, 2 , 6,1E 


6 1

( )
36 6

P E  

 


   


, 2,3, 4,5,6,7,8,9,10, , ,A K Q J

(A  K   ,Q   J 
 1,E  2 ,E  1 2,E E 

  1 2P E E 

      1 2 1 213, 4, 1n E n E n E E   

       1 2 1 2 1 2P E E P E P E P E E     

13 4 1 16 4
.

52 52 52 52 13
    
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 ,A B  A 
 B 


  ( ) 0.5; ( ) 0.3P A P A B  

 ( ) 1P A B 

( ) ( ) ( ) 1P A P B P A B    

0.5 ( ) 0.3 1P B   

( ) 1 0.2 0.8P B   

( ) 0.9P B  

 
         



  M  S
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( ) 35 35 .... 35(24n E      24(35)

24

24

( ) (35)
( )

( ) (36)

n E
P E

n S
 

 

( )i 
( )ii 
( )iii 

 


15
5( )n S C

( )i  1E 
10

1 5( )n E C

10
5

1 15
5

( )
( )

( )

Cn E
P E

n S C
 

10 9 8 7 6 12

15 14 13 12 11 143

   
 

   

( )ii  2E  5 10
2 1 4( )n E C C 

10
2 4

2 15
2

( ) 5
( )

( )

n E C
P E

n S C


 
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10 9 8 7
5 501 2 3 4

15 14 13 12 11 143
1 2 3 4 5

  


   
   
   

( )iii  1

12 131
1 ( ) 1

143 143
P E    

 2

3


 5

9
     4

5
   



  2
( )

3
P A 

 5
( )

9
P B 

 4
( )

5
P A B 



 ( ) ( ) ( ) ( )P A B P A P B P A B    

( . ., )i e      ( ) ( )P A B P A P B P A B    

2 5 4

3 9 5
  

30 25 36 19

45 45

 
 

  , ,A B C  A  B 
 B    C    , ,A B C 


 , ,A B C 

( ) ( ) ( ) 1................(1)P A P B P C  

( ) 2 ( ), ( ) 2 ( ).........(2)P A P B P B P C 



2 ( ) ( ) ( ) 1P B P B P C  

3 ( ) ( ) 1P B P C  
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3(2) ( ) ( ) 1P C P C  

1
7 ( ) 1 ( )

7
P C P C   

1 1 2
( ) , ( ) 2

7 7 7
P C P B

    
 

2 4
( ) 2

7 7
P A

   
 

 
  a   b 


  50,

 5

 45

E 
)a 

 
45 45 45

1 1 1
50 50 50

1 1 1

C C C
P E

C C C
  

3
45 45 45 9 9 9 9

50 50 50 10 10 10 10
         
 

)b 

 
45 44 43

1 1 1
50 49 48

1 1 1

C C C
P E

C C C
  

45 44 43

50 49 48
  

1419

1960

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  , ,A B C    1
,

4
C CP A B C  

   1 1
,

8 4
C C C C CP A B C P A B C       

  , ,A B C 

  1

4
C CP A B C  
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4
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8
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. .
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  1

4
C C CP A B C  
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. .

4
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     
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1
. . 4
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1. .
4
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P A P B P C

 
 
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 
 
 

 
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1
C

P A

P A
 

 
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1
1

P A

P A
 



   1P A P A  

    1
2 1

2
P A P A   

         
     

.
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. .

C C
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P A P B P C

P A P B P C
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1
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   2 1P B P B  

  3 1P B 

  1

3
P B 

 1        1
. .

4
C CP A P B P C 

      1
. 1 1

4
P A P B P C         

   1 1
1 1

3 4
P A P C

         

 1 2 1
1

2 3 4
P C

        

  1 3
1 3

4 4
P C    

  3 1
1

4 4
P C   

     1 1 1
, , .

2 3 4
P A P B P C   

 






 2 1

6 3
 



 1 2
1

3 3
  

 1 3 3

3 7 21
  

 2 4 8

3 7 21
  

 3 8 11
.

21 21 21
  
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 


 A 
           { 1,6 , 2,5 , 3,4 , 4,3 , 5,2 , 6,1 }A 

B 

         { 1,1 , 1,3 , 1,4 , 1,5 , 1,6B 

         3,1 , 3,3 , 3, 4 , 3,5 , 3,6

         4,1 , 4,3 , 4, 4 , 4,5 , 4,6

         5,1 , 5,3 , 5, 4 , 5,5 , 5,6

         6,1 , 6,3 , 6,4 , 6,5 , 6,6 }

  25n B 

       { 1,6 , 3, 4 , 4,3 , 6,1 }A B 

  4n A B 


 
 

P A BA
P

B P B

   
 

 
 

4
.

25

n A B

n B


 

  




A             { 1,6 , 2,5 , 3,4 , 4,3 , 5,2 , 6,1 }A 

  6n A 



B 

         { 1,1 , 1,3 , 1,4 , 1,5 , 1,6B 

         3,1 , 3,3 , 3, 4 , 3,5 , 3,6

         4,1 , 4,3 , 4, 4 , 4,5 , 4,6
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         5,1 , 5,3 , 5, 4 , 5,5 , 5,6

         6,1 , 6,3 , 6,4 , 6,5 , 6,6 }

       { 1,6 , 3, 4 , 4,3 , 6,1 }A B 

  4n A B 



 
 

P A BB
P

A P A

   
 

 
 

4 2
.

6 3

n A B

n A


  

 ,A B  ;

     
 

1,
1C

P A P A BA
P B P

B P B

       



 
 

   
 1

C

C C

P A B P A P A BA
P

B P BP B

        

     , 1C CA B A A B P B P B       

 


    6 6 36n S   

E    


         { 1, 2 , 1,3 , 1,4 , 1,5 , 1,6 ,E 

           2,3 , 2, 4 , 2,5 , 2,6 , 3, 4 , 3,5 ,

       3,6 , 4,5 , 4,6 , 5,6 }

  15n E 

   
 

15 5
.

36 12

n E
P E

n S
   
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 


 

  52
1 52n S C 

1E 

  4
1 1 4n E C 

 1

4 1

52 13
P E  

2E 

   13
1 1 13n E C 

   
 

2
2

13 1

52 4

n E
P E

n S
  

1 2E E 

  1 2 1n E E 

     1 2 1 2

1 1 1
.

52 13 4
P E E P E P E    

 1 2,E E 

     0.65, 0.15P A B P A B      ,A B              

   C CP A P B 

 ,A B 

   0.65, 0.15P A B P A B   

       P A B P A P B P A B    

   0.65 0.15P A P B   

    0.65 0.15 0.80P A P B    



       1 1C CP A P B P A P B          

    2 P A P B  

2 0.80 
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1.2

    1.2C CP A P B  

 , ,A B C  , A B C 
 , ,A B C 
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 A  B 


  1E 

1( ) 0.9P E 

 2E 

2( ) 0.8P E 


 1 2 1 2 1 2( ) ( ) ( )P E E P E P E P E E    

 1 2 1 2( ) ( ). ( )P E P E P E P E  

0.9 0.8 0.72  

1.7 0.72 0.98  

 A 
B  ,A B 


 
{ , , , , , ,S HHH HHT HTH HTT THH THT

, }TTH TTT

3( ) 2 8n S  

A 
3

3

( ) 1
( ) 1 ( )

( ) 8

n A
n A C P A

n S
     

B 
 { , , , }B HHH HHT HTH HTT

( ) 4n B  
( ) 4 1

( )
( ) 8 2

n B
P B

n S
   

{ }A B HHH 

( ) 1n A B 

( ) 1
( )

( ) 8

n A B
n A B

n S


  

1 1 1
( ). ( )

8 2 16
P A P B   

( ) ( ). ( )P A B P A P B  
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,A B 

 
A 
B 
) ( / )i P A B  ) ( / )ii P B A 

 
( ) 36n S 

A 
( ) {(1,1), (2, 2),(3,3), (4,4), (5,5),(6,6)}n A 

6
( )

36
P A 

B 
( ) {(2,6), (3,5), (4,4), (5,3), (6,2), (3,6),n B 

(4,5), (5,4), (6,3), (4,6), (5,5), (6, 4), (5,6),

(6,5), (6,6)} 15

15
( )

36
P B 

( ) {(4, 4), (5,5), (6,6)} 3n A B  

3
( )

36
P A B 

3
( ) 3 136)

15( ) 15 5
36

A P A B
i P

B P B

      
 

3
( ) 3 136)

1( ) 6 2
6

B P B A
ii P

A P A

      
 

 ,A B   ( / ) / cP A B P A B 


 ,A B 
( )

. . : ( / )
( )

P A B
L H S P A B

P B




( ) ( )
( )

( )

P A P B
P A

P B

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   
 . . : /

c

c

c

P A B
R H S P A B

P B




( ). ( )
( )

( )

c

c

P A P B
P A

P B
 

. . . .L H S R H S 

 ( ) 0.6,P A   ( ) 0.7P B   ,A B 
) ( )i P A B  ) ( )ii P A B  ) ( / )iii P B A  ) ( )c civ P A B 

 ( ) 0.6,P A  ( ) 0.7P B   ,A B 
) ( ) ( ). ( )i P A B P A P B 

0.6 0.7 0.42  
) ( ) ( ) ( ) ( )ii P A B P A P B P A B    

0.6 0.7 0.42  
1.3 0.42 0.88  

( ) 0.42
) ( / ) 0.7

( ) 0.6

P B A
iii P B A

P A


  

) ( ) ( ) ( )iv P A B P A P B 

[1 ( )][1 ( )]P A P B  

(1 0.6)(1 0.7)  

(0.4)(0.3) 0.12 

 




 ( )P S  


( )P S  
( ) 1 ( ) 1 0.65 0.35P S P S    

( / )P A S  
( / )P A S  
( )P A  

( ) ( ) ( )
A A

P A P S P P S P
S S

        
   

(0.65)(0.32) (0.35)(0.80) 
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0.2080 0.2800 

0.4880

( ) 0.488P A 

 ,A B 
( ) ( ) ( )P A B P A P B   ( ) ( ) ( )c cP A P B P A B    ( ) ( ) ( )c cP A P B P A B    


 ( ) ( ) ( )c cP A P B P A B 

[1 ( )] ( ) [( ) ]P A P B P S A B    

( ) ( ) ( ) ( )P A P B P B P A B    

( ) ( ) ( )........(1)P A B P A P B  

( ) ( ) ( )c cP A P B P A B 

( )[1 ( )] [ ( )]P A P B P A A B    

( ) ( ) ( ) ( ) ( )P A P A P B P A A B    

( ) ( )( ).........(2)P A B P A B  


( ) ( )( )P A B P A B  

( ) ( ) ( )c cP A P B P A B  

( ) ( ) ( )c cP A P B P A B  

 
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P

R
   
 

2
2

1 2 3
1 2 3

( )

( ) ( ) ( )

R
P E P

E

R R R
P E P P E P P E P

E E E

 
 
 

    
      
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5273 9

1 2 4 2 18 20 10 12
3 3 9 9 5 9 3

 
  

   
            

 w b  ,Q R 

Q Q 

W  B 


 ( ) , ( )
w b

P W P B
w b w b

 
 

Q Q 

(P W BBW BBBBW 
( ) ( ) ( ) .......P W P BBW P BBBBW   

( ) ( ) ( ) ( ) ( ) ( ) ( )P W P B P B P W P B P B P B   ( ) ( ) .......P B P W 

2 4( ) 1 ( ) ( ) .......P W P B P B     

22

( )

1 ( ) 2
1

w
P W w bw b
P B w bb

w b

  
     

 
 1 2,E E 

1 2 1 2 1 2( ) ( ) ( ) ( )P E E P E P E P E E    



1 2( ):case i E E   

1 2( ) ( ) 0P E E P    
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1E 2E



1 2 1 2( ) ( ) ( )P E E P E P E  

1 2 1 2( ) ( ) ( )P E P E P E E   

 1 2( ) 0P E E 

1 2( ) :Case ii E E   
 1 2 1 2 1( )E E E E E   

 1 2 1( )E E E   

 1 2 1 2 1( )P E E P E E E     

   1 2 1P E P E E  

   1 2 1 2 1( ) ......(1)P E E P E P E E   

    2 1 2 2 1E E E E E     

    1 2 2 1E E E E    

    2 1 2 2 1( )P E P E E E E     

     2 1 2 2 1P E P E E P E E    

     2 1 2 1 2 ........(2)P E E P E P E E   


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 


 , ( ) 0A P A     E


E

P
A

 
 
 


 

( )

E AE
P P

A P A

   
 



E 


( )Multiplication theorem of probability

 1 2,E E  1 2( ) 0, ( ) 0P E P E 


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1 2 1
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E
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2 1 2
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P E E P E P
E

 
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 

 1 2,E E  1 2( ) 0, ( ) 0P E P E 

1( ) 0P E   2 1 2

1 1
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

1.   1,3, 5 


 OP  OP 
D.R 1,3, 5

  1,3, 5P  

     1 1 3 3 5 5 0x y z    

1 3 9 5 25 0x y z     

3 5 35 0x y z   

0(0,0,0)

P(1,3,-5)

2.  2 3 6 0x y z     
  2 3 6 0x y z   

i.e., 2 3 6x y z  

 22 21 2 3 1 4 9     

14 


1 2 3 6

1414 14 14
y z

            
     
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3. X,Y,Z - 1,2,4  


 1
x y z

a b c
  

 1, 2, 4a b c     1
1 2 4

x y z
  

4 4 2 4x y z  

4. 2 2 4 0x y z     
  2 2 4 0x y z   

DR  (1,2,2)

1 4 4 3   

D.c   
1 2 2

, ,
3 3 3

 
 
 

5. 4 4 2 5 0x y z    
 4 4 2 5 0x y z   

4 4 2 5x y z   

4 4 2
1

5 5 5

x y z
   


1

5 5 5
4 4 2

x y z
  

          
     

x-    = 5

4


y-   = 5

4

z-    = 5

2
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6. 2 2 5 0,3 3 2 8 0x y z x y z         
 2 2 5 0x y z   

3 3 2 8 0x y z   

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

cos
a a b b c c

a b c a b c


 


   

     1 3 2 3 2 2 13

1 4 4 9 9 4 3 22

    
 

   

1 13
cos

3 22
     

 

7.  1,1,1  2 3 7 0x y z    


  2 3 7 0x y z   

          2 3x y z k  

  1,1,1P  
1 2 3 6k k    

 2 3 6x y z  

8.  2,3, 4 X-
 X-

  X- 
X-  d.c. 1,0,0

x=k

  2,3,4P 

22 k 

x=2

9. 2 3 7 0x y   , XY - 
  2 3 7 0x y  

xy  z = 0

1 2 1 2 1 2 2.0 3.0 0.1a a b b c c    

  0 0 0 0   

2 3 7 0x y   XY - 
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10.  1,6, 2   1, 2,3 ,  2,3,4 


    1, 2,3 , 2,3, 4A B  
AB d.r1 2,2 3,3 4  

     i.e, 3,-1,-1

A(1,2,3)

P(-1,6,2)

B(-2,3,4)

AB  1,6,2P  


     3 1 6 1 2 0x y z     

3 3 6 2 0x y z     

3 11 0x y z   

11.    2,0,6 , 6, 2, 4 
 

    2,0,6 , 6,2, 4A B  
AB  'O'

A B

(2,0,6) (-6,2,4)

O    2 6 0 2 6 4
, , 2,1,5

2 2 2

      
 

 AB 
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 d.r 
2 6,0 2,6 4  

8, 2, 2


     8 2 2 1 2 5 0x y z      

8 16 2 2 2 10 0x y z     

8 2 2 8 0x y z   

12.     0,0, 4     1, 2, 2 , 3,1, 2   


    1, 2, 2 , 3,1, 2A B   
AB  d.r 1 3, 2 1, 2 2      i.e., 4,-3,4

AB   0,0, 4P  

     4 0 3 0 4 4 0x y z     

4 3 4 16 0x y z   

13.  4, 4,0  2 2 3 0x y z    , 3 3 2 8 0x y z    


  4, 4,0P 

     4 4 0 0a x b y c z       ..........(1)

 2 2 3 0x y z   

3 3 2 8 0x y z    
 2 2 0a b c   .       ..........(2)
3 3 2 0a b c          .........(3)

1

23

1

3

2

3

2

a b c

2 6 6 4 6 3 4 2 3

a b c a b c
    

   

(1)
     4 4 2 4 3 0 0x y z      

4 16 2 8 3 0x y z     

4 2 3 8 0x y z    
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14.  A,B,C  ABC  

 , ,a b c   3
x y z

a b c
   

 , ,   ABC 


1
x y z

  
   ............(1)

Z

Y

X

C

GO

A

B

A,B,C 
     ,0,0 , 0, ,0 , 0,0,A B C  

ABC  G

G   , , , ,
3 3 3

a b c
     
 

, ,
3 3 3

a b c
  
  

(1)  ABC 

1
3 3 3

x y z

a b c
  

3
x y z

a b c
   
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15. ZX-   0, 4, 4 


 ZX  y = 0

 y=k

  0,4,4 4P k  
 4y 

16.  , ,    0ax by cz   


 0ax by cz  

 ax by cz k  

  , ,P    
a b c K    


ax by cz a b c       ]

i.e.,       0a x b y c z       

17. 2 2 6, 3 2 7x y x y z       2 6x y  

 2 7x y z     

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

cos
a a b b c c

a b c a b c


 


   

 2.1 1 .1 1.2

4 1 1 1 1 4

  


   

3 1
cos

6 2 3


  

   
3

 www.sa
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18  2 2 9 0x y z    
 

 2 2 9 0x y z   


2 2 9x y z   .............(1)

(1) x,y,z 
2 2 21 2 2 3   

9
3

3
p

    


(1)   3

1 2 2
3

3 3 3
y z   




2 2
3

3 3 3

x
y z   ...........(2)

(2)   
1 2 2

, ,
3 3 3

 
 
 

= 3 

19  , ,X Y Z 2,3,4 a,b,c

X,Y,Z- 1
x y z

a b c
   

 

1
2 3 4

x y z
    
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20. (0, –1, 0), (2, 1, –1), (1, 1, 1), (3, 3, 0)  t0lµÀ¶¢ÁvÀ ¶ªhµx±ÀµÃvÀ Cn VµÃ¶pÁ¶¢ÀÀ

Sol.  A(0,-1,0) B(2,1,-1)  c(1,1,1) ,D(3,3,0)

  (x1, y1, z1), (x2,  y2, z2), (x3, y3, z3) t0lµÀ¶¢Á v SµÀ0f¸ qÏ±ÀÉÀ hµv0

¶ª £ ÀOµ± µg 0      

0   y+1    z-0

2 - 0   1+1  -1-0 0

1 - 0    1+1  1-0    

x 


  y+1    z

2     2     -1 0

1      2     1     

x

       2 2 ( 1) 2 1 4 2 0x y z       

4 3 2 3 0x y z    

 D( 3,3,0),  n ¶pñi°É»p0VµS¸    4.3 – 3.3 + 2.0 -3 =0   12-9-3 =0   0=0.

  D  , ABC. hµv0ËÈp ¶m G0dÀ0l¼.    t0lµÀ¶¢ÁvÀ ¶ªhµx±ÀµÃvÀ
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¶ª0O½±µä ¶ª0PïvÀ¶ª0O½±µä ¶ª0PïvÀ¶ª0O½±µä ¶ª0PïvÀ¶ª0O½±µä ¶ª0PïvÀ 

1. ( ) ( )1 23, 5 , 2, 6z z= = C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ 2.z z     Oµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Solution : -  

 Given 1 3 5z i= +  2 2 6z i= +  

 ( )( ) 0 2
1 2 3 5 2 6 6 28 30 6 30 28z z i i C i i− = + + = + + = − +  

 ( )1 2. 24 28 24, 28z z i= − + = −
 

 

2. ( ) ( )6, 5 10, 4− + − Oº Oº Oº Oº ¶ª0Oµv¶m £vÑ¶¢Ãv¶mÀ ¢¸ñ±ÀµÀ0fº. ¶ª0Oµv¶m £vÑ¶¢Ãv¶mÀ ¢¸ñ±ÀµÀ0fº. ¶ª0Oµv¶m £vÑ¶¢Ãv¶mÀ ¢¸ñ±ÀµÀ0fº. ¶ª0Oµv¶m £vÑ¶¢Ãv¶mÀ ¢¸ñ±ÀµÀ0fº.  

   

3. ( ) ( )1 26, 3 , 2, 1z z= − = − C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ 1 2/z z         Oµ¶mÀSÍ¶mÀ¶¢ÀÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

Solution : -  

 1 26 3 2z i z i= + = −  

 
( )( ) 2

1
2

2

6 3 26 3 8 12 3

4 5

i iz i i i

z z i i

+ ++ + += = =
− −

 

 
12 12

1 1,
5 5

i
 + =  
   

 

4. cos sinz iθ θ= + C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ 1

2
z −             Oµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀ    

Solution : - 

 
1 1 cos sin

cos sin
cos sin cos sin

i
z i

z i i

θ θθ θ
θ θ θ θ

−= + = ×
+ −

 

 
1

2 sinz i
z

θ− =
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5. (i) ( )3, 4  (ii) ( )sin , cosθ θ  (iii) ( )7, 24  (iv ( )2,1− Oº ¶SµÀgO¸±µ  Oº ¶SµÀgO¸±µ  Oº ¶SµÀgO¸±µ  Oº ¶SµÀgO¸±µ  £vÑ¶¢Ãv¶mÀ £vÑ¶¢Ãv¶mÀ £vÑ¶¢Ãv¶mÀ £vÑ¶¢Ãv¶mÀ 
¢¸ñ±ÀµÀ0fº.¢¸ñ±ÀµÀ0fº.¢¸ñ±ÀµÀ0fº.¢¸ñ±ÀµÀ0fº. 

Solution : - 

(i)  L 3 4z i= +  

 zSµÀgO¸±µ  £vÑ¶¢À0= ( )( )
1 3 4

3 4 3 4 3 3

i

i i i

−=
+ + −

 

 
3 4 3 4

,
25 25 25

i− − = =  
 

 

(ii) sin cosz iθ θ= +  

 zSµÀgO¸±µ  £vÑ¶¢À0 ( )
1 sin cos

sin 1cos sin cos

i
z

i

θ θ
θ θ θ θ

−= =
+ −

 

 
2 2

sin cos
sin cos

sin cos

i
i

θ θ θ θ
θ θ

−= = −
+

 

 

6. 
4 2

1 2

i

i

−
−

nnnna ib+ ±µÃ¶p0vÑ ¢¸ñ±ÀµÀ0fº±µÃ¶p0vÑ ¢¸ñ±ÀµÀ0fº±µÃ¶p0vÑ ¢¸ñ±ÀµÀ0fº±µÃ¶p0vÑ ¢¸ñ±ÀµÀ0fº 

Solution: - 

 Let 
4 2

1 2

i
a ib

i

− = +
−

 

( )( )
( )( )

2

2

4 2 1 2 4 6 4

1 2 1 2 1 4

i i i i
a ib a ib

i i i

− + + −= + ⇒ + =
− + −

 

 
8 6 8 6

5 5 5

i
a ib a b

+∴ + = ⇒ = =
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7. cos sina iα α= + , cos sinb iβ β= + C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ 1 1

2
ab

ab
 + 
 

            Oµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Solution : - 

 ( )( )cos sin cos sinab i iα α β β= + +  

 
2cos cos sin cos sin cos sin sini i iα β β α α β α β= + + +  

 ( ) ( )cos cos sin sin sin cos cos siniα β α β α β α β= + + +  

 ( ) ( )cos sinab iα β α β= + + +  

 
( ) ( )

( ) ( ){ } ( ) ( ){ }
cos sin

cos sin cos sin

ia

ab i

α β α β
α β α β α β α β

+ − +
=

+ + + + − +
 

 ( ) ( )1
cos sini

ab
α β α β= + − +  

 ( )1 1 1
cos sin

2 2
ab i

ab
α β + = + + 

 
( ) ( )cos siniα β α β+ + + − ( )α β +   

 ( )cos α β= +
 

 

8. 3 4i+ ±ÀÇÀÀOµÖ ¶¢±µØ ¶¢ÀÃv¹né Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ ¶¢±µØ ¶¢ÀÃv¹né Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ ¶¢±µØ ¶¢ÀÃv¹né Oµ¶mÀSÍ¶mÀ¶¢ÀÀ±ÀÇÀÀOµÖ ¶¢±µØ ¶¢ÀÃv¹né Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Solution : - 

 3 4i x iy+ = +  

 E±µÀ ËÈ¢¶pÁv¹ ¶¢±µØ0 VÉ±ÀµÀS¸ 

 
2 2 23 4 2i x i y ixy+ = + +  

 ( ) ( )2 23 4 2i x y i xy+ = − +  

 
2 2 3: 2 4x y xy− = =  

 ( )2 2 2 2 2 24x y x y x y+ = − +  

 
2 2 2 2 29 16 5: 3x y x y y= + ⇒ + = − − =  
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2 4 2x x= ⇒ = ±  

 
2 1y y y= ⇒ = ±  

 ( )3 4 2i i+ = ± +
 

 

9.. 3 5z i= − C±ÀÀhÉ C C±ÀÀhÉ C C±ÀÀhÉ C C±ÀÀhÉ C 3 210 58 136 0z z z− + − = CnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀ 

 ( ) ( ) ( ) ( )( )3 33 33 5 3 5 3 3 5 3 5z i i i i= − = − − −  

 27 125 135 225 198 10i i i= + − − = − −  

 ( )22 23 5 9 25 30 16 30z i i i i− = + − = − −  

 L.H.S 
3 210 58 136z z z= − + −  

 { } { }198 10 10 16 30 58 3 5 136i i i= − − − − − + − −  

 334 334 10 10 0i i RHS− + − = =  

 

10. 
3

2 cos sin
x iy

iθ θ
+ =

+ +
C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ 2 2 4 3x y x+ = − CnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀ 

Solution : - 
{ }

( ) ( )
{ }

2 2 2 2

3 2 cos sin 3 2 cos sin

4 cos 4cos sin2 cos sin

i
x iy x iy

i

θ θ θ θ
θ θ θθ θ

+ − + −
+ = ⇒ + =

+ + ++ −
 

 
{ }3 2 cos sin

5 4 cos

i
x iy

θ θ
θ

+ −
∴ + =

+
 

 
( )3 2 cos 3sin

5 4cos 5 4cos
x y

θ θ
θ θ

+ −= =
+ +

 

 LHS 
( ) 2 2

2 2 3 2 cos 3sin

5 4cos 5 4cos
x y

θ θ
θ θ

 +  −+ = +   + +  
 

 
{ }

( )

2 2

2

9 4 cos 4cos sin

5 4cos

θ θ θ

θ

+ + +
=

+
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9 5 4cosθ+

=
{ }

( ) 2
5 4cosθ+

9

5 4cosθ
=

+
 

 RHS 
( ) 24 12 cos12 2 cos

4 3 3
5 4cos

x
θθ

θ
++

− = − =
+

15 12 cosθ− −
5 4cosθ+

 

 
9

5 4cos
RHS

θ
=

+
 

 ∴  LHS = RHS 

 

11 ,

( )2

2

1 2

i

i

−
−

,
2 11

25

i− −
,   vÀ ¶ª0±ÀµÀÀS¸îvÀ Cn VµÃ¶pÁ¶¢ÀÀvÀ ¶ª0±ÀµÀÀS¸îvÀ Cn VµÃ¶pÁ¶¢ÀÀvÀ ¶ª0±ÀµÀÀS¸îvÀ Cn VµÃ¶pÁ¶¢ÀÀvÀ ¶ª0±ÀµÀÀS¸îvÀ Cn VµÃ¶pÁ¶¢ÀÀ    

Solution : - 

 

( )2 2

2 2

1 4 41 2

i i
a ib

i ii

− −+ + =
+ −−

 

 

2

2

2 3 4 6 8 3 4

3 4 3 4 9 16

i i i i i

i i i

− − + − + + −= × =
− − − + −

 

 
2 11

25

i
a ib

− ++ =  

 
2 11

25

i− + ±ÀÇÀÀOµÖ ¶ª0±ÀµÀÀSµî0  2 11

25

i− −
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12. Oºñ0l¼ ¢¸nn  ¶¢Ã¶p D±ÀµÃ¶¢À ±µÃ¶p0vÎ ¢¸ñ±ÀµÀ0fº.Oºñ0l¼ ¢¸nn  ¶¢Ã¶p D±ÀµÃ¶¢À ±µÃ¶p0vÎ ¢¸ñ±ÀµÀ0fº.Oºñ0l¼ ¢¸nn  ¶¢Ã¶p D±ÀµÃ¶¢À ±µÃ¶p0vÎ ¢¸ñ±ÀµÀ0fº.Oºñ0l¼ ¢¸nn  ¶¢Ã¶p D±ÀµÃ¶¢À ±µÃ¶p0vÎ ¢¸ñ±ÀµÀ0fº. 

 (I) 1 i−  (ii) 1 3i+  (iii) 3 i− +  (iv) 1 3i− −  

Solution : - 

 { }1 cos sini r iθ θ− = +  

 cos 1 sin 1r rθ θ= = −  

 ( ) ( )2 2
cos sin 2 2r r rθ θ+ = ⇒ =  

 
1 1

cos sin
2 2

θ θ= = −  

 Principal value of { }/ 4θ π π θ π= − ≤ ≤∵  

 ( )1 2 cos sin / 4
4

i i i
π π  ∴ − = − + −  
  

 

(ii) { }1 3 cos sini r iθ θ+ = +  

 cos 1 sin 3r rθ θ∴ = =  

 ( ) ( ) ( )22 2
cos sin 1 3r rθ θ+ = +  

 
2 4 2r r= ⇒ =  

 
1 3

cos sin
2 2

θ θ= =  

 ∴ Principal  value of 
3

πθ =  

 1 3 2 cos sin / 3
3

i i
π π ∴ + = + 

 
 

(iii) { }3 cos sini r iθ θ− + = +  

 cos 3 sin 1r rθ θ= − =  

 ( ) ( )2 2
cos sin 3 1 2r r rθ θ = + ⇒ =  
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3 1

cos sin
2 2

θ θ= − =  

 ∴  Principal value of 
6

sπθ =  

 3 2 cos sin
6 6

s s
i i

π π ∴− + = + 
 

 

(iv) { }1 3 cos sini r iθ θ− − = +  

 cos 1 sin 3r rθ θ= − = −  

 ( ) ( ) ( ) ( )22 2 2 2cos sin 1 3 4 2r r r rθ θ+ = − + − ⇒ = ⇒ =  

 
1 3

cos ; sin
2 2

θ θ= − = −  

 Prove of 2 / 3θ π= −  

 
2 2

1 3 2 cos sin
3 3

i i
π π    ∴− − = − + −    

      

 

13. ( )( )( )2 3 2 4 1i i i i− + + + n ¶ªÃ°½îOµ±¼0W ¶¢Ã¶p£vÀv¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ n ¶ªÃ°½îOµ±¼0W ¶¢Ã¶p£vÀv¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ n ¶ªÃ°½îOµ±¼0W ¶¢Ã¶p£vÀv¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ n ¶ªÃ°½îOµ±¼0W ¶¢Ã¶p£vÀv¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

Solution : - 

 { }( ) ( ) ( ){ }22 3 2 4 1 2 3 2 2 4 4i i i i i i i i i− + + + = − + + + +  

 ( ) ( ) { }2 3 2 6 2 6 18 2 6i i i i i i= − + − + = − − + − −  

 { } 22 12 16 24 32 32 24i i i i i= − − + = − = +  

 ( ) ( )2 2
132 24 1 32 24 1024 576 40i+ = + = + =
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14. 0z ≠ C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ Arg z Arg z+             Oµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀ 

 If Arg z θ=  then Argz θ= −  

 0Argz Arg z θ θ∴ + = − =
 

 

15 1 21z and z i= − = − C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ ( )1 2Arg z z     Oµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀ    

Solution: - 

 { }1 11 1 cos sinz Argz iπ π π= − ⇒ = − = +∵  

 ( ){ }2 2 / 2 cos / 2 1sin / 2z i Arg z iπ π π= − ⇒ = − − = − + −∵  

 ( )1 2 1 2 / 2 / 2Arg z z Argz Arg z π π π= + = − =
 

 

16 1 21:z z i= − = C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ 1

2

z
Arg

z

 
 
 

    Oµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Solution : - { }1 1 cos 1sinArgz π π π= − = +∵  

 
{ }2 / 2 cos / 2 sin / 2Arg z i iπ π π= = +∵  

 1
1 2

2

/ 2 / 2
z

Arg Argz Argz
z

π π π
 

= − = − = 
   

 

17. n ¶ªÃ°½îOµ±¼0W ¶¢Ã¶p£vÀv¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ n ¶ªÃ°½îOµ±¼0W ¶¢Ã¶p£vÀv¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ n ¶ªÃ°½îOµ±¼0W ¶¢Ã¶p£vÀv¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ n ¶ªÃ°½îOµ±¼0W ¶¢Ã¶p£vÀv¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

 (i) 
( ) ( )

( )( )
2 4 1 2

1 3

i i

i i

+ − +
− − −

 (ii) 
( )

( )( )

3
1

2 1 2

i

i i

+
+ +

 

Solution: 
( )( )

( )( ) 2

2 4 1 2 2 4 4 8

1 3 3 3

i i i i

i i i i i

+ − + − + − −=
− − − − + − +

 

 
( )

( )( )
5 2 55 5

4 2 2 2 2

i

i i i i

−−= = = =
− − + + −

( )2

5

i−
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( ) ( )

( )( )
2 4 1 2

| 2 | 5
1 3

i i
i

i i

+ − +
= − =

− − −
 

(ii) 
( )

( ) ( )
( )3 3

2

1 1 3 1 1 3 3

2 1 2 2 5 2 5

i i i i i i

i i i i i

+ + + + − + −= =
+ + + +

 

 

2

2

2 2 5 10 10

5 5 25

i i i i

i i i

− + − += × =  

 
10 10 2 2

25 5

i i− − +=
−

 

 
( )

( )( )

3
1 4 4 2 2

2 1 2 25 25 5

i

i i

+
= + =

+ +
 

 

18. ( )( )( ) ( )1 2 3 ...... 1i i i ni x iy− − − − = = C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ ( )2 2 22.5 .10.................. 1n x y+ = +

CnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀCnVµÃ¶pÁ¶¢ÀÀ    
Solution: - 

 ( )( )( ) ( )1 2 3 ....... 1i i i ni x iy− − − − = −  

 ( )( )( ) ( ) 2 21 2 3 ....... 1i i i ni x y− − − − = +  

 
2 2 22 5 10 ....... 1 n x y+ = +  

 E±µÀ ËÈ¢¶pÁv¹ ¶¢±µØ0 VÉ±ÀµÀS¸ 

 ( )2 2 22.5.10....... 1 n x y+ = +
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19 
1z

z i

+
+

±ÀÇÀÀOµÖ ¢¸¶ªå¶¢ sû¹Sµ0±ÀÇÀÀOµÖ ¢¸¶ªå¶¢ sû¹Sµ0±ÀÇÀÀOµÖ ¢¸¶ªå¶¢ sû¹Sµ0±ÀÇÀÀOµÖ ¢¸¶ªå¶¢ sû¹Sµ0 1         C±ÀÀhÉ C±ÀÀhÉ C±ÀÀhÉ C±ÀÀhÉ z    t0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀt0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀt0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀt0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    
Solution: - z x iy= +  

 
( ){ } ( ){ }

( )22

1 11
Re 1 Re 1

1 1

x iy x i yx iy

x iy x y

+ + − + + + = ⇒ = + + + + 
 

 ¢¸¶ªå¶¢ sû¹Sµ0 1  

 
( ) ( )

( )

2

22

1 1
1

1

x x i iy y

x y

+ − +
=

+ +
 

 
2x 2x y+ + 2y x+ = 2y+ 2 1 1y x y+ + ⇒ − =

 

 

20 If | | 1z x iy and z= + = C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉz    t0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀt0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀt0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀt0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    
Solution : - 

 
2 2| | 1 | | 1 1z x iy x y= ⇒ + = ⇒ + =  

 E±µÀ ËÈ¢¶pÁv¹ ¶¢±µØ0 VÉ±ÀµÀS¸ 2 2 1x y+ =
 

 

21 ( )1z − ±ÀÇÀÀOµÖ D±ÀµÀ¶¢À0 ±ÀÇÀÀOµÖ D±ÀµÀ¶¢À0 ±ÀÇÀÀOµÖ D±ÀµÀ¶¢À0 ±ÀÇÀÀOµÖ D±ÀµÀ¶¢À0 
2

π C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉz    t0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀt0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀt0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀt0lûµÀ ¶plûµ0 Oµ¶mÀSÍ¶mÀ¶¢ÀÀ    
Solution : -  

 Let  ( )1 / 2z x iy Amp z π= + − =  

 Amp { } ( ){ }1 / 2 1 / 2x iy Amp x iyπ π+ − = ⇒ − + =  

 
1 sin / 2

tan / 2
1 1 cos / 2

y y

x x

ππ
π

−  
= ⇒ = − − 

 

 1 0x⇒ − =  
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22 Arg 1z  , 2Arg z vÀ ¶¢±µÀ¶ªS¸  vÀ ¶¢±µÀ¶ªS¸  vÀ ¶¢±µÀ¶ªS¸  vÀ ¶¢±µÀ¶ªS¸  ,
5 3

π π C±ÀÀhÉC±ÀÀhÉC±ÀÀhÉC±ÀÀhÉ ( )1 2Arg z Arg z+             Oµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀOµ¶mÀSÍ¶mÀ¶¢ÀÀ    

Solution : - 

 ( )1 1 / 5
5

Arg z Arg z
π π= ⇒ = −  

 2 2/ 3 / 3Arg z Arg zπ π= =  

 1 2

3 5 2
/ 5 / 3

15 15
Arg z Argz

π π ππ π − +∴ + = − + = =  

 

23. D±¸Ø0f³ hµv0 vÎD±¸Ø0f³ hµv0 vÎD±¸Ø0f³ hµv0 vÎD±¸Ø0f³ hµv0 vÎ ( )2 2 , 2 2 2 3 2 3i i i+ − − − + t0t0t0t0lµÀ¶¢ÁvÀlµÀ¶¢ÁvÀlµÀ¶¢ÁvÀlµÀ¶¢ÁvÀ    ¶ª¶¢Às¶¬À iñsûµÀY¹né  ¶ª¶¢Às¶¬À iñsûµÀY¹né  ¶ª¶¢Às¶¬À iñsûµÀY¹né  ¶ª¶¢Às¶¬À iñsûµÀY¹né  
J±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀJ±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀJ±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀJ±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀ    

Solution : - 

 ( ) ( ) ( )2, 2 2, 2 2 3, 2 3A B C− − − C¶mÀOÐ0fº. 

 ( ) ( )2 2
2 2 2 2 32AB= + + + =  

 ( ) ( )2 2

2 3 2 2 3 2 32BC = − + + + =  

 ( ) ( )2 2

2 3 2 2 3 2 32CA= − − + − =  

 AB BC CA= =  

  ABC t0lµÀ¶¢ÁvÀ iñsûµÀY¹né J±µê±µÀ«¸å±ÀÀ  

 

 

 

 

 

 

 

www.sakshieducation.com

www.sakshieducation.com

www.sa
ks

hie
du

ca
tio

n.
co

m



25 D±¸Ø0f³ hµv0 vÎD±¸Ø0f³ hµv0 vÎD±¸Ø0f³ hµv0 vÎD±¸Ø0f³ hµv0 vÎ7 7 , 7 7i i+ − t0lµÀ¶¢Á v ¶mÀOµwÊp ±ÉP ¶mÀ v0s ¶ª¶¢À±¼öP0fµµ¶m t0lµÀ¶¢Á v ¶mÀOµwÊp ±ÉP ¶mÀ v0s ¶ª¶¢À±¼öP0fµµ¶m t0lµÀ¶¢Á v ¶mÀOµwÊp ±ÉP ¶mÀ v0s ¶ª¶¢À±¼öP0fµµ¶m t0lµÀ¶¢Á v ¶mÀOµwÊp ±ÉP ¶mÀ v0s ¶ª¶¢À±¼öP0fµµ¶m 
±ÉP ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀJ±µê±µÀ«¸å±ÀµÀn VµÃ¶pÁ¶¢ÀÀ ±ÉP ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀJ±µê±µÀ«¸å±ÀµÀn VµÃ¶pÁ¶¢ÀÀ ±ÉP ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀJ±µê±µÀ«¸å±ÀµÀn VµÃ¶pÁ¶¢ÀÀ ±ÉP ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀJ±µê±µÀ«¸å±ÀµÀn VµÃ¶pÁ¶¢ÀÀ  

Solution: - 

 A(7, 7) B (7, - 7) t0lµÀ¶¢Á vÀ ( ) ( )7 7 7 7i and i+ − v¶mÀ ¶ªÃW«¸å±ÀµÀ¶mÀOÐ0fº. 

 AB±¶¢Àlµï t0lµÀ¶¢Á ( )7, 0  

 
7 7

7 7
AB

− −=
−

 

AB¢¸vÀ 7 7

7 7

− −
−

 

    
 ∴ v0s±ÉP ¢¸vÀ= 0 

 v0s ¶ª¶¢À±¼öP0fµµ¶m ±ÉP¹ ¶ª¤ÀOµ±µg0 ( ) ( )0 0 7y x− = −  

 0y =
 

 

25 D±¸Ø0f³ hµv0 vÎD±¸Ø0f³ hµv0 vÎD±¸Ø0f³ hµv0 vÎD±¸Ø0f³ hµv0 vÎ , 4 3 , 2 5 , 3z i i i i+ + + t0lµÀ¶¢ÁvÀ ¶VµhµÀ±µ«¸ñné   t0lµÀ¶¢ÁvÀ ¶VµhµÀ±µ«¸ñné   t0lµÀ¶¢ÁvÀ ¶VµhµÀ±µ«¸ñné   t0lµÀ¶¢ÁvÀ ¶VµhµÀ±µ«¸ñné   
J±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀ J±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀ J±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀ J±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀ  

Solution: - 

 ( ) ( ) ( ) ( )2,1 4, 3 2, 5 0,3A B C D  

 ( ) ( )2 2
4 2 3 1 8AB= − + − =  ( ) ( )2 2

2 4 5 3 8BC = − + − =  

 ( ) ( )2 2
0 2 3 5 8CD = − + − =  ( ) ( )2 2

0 2 3 1 8AD = − + − =  

 ( ) ( )2 2
4 2 5 1 4AC = − + − =   ( ) ( )2 2

0 4 3 3 4BD = − + − =  

 AB BC CD AD and AC BD= = = =  

  ABCD t0lµÀ¶¢ÁvÀ ¶VµhµÀ±µ«¸ñné   J±µê±µÀ«¸å±ÀÀ 
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26 D±¸Ø0f³ hµv0 D±¸Ø0f³ hµv0 D±¸Ø0f³ hµv0 D±¸Ø0f³ hµv0 vÎvÎvÎvÎ ( )3 1 7
2 7 , , 4 3 , 1

2 2 2
i i i i

−− + + − + t0lµÀ¶¢ÁvÀ ±¸0s´ª ¶mÀ  t0lµÀ¶¢ÁvÀ ±¸0s´ª ¶mÀ  t0lµÀ¶¢ÁvÀ ±¸0s´ª ¶mÀ  t0lµÀ¶¢ÁvÀ ±¸0s´ª ¶mÀ  

J±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀ J±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀ J±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀ J±µê±µÀ«¸å±ÀµÀnVµÃ¶pÁ¶¢ÀÀ  

Solution ; - 

 ( ) ( )3 1 7 7
2, 7 , 4, 3 ,

2 2 2 2
A BC C D

   − − −   
   

ces 

 

2 2 2 2
3 1 170 7 7 170

1 7 4 3
2 2 4 2 2 4

AB CD
       = − + + − = = − + + =       
       

 

 

2 2
3 1 170

4 3
2 2 4

BC
   = + + − − =   
   

 

 

2 2
7 7 170

2 7
2 2 4

AD
   = + + − =   
   

 

 ( ) ( )2 2
4 2 3 7 136AC = + + − − =  

 ( ) ( )2 2
4 2 3 7 136AC = + + − − =  

 AB BC CD AD= = = and AC BD≠  

  ABCD t0lµÀ¶¢ÁvÀ ±¸0s´ª ¶mÀ  J±µê±µÀ«¸å±ÀÀ 
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

 : , :f A B g B C   :gof A C 



: , :f A B g B C  

:gof A C 

gof 

1 2, ,a a A 

1 2( ), ( )f a f a B   1( ( )),g f a

2( ( ))g f a C  1 2( )( ), ( )gof a gof a C

 1 2( )( ) ( )gof a gof a

1 2( ( )) ( ( ))g f a g f a 

1 2( ), ( )(f a f a g   )

1 2 (a a f   )

 :gof A C 

 : , :f A B g B C   :gof A C 



c C  :g B C 
 ( )g b c b B 

:f A B  ( )f a b a A 
( ) ( ( )) ( )( )c g b g f a gof a   

( )( )c C gof a c    a A 
 :gof A C 

 : , :f A B g B C   :gof A C 
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 :f A B  : :g B C gof A C    ( ) ( )ho gof hog of 


:f A B  : :g B C gof A C    :gof A C  :h C D

( ) :ho gof A D 

 ( ) :hog of A D

 ( )ho gof  ( )hog of 


.a A 

     
   

( ) ( ) ( )( ) ( ( ))

( ) ( ) ( ) ( )

( ) ( )

ho gof a h gof a h g f a

hog f a hog of a

ho gof hog of

 

 

 

 : , ,A Bf A B I I  A BfoI f I  


:f A B  ,A BI I  ,A B  A BfoI I of f 

: :AI A A f A B    A B  AfoI 
: , :Bf A B I B B   A B  BI of 

, ,A BfoI f I of  A

  ( )( ) ( ( )) ( ) ( )A A AfoI a f I a f a I a a   

a A  
(1)AfoI f  

( )( ) ( ( )) ( )

(2)
B B

B

I of a I f a f a a A

I of f

   
  

(1),(2)  .A BfoI f I of 

 ,A B  :f A B  1 :f B A  



:f A B 

 ( )f A  A  1f  
( )b f A  f  ( )f a b  A a


 ( )b f A  ( , )a b f  A a 
 ( )b f A  1( , )b a f  a A 
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( )f A  A  1f   1( ) ( )f b a f a b     1f  


1 2, ( )b b f A  1 1
1 2( ) ( )f b f b a  

 1 2( )b f a b 

 1f   1 :f B A  

  :f A B  1 1,g Afof I f of I   


 A B  f B  A  1f  

B B  1fof   A  A  1f of B B  BI

 A  A  AI  1, Bfof I 
 .B b B  1( )f b a  

, ( )a A f a b  
 1( )( ) ( 1( ))fof b f f b  

 ( ) ( )Bf a b I b  

 1( )( ) ( )Bfof b I b 

 1
Bfof I 

1 , Af of I  A

x A 
( )f x y 

 1, ( )y B f y x 

 1 1( )( ) ( ( ))f of x f f x 

 1( ) ( )Af y x I x  

 1( )( ) ( )Af of x I x 

 1
Af of I  

  : , : , ,A Bf A B g B A gof I fog I     f 
 1g f  

 )i f 

1 2,a a A 

   
 

1 2 1 2

1 2

( ) ( ) ( ) ( )

( )( ) ( ) )

f a f a g f a f f a

gof a gof a

  

 

 1 2a a gof  
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f 
)ii f 

b B 

   
( ) ( )

( ) ( )
Bb I b fog b

b f g b f g b b

  

   

f b  ( )g b A 
f 
f 

1)iii g f  
1g f  B 

, ( )n B g b a  a A 
( ) ( ( )) 9 )Bf a f g a I b b    1.( )f b a 

b B 
1( ) ( )g b f b  1g f 

 : , :f A B g B C   1 1 1( )gof f og   


 : , :f A B g B C   A B  gof 
 1( )gof  C  A  1 1: , :f B A g C B   

C  A  1 1f og   1 1 1( ) ,gof f og   C


c C  1( )g c b   1, ( ) . ( )b B g b c f b a   
 , ( )a A f a b 

 1 1 1 1 1( )( ) ( ( )) 9 ) (1)f og c f g c f b a       

 ( )( ) ( ( )) ( )gof a g f a g b c    (2) 
1( ) ( )gof c a 

(1),(2) 
1 1 1( ) ( ) ( ( )gof c f og c  

 1 1 1( )gof f og  
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


 

2, 1

( ) 2, 1 1

1, 3 1,

x x

f x x

x x

 
   
     

 

) (3), ) (0), ) ( 1,5),

) (2) ( 2), ) ( 5)

i f ii f iii f

iv f f v f


  


) (3)

1, ( ) 2

(3) 3 2 5

i f

x f x x

f

  
   

) (0)

1 1, ( ) 2

(0) 2

ii f

x f x

f

   
 

) ( 1,5)

3 1, ( ) 1

( 1,5) 1.5 1 2.5

iii f

x f x x

f


     

      

) (2) ( 2)

1, ( ) 2

(2) 2 2 4

3 1, . ( ) 1

( 2) 2 1 3

(2) ( 2) 4 ( 3) 1

iv f f

x f x x

f

x f x x

f

f

 
  

   
     

      
      

 
) ( 5)

/ ( 3, ) ( 5)

v f

x x f



   

) ( 5)v f 

f   / ( 3, )x x    ( 5)f  

2.  : 1f R R       1
log

1

x
f x

x




 ,  2

2
2

1

x
f f x

x
      

   1
log

1

x
f x

x





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22

2 2

2

2
12 21log log

21 1 21
1

x
x x xxf

xx x x
x

         


              = 
 
 

2 2

2

1 1
log log

11

x x

xx

     

              =  1
2log 2

1

x
f x

x






3.  2, 1, ,1,2 , :A f A B        2 1f x x x    B 

 f - 

            2 , 1 , 0 , 1 , 2f A f f f f f  

  2 1f x x x  

   2
2 2 2 1 4 2 1 3f         

   2
1 1 1 1 1 1 1 1f         

   2
0 0 0 1 1f    

  21 1 1 1 3f    

  22 2 2 1 4 2 1 7f       

f     1,3,7f A 

f   f A B

 3,1,7B 

4. :f R R     4

4 2

x

xf x 


     1 1f x f x    

   4

4 2

x

xf x 

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 
1

1

4
4 41

44 2 2
4

x x

x

x

f x


  
 

= 
4 2

4 2.4 2 4x x
 

 ........ (1)

  4 4 2 4
1 1

4 2 4 2

x x x

x xf x
 

   
 

= 
2

2 4x
 ...... (2)

(1) (2)     1 1f x f x  

5.    : 1,1 0,2f    ;  f x ax b  a  b 

 f =  1,1    f x ax b 

   1 , 1f a b f a b      

I:

    1,0 , 1,2f    .... (1) 

      1, , 1,f a b a b      .... (2)



(1) (2) 

0a b      2a b 

a b           2b b a b   

                   2 2b 

                 1 ; 1b a 

II:

    1, 2 , 1,0f    .... (3)

    1, , 1,f a b a b     .... (4)

(3) (4) 
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2, 0a b a b    

                      b a 

2a a   

2 2a 

1a  

 1 1b    

1 ; 1a b   

  : 0f R R   3
3

1
( )f x x

x
  

1
( ) 0f x f

x
   
 



 3
3

1
( ) ___ (1)f x x

x
 



3
3

3 3

1 1 1 1
___ (2)

1
f x

x x x

x

         
     

 
 



3 3
3 3

1 1 1
( ) 0

1
( ) 0

f x f x x
x x x

f x f
x

               
     
    
 

7.    cos logf x x 

 1 1 1
0

2
x

f f f f xy
x y y

                    
 

    cos logf x x

1 1 1 1
cos log cos logf f

x y x y

                  

=    1 1cos log cos logx y 

=    cos log cos logx y       

=    cos log cos logx y
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   1 1
cos log cos logf f x y

x y

           .... (1)

  1
2

x
f f xy

y

  
    

=  1
cos log cos log

2
x

xy
y

  
    

=    1
cos log log cos log log

2
x y x y    

=    1
.2cos log cos log

2
x y    cos cos 2cos cosA B A B A B     

=    cos log cos logx y

     1
cos log cos log

2

x
f f xy x y

y

  
      

 ..(2)

(1) - (2)

 1 1 1
0

2
x

f f f f xy
x y y

                    


2

2

1
: ( )

1

x
f R R f x

x


 


 (tan ) cos 2f   


2

2

1
( )

1

x
f x

x







2

2

1 tan
(tan )

1 tan












2

2

2

2

sin
1

cos
sin

1
cos












2 2

2 2

cos sin cos 2

cos sin (1)

  
 


 


(tan ) cos 2f   

 ( ) ( ) ,f x y f xy x y    f 
 ( ) ( ), ,f x y f xy x y R  

0x y  
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(0) (0) ____ (1)f f 

 1, 0x y 

(1) (0) ____ (2)

1, 1

(2) (1) ____ (3)

f f

Let x y

f f

 
 


(1) (2) (3) 
(0) (1) (2)

(0) (2)

(3) (0)

f f f

f f

f f

 
 
 

(4) (0)f f 




( ) (0)f n f

f 

10.  
21

y
f y

y


   
21

y
g y

y


     fog y y 

  
21

y
f y

y


    
21

y
g y

y




     
21

y
fog y f g y f

y

 
   
  

= 

2

2 2
1

1 1

y y

y y

 
  

  

= 

2

2 22

1

11

yy
y

y yy


 

 

 fog y y 

11. :f R R   :g R R    22 3f x x      3 2g x x   

(i)  fog x    (ii)   gof x

(iii)  0fof     (iv)   3go fof 

www.sakshieducation.com

www.sakshieducation.com

www.sa
ks

hieduca
tio

n.co
m



 i)    fog x f g x   

=  3 2f x 

=  2
2 3 2 3x  

= 22 9 4 12 3x x    

= 218 8 24 3x x  

   218 24 11fog x x x   

ii)       gof x g f x

=  22 3g x 

=  23 2 3 2x  

26 9 2x  

= 26 7x 

  26 7gof x x  

iii)     0 0fof f f

=   2
2 0 3f 

=  3f

=  2
2 3 3

 = 2 9 3   = 18 3 21 

 0 21fof 

iv)      3 3go fof gof f

=  21gof

=   21g f

=   2
2 21 3g 

=   2 441 3g 
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=  882 3g 

=  885g

=  3 885 2

= 2655 2  = 2653

  3 2653go fof 

12.      22, , 2f x g x x h x x x R     ,    fo goh x   

     fo goh x fog h x      

=  2fog x

=  2f g x   =  24 2f x 

   2fo goh x 

13.         1, , 2, , 4, , 3,f a c d b  

        1 2, , 4, , 1, , 3,g a b c d  

  1 1 1gof f og
   

         1, , 2, , 4, , 3,f a c d b

        1 ,1 , ,2 , ,4 , ,3f a c d b 

        1 2, , 4, , 1, , 3,g a b c d 

        1 ,2 , , 4 , ,1 , ,3g a b c d 

L.H.S :         1, 2 , 2,1 , 4,3 , 3,4gof 

        1 2,1 , 1,2 , 3,4 , 4,3gof  

R.H.S :         1 1 2,1 , 4,3 , 1,2 , 3,4f og  

L.H.S = R.H.S

14. : , :f R R g R R        32 3, 5f x x g x x        1
fog x


 

   2 3f x x       3 5g x x 
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    fog x f g x

=  3 5f x 

=  32 5 3x  

= 32 10 3x  

= 32 7x 

  32 7fog x x  

 logy x  

32 7y x 

3 7

2

y
x




3
7

2

y
x




   1
3

7

2

y
fog x

 
 

   
1 3

1 7

3

x
fog x

      

   2 3/ 1 , ( ) , ( )A x x f x x g x x      
) : ) :i f A A ii g A A 

 ) :i f A A

  2/ 1 , ( )A x x f x x     

( )f x  A  A 
( . ., ) :i e f A A

y A 
( )f x y  2x y 

x y 

1y    1x A  

 :f A A 
) :ii g A A
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  3/ 1 1 . ( )A x x g x x     

:g A A 

y A 
 3( )g x y x y  

1
3x y A  

1y    1x A  

0y   0x A 

1y   1x A 

:g A A  

 
2 1

) : ( )
3

x
i f R f x


  


2 1

( )
3

x
f x




1 2,x x R

1 2( ) ( )f x f x 

1 22 1 2 1

3 3

x x 
 

1 22 1 2 1x x   

1 2 1 22 2x x x x   

1 2 1 2 1 2( ) ( ) , ,f x f x x x x x R     

2 1
( ) , :

3

x
f x f R R


  

 y R  2 1

3

x
y




3 1

2

y
x R


   

 2 1
( )

3

x
f x





3 1

2 1
2
3

y

y

   
  

:f R R  
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: ,f R R   2 1
( )

3

x
f x


 

) : (0, )ii f R    ( ) 2xf x  


1 2,x x R

1 2( ) ( )f x f x 

1 2
1 22 2x x x x   

1 2 1 2 1 2( ) ( ) ,f x f x x x x x R     

( ) 2 , : (0, )xf x f R    

2(0, ), 2 log ( )xy y x y    

 ( ) 2xf x 

 2log ( )2 y y 

: (0, )f R   
: (0, ) ( ) 2xf R f x    

) : (0, )iii f R   ( ) logef x x 


1 2, (0, )x x  

1 2

1

1 2

1 2 1 2 1 2

( ) ( )

log ( ) log

( ) ( ) , (0, )

e e

f x f x

x

x x

f x f x x x x x

 

 
 
      

( )f x 

log y
e

y R

y x x e



  

 ( ) logef x x

log ( ) log (1)y
e ee e y y   

: (0, )f   
F 

) (0, ) [0, )iv     2( )f x x 


1 2, (0, )( . ., )x x i e f  

1 2( ) ( )f x f x

2 2
1 2

1 2 1 2, 0

x x

x x x x

 

   
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2( ) , :{0, ) {0, )f x x f     
(0, )y  

2 , 0y x x y y    

 2( )f x x

  2

y y 

: (0, ) (0, )f    
f 

) : [0, )v f R    2( )f x x 


1 2,x x R

1 2

2 2
1 2

1 2 1 2

( ) ( )

, ,

f x f x

x x

x x x x R



 
    

f 

2

[0, )

, [0, )

y

y x x y y

 

    

 2( )f x x


 2

y

y





: (0, )f R   
 f 

) :vi f R R  2( )f x x 


1 2, (x x R f 

1 2( ) ( )f x f x 

2 2
1 2

1 2 1 2, ,

x x

x x x x R

 

    

( )f x 
( ,0)  f 

f 
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 1
( ) , ( )f x g x x

x
   (0, )x   ( )( )gof x 


1

( ) , ( ) , (0, )f x g x x x
x

    

( )( )gof x ( ( ))g f x

1 1
, ( )

1 1
, ( )

1
( ) ( )

g f x
x x

g x x
x x

gof x
x

    
 

   

 

 2 2
( ) , ( )

1 1

y y
f y g y

y y
 

   ( )( )fog y y 

 2 2
( ) , ( )

1 1

y y
f y g y

y y
 

 


( ) ( ) ( ( )fog y f g y

2 2
, ( )

1 1

y y
f g y

y y

 
   
   

2

2

2

1
, ( )

1
1

1

y

y y
f y

yy

y

 
 
    

 
 
  

2 21 )

( ) ( )

y
y

y y

fog y y

 
 

 

 2( ) 1 .........( ) 1f x x x x      1 1
( )

x
f x

x
 

 

 2( ) 1 .........f x x x   
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1

1

1

1, 5
1

1
( )

1

( ) ( )

1

1
1 1

1 1

1

1
( )

1
( )

a
a r x

r

f x
x

f x y x f y

y
x

x x
y y

y
x

y

y
f y

y

x
f y

x









  





  




    












a) 2

1
) ( )

( 1)( 3)
i f x

x x


 



2

1
( )

( 1)( 3)
f x R
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
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2 3
2 3

2 (1 3 )

2

1 3

2 1
,1 3 0

3 3

x
y

x
y xy x

y x y

y
x

y

x R y y

 


  
  

 


          

f 
1

3
R

   
 

) ( ) 1iii f x x x  

 ( ) 1f x x x R   

x R 

f R

, 0x x x   
 , 0x x   
1 1 , 1x x x     

(1 ), 1x x     

0, (0) 0 1 0 1

1, (1) 1 1 1 1 2 3

2, (2) 2 1 2) 2 3 5

2, ( 2) 2 1 ( 2) 2 1 3

1, ( 1) 1 1 ( 1) 1 0 1

x f

x f

x f

x f

x f

    

      

      

          

          

f  1,


         1,1 , 2,3 , 3,5 , 4,7g    1,2,3, 4A    1,3,5,7B  

 ( )g x ax b   ,a b 


   1, 2,3,4 ; 1,3,5,7A B 

        1,1 , 2,3 , 3,5 , 4,7g 

 (1) 1, (2) 3, (3) 5, (4) 7g g g g   
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A  a A  ( , )a b g B b 
b 
 ( )g x ax b 

(1) (1) 1 1 (1)

(2) (2) 3 2 3 (2)

g a b a b

g a b a b

     
     

(1),(2)  2, 1a b   

2.   xf x e    logeg x x , . fog gof   1f   1g 

                  (i)    fog x f g x               gof x g f x   

=  logef x =  xg e

= log xee = log xeee

= x = x

 log maa m  log 1e e 

fog gof 

(ii)   xf x e   logeg x x

 y f x   y g x 

 1f y x  logey x 

xy e  yx e 

loge y x    yg y e

 1 logef y y   1 xg x e 

 1 logef x y 

 :f R R  3 3
( )

2

x x

f x


  ( ) ( ) 2 ( ) ( )f x y f x y f x f y    



3 3
: , ( )

2

x x

f R R f x


 


( )3 3

( )
2

x y x y

f x y
  

 
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3 .3 3 .3
(1)

2

x y x y 
 

( )3 3
( )

2

x y x y

f x y
  

 

3 .3 3 .3
(2)

2

x y x y 
 

( 1) ( )LHS f x f x y   

3 .3 3 .3 3 .3 3 .3

2

x y x y x y x y     


   1
3 3 3 3 3 3

2
x y y x y y       

  1
3 3 3 3

2
x x y y   

3 3 3 3
2

2 2

x x y y     
    

   
2 ( ). ( )f x f y

( ) ( ) 2 ( ). ( ).f x y f x y f x f y    

 ( ) , ( ) logx
ef x e g x x   fog gof  11,f g

 
 ( ) , ( ) logx

ef x e g x x 



(log )

( )( ) ( ( ))

(log ), ( ) log
e

x
e e

x

fog x f g x

f x g x

e x



  

 

( ) ( ) (1)fog x x  



( ) ( ) ( ( ))

( ) ( )

log ( ) ( ) log

log ( ) (1)

( )( ) (2)

x x

x
e e

e

gof x g f x

g e f x e

e g x x

x e x x

gof x x



  

  
  

  

(1),(2)  fog gof

( ) xf x e

( ) xy f x e  
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1

1 1

( ), log ( )

( ) log ( ) ( ) log ( )

x
e

e e

x f y y e x y

f y y f x x



 

    

   

( ) log ( )ey g x x  
1( ) ( )y g x x g y   

log ( ) y
ey x x e   

19( ) yg y e 
19( ) xg x e 

1 1( ), log ( ), ( ) x
ef x x g x e   

 : ,f R R gLR R   2( ) 2 3, ( ) 3 2f x x g x x    
) ( )( ), ) ( ) ( ), ) ( ),i fog x ii gof x iii fof o

) ( ) (3)iv go fof 
 : , :f R R g R R 

2( ) 2 3; ( ) 3 2f x x g x x   

) ( ) ( ) ( ( ))i fog x f g x

2 2

2

2

2

(3 2), ( ) 3 2

(3 2) 3, ( ) 2 3

2(9 12 4) 3

18 24 8 3

18 24 11

f x g x x

f x f x x

x x

x x

x x

    

     

   

   

  

) ( ) ( ) ( ( ))ii gof x g f x

2 2

2

2

2

(2 3), ( ) 2 3

3(2 3) 2, ( ) 3 2

6 9 1

6 7

g x f x x

x g x x

x

x

    

     

  

 

) ( ) (0) ( (0))iii fof f f

2

2

(2(0) 3) ( ) 2 3

(3)

2(3) 3

18 3 21

f f x x

f

    


 
  

) ( ) (3)iv go fof
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2 2

2

( ( (3)))

( (2.3 3)), ( ) 2 3

( (21))

( (21))

(2 21 3)

(885)

3(885) 2, ( ) 3 2

2653

go f f

go f f x x

go f

g f

g x

g

g x x



    



 

    


 : , :f R R g R R   2( ) 3 1, ( ) 1f x x g x x    
2) ( )( 1), ) (2),i fof x ii fog  ) (2 3)iii gof a  


: , :f R R g R R 

2( ) 3 1, ( ) 1f x x g x x   
2) ( )( 1)i fof x 

2

2

2

2

2

( ( 1))

[3( 1) 1] ( ) 3 1,

(3 2)

3(3 2) 1

9 5

f f x

f x f x x

f x

x

x

 

     

 

  

 

) ( ) (2)ii fog

2 2

( (2))

(2 1), ( ) 1

(5)

3(5) 1 14 ( ) 3 1

f g

f g x x

f

f x x



    

     

) ( ) (2 3)iii gof a 

 ( (2 3))g f a 

 [3(2 3) 1] ( ) 3 1g a f x x     

 (6 10)g a 

 2 2(6 10) 1 ( ) 1a g x x     

2

2

36 120 100 1

36 120 101

a a

a a

   

  

www.sakshieducation.com

www.sakshieducation.com

www.sa
ks

hieduca
tio

n.co
m



 
) , , :i a b R f R R   ( )f x ax b 

( 0)a  


, , :a b R f R R  
( ) , 0f x ax b a  

( )y f x ax b   
1( ) ( ) ( )

( )

y f x x f y i

y ax b

y b
x ii

a

    
 


  

( ), ( )i ii 

1 1( ) ( )
y b x b

f y f x
a a

  
  

) : (0, )ii f R    ( ) 5xf x  


: (0, ) ( ) 5xf R f x  

1

5

( ) 5

( ) ( ) ( )

5

log ( ) ( )

x

x

y f x

y f x x f y i

y

y x ii



 

    


  

( ), ( )i ii 
 1 1

5 5log ( ) logf y f x   

) : (0, )iii f R   2( ) logf x x 


2: (0, ) ( ) logf R f x x  

2( ) log ( )y f x x  
1

2

( ) ( ) ( )

log ( )

2 ( )y

y f x x f y i

y x

x ii

    


  

( ), ( )i ii 
1 1( ) 2 ( ) 2y xf y f x   
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 2( ) 1 .........( ) 1f x x x x      1 1
( )

x
f x

x
 

 


2( ) 1 .........f x x x   

1

1

1

1, 5
1

1
( )

1

( ) ( )

1

1
1 1

1 1

1

1
( )

1
( )

a
a r x

r

f x
x

f x y x f y

y
x

x x
y y

y
x

y

y
f y

y

x
f y

x









  





  




    










 ( 1):[1, ) [1, ), ( ) 2x xf x      1( )f x 


( 1)( ) 2x xf x 

1

2
( 1)

( ) ( )

2
log

x x

N
a

f x y x f g

a N
y

x





  

  
    

2log ( 1)y x x  
2

2log 0yx x  
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2

2

2

21

21

1, 1, log

4

2
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0 1x  
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2x  

 0,1x 

(1)  (2) 

f =    0,1 0,1R 

f   0,1

17.  0R     1
21x

x x
f x

e
  




   1
21x

x x
f x

e
  


 .... (1)

 0x R   

  1
21x

x x
f x

e
  




  1
1 21x

x x
f x

e


  



= 1
21

x

x

xe x

e


 



=   1
21

x

x

xe x

e


 

 

= 1
21

x

x

xe x

e
 


 .... (2)

   f x f x  

    1 1
2 21 1x x

x x x x
f x f x

e e
       

 

= 
2

21

x

x

x xe x

e






= 
 
 

1

1

x

x

x e
x

e






= 0x x 
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    0f x f x  

   f x f x  

f 

18.
π π π π

0, , , , , :
6 4 3 2

A f A B
   
 

   cosf x x  B 

 :f A B  

  cosf x x   B f    f A

=   π π π π
0 , , , ,

6 4 3 2
f f f f f

        
                

 0 cos0 1f   

π π 3
cos cos30

6 6 2
f
            

π π 1
cos cos 45

4 4 2
f
            

π π 1
cos cos60

3 3 2
f
            

π π
cos cos90 0

2 2
f
            

  3 1 1
1, , , ,0

2 22
f A

 
   

 

f   = 
3 1 1

1, , , ,0
2 22

B
 

  
 

19. : , :f R R g R R      4 1f x x     2 2g x x  

(i)   gof x (ii)   1

4

a
gof

 
  

(iii)  fof x           (iv)  go fof  
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

i.      gof x g f x

=  4 1g x 

=  24 1 2x  

= 216 1 8 2x x  

= 216 8 3x x 

ii.   1 1

4 4

a a
gof g f

             

= 
1

4 1
4

a
g
       

=   2 2g a a 

iii.     fof x f f x

=    4 1 4 4 1 1f x x   

= 16 4 1 16 5x x   

iv.    go fof go fof

=  1 0 5g  

=  5g 

=  2
5 2 25 2 27    

  : 0f R R   1
( )f x x

x
   2 2( ( )) ( ) (1)f x f x f  


 : 0 ,f R R 

1
( )f x x

x
 

 2 2
2

1 1
( ) (1) ( ) (1 )

1
f x f x

x
    
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2
2

2 2

2 2

1
2

1
( ) ( ( ))

( ( )) ( ) (1)

x
x

x f x
x

f x f x f

  

  

  

 :f R R  ( )
x x

x x

e e
f x

e e









 f 


 :f R R 

( )
x x

x x

e e
f x

e e











0 0

0 0

1 1

1 1

1 1
(0) 0

1 1

( 1) 0

(0) ( 1) 0

e e
f

e e

e e
f

e e
f f



 
  

 


  


   

  f 

( )
x x

x x

e e
y f x

e e






 




1y   ( ) 1f x  R  x 
  f 
 x R  ( ) 1f x  

1
x x

x x

e e

e e










,x x x xe e e e      0x  

0x  
x x x x x xe e e e e e         

0x  
x x x xe e e e   

x xe e  

 :f R R 
, 2

( )
5 , 2, 2

x x
f x

x x


  

 f 




3 2  (3) 3f 
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1 2  (1) 5(1) 2 3f   

1,3  f  
f 
 R  y 

2y   2y  
2y   , ( )x y R f x x y   

2y   2
,

5

y
x R


 

2
1

5
2

( ) 5 2 5 2
5

y
x

y
f x x y


 

        

f 
f  f 

 2 2 2x y   ( )y x 
 2 2 2 ( 2 0)x y y   

2 2log 2 log 2x 

1x 

  ( ,1)  

 :f R R  ( ) ( ) ( )f x y f x f y   , , (1) 7,x y R f   
1

( )
n

r

f r

 

 (2) (1 1) (1) (1) 2 (1).f f f f f    

(3) (2 1) (2) (1) 3 (1).f f f f f      ( ) (1).f r rf

1

( ) (1) (2) ....... ( )

(1) 2 (1) ........ (1)

(1)(1 2 ..... )

7 ( 1

2

n

r

f r f f f n

f f nf

f n

n n



   

   
   





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
2 4

2 4

cos sin
( )

sin cos

x x
f x x R

x x


  


 (2012) 1f  


2 4

2 4

cos sin
( )

sin cos

x x
f x

x x






2 2

2 4

2 2

2 4

2 2

2 2

1 sin sin

1 cos sin

1 sin (1 sin )

1 cos (1 sin )

1 sin cos

1 sin cos
1.

(2012) 1

x x

x x

x x

x x

x x

x x

f

 


 
 


 

 


 


 

    : 0,3 0,3 ,f 

1 ,0 2
( )

3 , 2 3

x x
f x

x x

  
    



    0,3 0,3f   fof 


0 2 1 1 3 ____ ( )x x i     

2 3 3 2

3 3 3 3 2

0 3 1 ____( )

x x

x

x ii

       
     
   

( )( )i ii 
   0,3 0,3f 

1,o x  
( )( ) ( ( ))fof x f f x

 
(1 ) 1 (1 ) 2

1 1 2

f x x x

x

     

   

1 ,x  

 

( )( ) ( ( ))

(1 )

3 (1 )

2 , 2 1 3

fof x f f x

f x

x

x x


 
  

     

2 3,x  
( )( ) ( ( ))fof x f f x
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 

(3 )

1 (3 )

4 , 0 3 1

2 ,0 1

( )( ) 2 ,1 2

4 , 2 3

f x

x

x x

x x

fof x x x

x x

 
  

     

  
    
   

 , :f g R R 
0,

( )
1,

x Q
f x

x Q


  


1,

( )
1,

x Q
g x

x Q

 
  



( )( ) ( )( )fog gof e  



( )( ) ( ( )) (0) 0

( )( ) ( ( )) (1) 1

( )( ) ( )( ) 1
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3 0,3 0, 0

3, 3, 0

3 3, 0

[ 3,3], 0

[ 3,3] 0

x x x

x x x

x x

x x

x

     
    
    
   

   

f   [ 3,3] 0 
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ÑçÜ¢Æý‡×æ MöË™èlË$ 
  

1. H÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.H÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.H÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.H÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.    

 i) 38, 70, 48, 40, 42, 55, 63, 46, 54, 44 

 ii) 3, 6, 10, 4, 9, 10 

Sol. i) Î̂̀ ŒëO‰§xH÷ JOH›=° �̂Î¼=°0   
38 70 48 40 42 55 63 46 54 44

x
10

+ + + + + + + + +=  

      
500

50
10

= =  

 qKÇ�<Œ� „¬~¡=°=ü…ì¼�° i| x x |−  = 12, 20, 2, 10, 8, 5, 13, 4, 4, 6. 

 =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�#O= 

10

i
i 1

| x x |

10
=

−∑
 

   
12 20 2 10 8 5 13 4 4 6

10

+ + + + + + + + +=  

  
84

8.4
10

= =  

 ii) Î̂̀ ŒëO‰§xH÷ JOH›=° �̂Î¼=°0

6

i
i 1

x
(x)

n
==
∑

  

 
3 6 10 4 9 10 42

x 7
6 6

+ + + + +∴ = = =  

 qKÇ�<Œ� „¬~¡=°=ü…ì¼�° i| x x |−  = 4, 1, 3, 3, 2, 3 

 =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�#O = 

6

i
i 1

| x x |

6
=

−∑
 

      
4 1 3 3 2 3 16

2.6666 2.67
6 6

+ + + + += = = ≃  

   

2. H÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�<ŒxH÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�<ŒxH÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�<ŒxH÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.ß H›#°HËøO_�.ß H›#°HËøO_�.ß H›#°HËøO_�.    
     13, 17, 16, 11, 13, 10, 16, 11, 18, 12, 17 13, 17, 16, 11, 13, 10, 16, 11, 18, 12, 17 13, 17, 16, 11, 13, 10, 16, 11, 18, 12, 17 13, 17, 16, 11, 13, 10, 16, 11, 18, 12, 17    

     4, 6, 9, 3, 10, 13, 2 4, 6, 9, 3, 10, 13, 2 4, 6, 9, 3, 10, 13, 2 4, 6, 9, 3, 10, 13, 2  

Sol. ̂ Î̀ Çë aO^Î°=ô�#° „¬i=¶}O„¬~¡OQê P~Ë‚¬ì} ãH›=°O…Õ =¼H›ë„¬i    Êªå  Êªå  Êªå  Êªå  10, 11, 11, 12, 13, 13, 16, 16, 17, 17, 18 

 J„¬C_È° D 11 „¬ij�#� =° �̂Î¼Q®̀ ÇO  « 13 

 „¬~¡=°=ü�¼ q�°=�° i| x M | 3,2,2,1,0,0,3,3,4,4,5− =  

=° �̂Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�#O = 

11

i
i 1

| x M |
3 2 2 1 0 0 3 3 4 4 5

n 11
=

−
+ + + + + + + + + +=

∑
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27

2.45
11

= =  

ii) Î̂̀ Çë aO^Î°=ô�#° „¬i=¶}O „¬~¡OQê P~Ë‚¬ì} ãH›=°O…Õ =¼H›ë„¬iÀ‹ë 2, 3, 4, 6, 9, 10, 13 
 J„¬C_È° D 7 „¬ij�#� =° �̂Î¼Q® Ç̀O « 6 

  „¬~¡=°=ü�¼ q�°=�° i| x x |−  = 4, 3, 2, 0, 3, 4, 7 

 

  =° �̂Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�#O = 

7

i
i 1

| x M |
4 3 2 0 3 4 7 23

3.29
n 7 7

=
−

+ + + + + += = =
∑

 

   

3. H÷Ok qƒ�ì[<ŒxH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.H÷Ok qƒ�ì[<ŒxH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.H÷Ok qƒ�ì[<ŒxH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.H÷Ok qƒ�ì[<ŒxH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.    

 i)  

xi 10 11 12 13 

f i 3 12 18 12 

 ii)  

xi 10 30 50 70 90 

f i 4 24 28 16 8 

Sol.  i)  

xi fi fi xi i| x x |−  fi i| x x |−  

10 3 30 1.87 5.61 

11 12 132 0.87 10.44 

12 18 216 0.13 2.24 

13 12 156 1.13 13.56 

 N = 45 Σ fi xi = 534  i if | x x |Σ − = 31.95 

 ∴     JOH› =° �̂Î¼=°O i if x 534
(x) 11.87

N 45

Σ= = =  

 ∴ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�#O= 

4

i i
i 1

f | x x |
31.95

0.71
N 45

=
−

= =
∑

. 
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ii)  

xi fi fi xi i| x x |−  fi i| x x |−  

10 4 40 40 160 

30 24 720 20 480 

50 28 1400 0 0 

70 16 1120 20 320 

90 8 720 40 320 

 N = 80 Σf ixi = 4000  i if | x x |Σ − = 1280 

   JOH›=° �̂Î¼=°O i if x 4000
(x) 50

N 80

Σ= = =  

 ∴ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�#O= 

5

i i
i 1

f | x x |
1280

16
N 80

=
−

= =
∑

. 

 

4. H÷Ok ‡Ï#—„¬ô#¼ qƒ�ì[<ŒxH÷ =°^�Î¼Q®̀ ÇO #°Oz =° �̂Î¼=°qKÇ�<Œxß H›#°HËøO_�H÷Ok ‡Ï#—„¬ô#¼ qƒ�ì[<ŒxH÷ =°^�Î¼Q®̀ ÇO #°Oz =° �̂Î¼=°qKÇ�<Œxß H›#°HËøO_�H÷Ok ‡Ï#—„¬ô#¼ qƒ�ì[<ŒxH÷ =°^�Î¼Q®̀ ÇO #°Oz =° �̂Î¼=°qKÇ�<Œxß H›#°HËøO_�H÷Ok ‡Ï#—„¬ô#¼ qƒ�ì[<ŒxH÷ =°^�Î¼Q®̀ ÇO #°Oz =° �̂Î¼=°qKÇ�<Œxß H›#°HËøO_�. 

xi 5 7 9 10 12 15 

f i 8 6 2 2 2 6 

Sol.   

xi fi ‹¬Oz Ç̀ ‡Ï#—„¬ô#¼OCF) i| x M |−  fi i| x M |−  

5 8 8 2 16 

7 → M 6 14 > N/2 0 0 

9 2 16 2 4 

10 2 18 3 6 

12 2 20 5 10 

15 6 26 8 48 

 N = 26   i if | x M |Σ − = 84 

  N = 26 =°i†Çò 
N

13
2

=  

=° �̂Î¼Q®̀ ÇO =7 

   

=° �̂Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�#O 

= 

6

i
i 1

| x M |
87

3.23
n 26

=
−

= =
∑

. 
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‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° 
 

1. H÷Ok JqzóM#ß qƒ�ì[<Œ�ä›½ =°^�Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�H÷Ok JqzóM#ß qƒ�ì[<Œ�ä›½ =°^�Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�H÷Ok JqzóM#ß qƒ�ì[<Œ�ä›½ =°^�Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�H÷Ok JqzóM#ß qƒ�ì[<Œ�ä›½ =°^�Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_� 

i) ª÷k�Oz# =¶~¡°ø�°ª÷k�Oz# =¶~¡°ø�°ª÷k�Oz# =¶~¡°ø�°ª÷k�Oz# =¶~¡°ø�°    0-10 .10-20 20-30 30-40 40-50 50-60 

 ƒì�°~¡ ‹¬OY¼ƒì�°~¡ ‹¬OY¼ƒì�°~¡ ‹¬OY¼ƒì�°~¡ ‹¬OY¼    6 8 14 16 4 2 

 
ii) Ç̀~¡Q®u Ç̀~¡Q®u Ç̀~¡Q®u Ç̀~¡Q®u     

JO`Ç~¡OJO`Ç~¡OJO`Ç~¡OJO`Ç~¡O 0-10 .10-20 20-30 30-40 40-50 50-60 60-70 70-80 

 ‡Ï#—‡Ï#—‡Ï#—‡Ï#—    
„¬ô#¼O„¬ô#¼O„¬ô#¼O„¬ô#¼O 5 8 7 12 28 20 10 10 

Sol. i)  

Ç̀~¡Q®u Ç̀~¡Q®u Ç̀~¡Q®u Ç̀~¡Q®u     
JO`Ç~¡OJO`Ç~¡OJO`Ç~¡OJO`Ç~¡O 

‡Ï#—‡Ï#—‡Ï#—‡Ï#—    
„¬ô#¼O„¬ô#¼O„¬ô#¼O„¬ô#¼O fi 

‹¬Oz Ç̀ ‡Ï
#—„¬ô#¼O 

C.F. 

=° �̂Î¼ aO Î̂°=ô 
xi 

|xi – M| fi |xi – M | 

0-10 6 6 5 20.86 137.16 

.10-20 8 14 15 12.86 102.88 

20-30 14 28 25 2.86 40.04 

30-40 16 44 35 7.14 114.24 

40-50 4 48 45 17.14 68.56 

50-60 2 50 55 27.14 54.28 

 N = 50    517.16 

Hence L = 20, 
N

25
2

= , f1 = 14, f = 14, h = 10 

=° �̂Î¼Q®̀ ÇO   (M) = 
i

N
f

25 14 1102
L h 20 10 20 20 7.86 27.86

f 14 14

  −   −  + = + × = + = + =
 

 

∴ =° �̂Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�#O 

= 

6

i i
i 1

f | x M |
517.16

10.34
N 50

=
−

= =
∑

. 
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 ii)  

Ç̀~¡Q®u Ç̀~¡Q®u Ç̀~¡Q®u Ç̀~¡Q®u     
JO`Ç~¡OJO`Ç~¡OJO`Ç~¡OJO`Ç~¡O 

‡Ï#—‡Ï#—‡Ï#—‡Ï#—    
„¬ô#¼O„¬ô#¼O„¬ô#¼O„¬ô#¼O  fi 

‹¬Oz Ç̀ ‡Ï
#—„¬ô#¼O 

C.F. 

=° �̂Î¼ aO Î̂°=ô 
xi 

|xi – M| fi |xi – M | 

0-10 5 5 5 41.43 207.15 

.10-20 8 13 15 31.43 251.44 

20-30 7 20 25 21.43 150.01 

30-40 12 32 35 11.43 137.16 

40-50 28 60 45 1.43 40.04 

50-60 20 80 55 8.57 171.40 

60-70 10 90 65 18.57 185.70 

70-80 10 100 75 28.57 285.70 

 N=100    1428.6 

   N = 100, 
N

50
2

= , L = 40, f1 = 32, f = 28, h = 10 

 =° �̂Î¼Q®̀ ÇO   (M) = 
i

N
f

50 32 1802
L h 40 10 40 40 6.43 46.43

f 28 28

  −   −  + = + × = + = + =
 

 

 ∴ =° �̂Î¼Q®̀ ÇO #°Oz =° �̂Î¼=° qKÇ�#O 

= 

8

i i
i 1

f | x M |
1428.6

14.29
N 100

=
−

= =
∑

. 

2. H÷Ok JqzóM#ß qƒ�ì[<ŒxH÷ =°^�Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.H÷Ok JqzóM#ß qƒ�ì[<ŒxH÷ =°^�Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.H÷Ok JqzóM#ß qƒ�ì[<ŒxH÷ =°^�Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.H÷Ok JqzóM#ß qƒ�ì[<ŒxH÷ =°^�Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO_�.. 

Z`Ç°ë Z`Ç°ë Z`Ç°ë Z`Ç°ë   
(in cms) 

95-105 105-115 115-125 125-135 135-145 145-155 

ƒì�ƒì�ƒì�ƒì�°~¡ ‹¬OY¼°~¡ ‹¬OY¼°~¡ ‹¬OY¼°~¡ ‹¬OY¼ 9 13 26 30 12 10 

Sol.  

Z`Ç°ë Z`Ç°ë Z`Ç°ë Z`Ç°ë  (C.I) 
ƒì�°~¡ ‹¬Oƒì�°~¡ ‹¬Oƒì�°~¡ ‹¬Oƒì�°~¡ ‹¬O
Y¼Y¼Y¼Y¼ (fi) 

Mid point xi 
i

i
x A

d
h

−=  f i di |xi – x | fi |xi – x | 

95-105 9 100 –3 –27 25.3 227.7 

105-115 13 110 –2 –26 15.3 198.9 

115-125 26 120 –1 –26 5.3 137.8 

125-135 30 130 → (A) 0 0 4.7 141.0 

135-145 12 140 1 12 14.7 176.4 

145-155 10 150 2 20 24.7 247.0 

 N=100   Σf idi = –47  1128.8 
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JOH› =° �̂Î¼=°O i if d 47
(x) A h 130 10 130 4.7 125.3

N 100

Σ − = + ⋅ = + ⋅ = − = 
 

 

∴ =° �̂Î¼=°O #°Oz =° �̂Î¼=°O qKÇ�#O= 

6

i i
i 1

f | x x |
1128.8

11.29
N 100

=
−

= =
∑

. 

 

3. H÷O Î̂ Wzó# qzóM#ß Î̂̀ ŒëO‰§xH÷ q‹¬ë$ux H›#°HËøO_�H÷O Î̂ Wzó# qzóM#ß Î̂̀ ŒëO‰§xH÷ q‹¬ë$ux H›#°HËøO_�H÷O Î̂ Wzó# qzóM#ß Î̂̀ ŒëO‰§xH÷ q‹¬ë$ux H›#°HËøO_�H÷O Î̂ Wzó# qzóM#ß Î̂̀ ŒëO‰§xH÷ q‹¬ë$ux H›#°HËøO_�    
         i) 6, 7, 10, 12, 13, 4, 8, 12 

 ii) 350, 361, 370, 373, 376, 379, 38, 387, 394, 395 

 

Sol. i) JOH› =° �̂Î¼=°O 
6 7 10 12 13 4 8 12 72

x 9
8 8

+ + + + + + += = =  

xi xi – x  (xi – x )2  

6 –3 9 

7 –2 4 

10 1 1 

12 3 9 

13 4 16 

4 –5 25 

8 –1 1 

12 3 9 

  2
i| x x | 74Σ − =  

q‹¬ë$uq‹¬ë$uq‹¬ë$uq‹¬ë$u

8
2

i
2 i 1

(x x)
74

( ) 9.25
n 8

=
−

σ = = =
∑

. 
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 ii) 350, 361, 370, 373, 376, 379, 38, 387, 394, 395 

xi xi – x  (xi – x )2  

350 –27 729 

361 –16 256 

370 –7 49 

373 –4 16 

376 –1 1 

379 2 4 

385 8 64 

387 10 100 

394 17 289 

395 18 324 

  1832 

JOH›=° �̂Î¼=°O 
350 361 370 373 376 379 385 387 394 395 3770

(x) 377
10 10

+ + + + + + + + += = =  

q‹¬ë$uq‹¬ë$uq‹¬ë$uq‹¬ë$u 

10
2

i
2 i 1

(x x)
1832

( ) 183.2.
n 10

=
−

σ = = =
∑

 

 

 

4. H÷Ok ‡Ï#—„¬ô#¼ qƒ�ì[H÷Ok ‡Ï#—„¬ô#¼ qƒ�ì[H÷Ok ‡Ï#—„¬ô#¼ qƒ�ì[H÷Ok ‡Ï#—„¬ô#¼ qƒ�ì[<ŒxH÷ q‹¬ë$u, qKÇ�<Œ�#° H›#°HËøO_�<ŒxH÷ q‹¬ë$u, qKÇ�<Œ�#° H›#°HËøO_�<ŒxH÷ q‹¬ë$u, qKÇ�<Œ�#° H›#°HËøO_�<ŒxH÷ q‹¬ë$u, qKÇ�<Œ�#° H›#°HËøO_�    
      

  
xi 

6 10 14 18 24 28 30 

f i 2 4 7 12 8 4 3 

Sol.  

xi f i f i xi (xi – x ) (xi –x )2 f i (xi –x )2 

6 2 12 –13 169 338 

10 4 40 –9 81 324 

14 7 98 –5 25 175 

18 12 216 –1 1 12 

24 8 192 5 25 200 

28 4 112 9 81 324 

30 3 90 11 121 363 

 N=40 760   1736 
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 JOH›=° �̂Î¼=°O 

 
760

(x) 19
40

= =  

q‹¬ë$u   

 
2

2 i if (x x) 1736
( ) 43.4

N 40

Σ −σ = = =  

 ã‡÷=¶}÷H› qKÇ�#O. (σ) = 43.4 6.59= . 

 

5.  ªé‡÷# qKªé‡÷# qKªé‡÷# qKªé‡÷# qKÇ�# „¬̂ Îœux L„¬†³¶yOz, H÷Ok ^Î̀ ŒëO‰§xH÷ =°^�Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøOÇ�# „¬̂ Îœux L„¬†³¶yOz, H÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøOÇ�# „¬̂ Îœux L„¬†³¶yOz, H÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøOÇ�# „¬̂ Îœux L„¬†³¶yOz, H÷Ok ^Î̀ ŒëO‰§xH÷ =° �̂Î¼=°O #°Oz =° �̂Î¼=° qKÇ�<Œxß H›#°HËøO    _�_�_�_� 

 Marks 0-10 10-20 20-30 30-40 40-50 50-60 60-70 

 No.of students 6 5 8 15 7 6 3 

Sol.   

Class interval Mid point xi f i di=(xi-35)/10 f i di |xi-median| f i |xi-median| 

0-10 5 6 –3 –18 28.4 170.4 

10-20 15 5 –2 –10 18.4 92 

20-30 25 8 –1 –8 8.4 67.2 

30-40 35 15 0 0 1.6 24 

40-50 45 7 1 7 11.6 81.2 

50-60 55 6 2 12 21.6 129.6 

60-70 65 3 3 9 31.6 94.8 

  N=50  Σf idi = –8  659.2 

WH›ø_È , =° �̂Î¼=°O N = 5, i ih( f d )
Mean(x) A

N

Σ= +  

         
10( 8)

35 33.4 marks
50

−= + =  

=° �̂Î¼=°O #°Oz =° �̂Î¼=°O ££££KÇ�#O= i i i
1 1

f | x x | (659.2) 13.18 (nearly)
N 50

Σ − = =  
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n�~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° 
1.

 542 ‹¬ƒ�’°¼� =†Ç°‹¬°ā qƒ�ì[#O `³eÀ„ H÷Ok „¬\÷“H›…Õx ^Î̀ ŒëO‰§xH÷ ªé‡÷# qKÇ�# „¬̂ Îœu#°„¬†³¶yOz =° �̂Î¼=¶xß, 542 ‹¬ƒ�’°¼� =†Ç°‹¬°ā qƒ�ì[#O `³eÀ„ H÷Ok „¬\÷“H›…Õx ^Î̀ ŒëO‰§xH÷ ªé‡÷# qKÇ�# „¬̂ Îœu#°„¬†³¶yOz =° �̂Î¼=¶xß, 542 ‹¬ƒ�’°¼� =†Ç°‹¬°ā qƒ�ì[#O `³eÀ„ H÷Ok „¬\÷“H›…Õx ^Î̀ ŒëO‰§xH÷ ªé‡÷# qKÇ�# „¬̂ Îœu#°„¬†³¶yOz =° �̂Î¼=¶xß, 542 ‹¬ƒ�’°¼� =†Ç°‹¬°ā qƒ�ì[#O `³eÀ„ H÷Ok „¬\÷“H›…Õx ^Î̀ ŒëO‰§xH÷ ªé‡÷# qKÇ�# „¬̂ Îœu#°„¬†³¶yOz =° �̂Î¼=¶xß, 
q‹¬Ö$ux Hq‹¬Ö$ux Hq‹¬Ö$ux Hq‹¬Ö$ux H›#°HËøO_�.›#°HËøO_�.›#°HËøO_�.›#°HËøO_�. 

=†Ç°‹¬°ā ‹¬O.�…Õ=†Ç°‹¬°ā ‹¬O.�…Õ=†Ç°‹¬°ā ‹¬O.�…Õ=†Ç°‹¬°ā ‹¬O.�…Õ 20-30 30-40 40-50 50-60 60-70 70-80 80-90 

‹¬ƒ�’°¼� ‹¬OY¼‹¬ƒ�’°¼� ‹¬OY¼‹¬ƒ�’°¼� ‹¬OY¼‹¬ƒ�’°¼� ‹¬OY¼ 3 61 132 153 140 51 2 

Sol.  

=†Ç°‹¬°ā ‹¬O.�=†Ç°‹¬°ā ‹¬O.�=†Ç°‹¬°ā ‹¬O.�=†Ç°‹¬°ā ‹¬O.�
…………C.I. 

=° �̂Î¼ aO Î̂°=ô 
(xi) 

(f i) 
i

i
x A

d
C

−=  

A = 55, C = 10 
f idi di

2 f idi
2 

20-30 25 3 –3 –9 9 27 

30-40 35 61 –2 –122 4 244 

40-50 45 132 –1 –132 1 132 

50-60  55→A 153 0 0 0 0 

60-70 65 140 1 140 1 140 

70-80 75 51 2 102 4 204 

80-90 85 2 3 6 9 18 

 N=542   –15 28 765 

JOH›=° �̂Î¼=°O 

 i if d 15
(x) A C 55 10 55 0.277 54.723

N 542

Σ −= + × = + × = − =  

q‹¬ë$u   = 
2 22

i i i i
2

f d f d 765 15 765 225

N N 542 542 542 (542)

Σ Σ −   − = − = −   
   

 

       
2

542 765 225 414630 225 414405
1.4106

293764 293764(542)

× − −= = = =  

2
2X A 1

V( ) V V(X) V(ax n) a V(x)
C C

−     µ = = ⋅ + = ⋅        
∵  

2V(X) C V( ) 100 1.4106 141.06= ⋅ µ = × = . 

 

2. ï~O_È° qƒ�ì[<Œ� qKÇ�<ŒOHê�° 60, 70 "Œ\÷ ã‡÷=¶}÷H› qKÇ�<Œ�° =~¡‹¬Qê 21, 16 "Œ\÷ JOH›=° �̂Î¼=¶�#° H›#°HËøO_�ï~O_È° qƒ�ì[<Œ� qKÇ�<ŒOHê�° 60, 70 "Œ\÷ ã‡÷=¶}÷H› qKÇ�<Œ�° =~¡‹¬Qê 21, 16 "Œ\÷ JOH›=° �̂Î¼=¶�#° H›#°HËøO_�ï~O_È° qƒ�ì[<Œ� qKÇ�<ŒOHê�° 60, 70 "Œ\÷ ã‡÷=¶}÷H› qKÇ�<Œ�° =~¡‹¬Qê 21, 16 "Œ\÷ JOH›=° �̂Î¼=¶�#° H›#°HËøO_�ï~O_È° qƒ�ì[<Œ� qKÇ�<ŒOHê�° 60, 70 "Œ\÷ ã‡÷=¶}÷H› qKÇ�<Œ�° =~¡‹¬Qê 21, 16 "Œ\÷ JOH›=° �̂Î¼=¶�#° H›#°HËøO_�    

Sol. Coefficient of variation (C.V) = 100
x

σ ×  

 i) 
21

60 100 x 35
x

= × ⇒ =  

 ii)  
16

70 100 y 22.85
y

= × ⇒ =  
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3.10 ~ËA�‡÷@° [iy# =~¡ëH›O…Õ H÷O Î̂ Wzó# 10 ~ËA�‡÷@° [iy# =~¡ëH›O…Õ H÷O Î̂ Wzó# 10 ~ËA�‡÷@° [iy# =~¡ëH›O…Õ H÷O Î̂ Wzó# 10 ~ËA�‡÷@° [iy# =~¡ëH›O…Õ H÷O Î̂ Wzó#  "Œ\ì� (À+~¡°�) �̂Î~¡� #°Oz, U À+~¡° ("Œ\ì) Zä›½ø= x�H›_È H›ey#^Ë H›#° "Œ\ì� (À+~¡°�) �̂Î~¡� #°Oz, U À+~¡° ("Œ\ì) Zä›½ø= x�H›_È H›ey#^Ë H›#° "Œ\ì� (À+~¡°�) �̂Î~¡� #°Oz, U À+~¡° ("Œ\ì) Zä›½ø= x�H›_È H›ey#^Ë H›#° "Œ\ì� (À+~¡°�) �̂Î~¡� #°Oz, U À+~¡° ("Œ\ì) Zä›½ø= x�H›_È H›ey#^Ë H›#°
HËøO_�.HËøO_�.HËøO_�.HËøO_�. 

X 35 54 52 53 56 58 52 50 51 49 

Y 108 107 105 105 106 107 104 103 104 101 

Sol.   

X Y X i
2  Yi

2  

–15 8 225 64 

4 7 16 49 

2 5 4 25 

3 5 9 25 

6 6 36 36 

8 7 64 49 

2 4 4 16 

0 3 0 9 

1 4 1 16 

–1 1 1 1 

ΣX i = 10 ΣY i = 50 ΣX i
2 = 360 ΣY i

2 = 290 

22
2iX 360 10

V(X) (X) 36 1 35
n 10 10

Σ  = − = − = − = 
 

 

22
2iY 290 50

V(Y) (Y) 29 25 4
n 10 10

Σ  = − = − = − = 
 

 

Y is stable. 

 

4. 
5 „¬ij�# =° �̂5 „¬ij�# =° �̂5 „¬ij�# =° �̂5 „¬ij�# =° �̂Î¼=°O 4.4, "Œ\÷ q‹¬ë$u 8.24. "Œ\÷…Õ =ü_È° „¬ij�#�° 1, 2, 6 J~ò Í̀, q°ye# ï~O_È° „¬ij�#�#° Î¼=°O 4.4, "Œ\÷ q‹¬ë$u 8.24. "Œ\÷…Õ =ü_È° „¬ij�#�° 1, 2, 6 J~ò Í̀, q°ye# ï~O_È° „¬ij�#�#° Î¼=°O 4.4, "Œ\÷ q‹¬ë$u 8.24. "Œ\÷…Õ =ü_È° „¬ij�#�° 1, 2, 6 J~ò Í̀, q°ye# ï~O_È° „¬ij�#�#° Î¼=°O 4.4, "Œ\÷ q‹¬ë$u 8.24. "Œ\÷…Õ =ü_È° „¬ij�#�° 1, 2, 6 J~ò Í̀, q°ye# ï~O_È° „¬ij�#�#° 
H›#°HËøO_�H›#°HËøO_�H›#°HËøO_�H›#°HËøO_�    

Sol.  

xi xi
2  

1 1 

2 4 

6 36 

x x2  

y y2  
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ã‡÷=¶}÷H› qKÇ�#=ò
2

2m
S.D. (x)

n

Σ= −  

JOH›=° �̂Î¼=°O 

x 4.4

1 2 6 x y
4.4

5

9 x y 22

x y 13 ...(1)

=

+ + + +
⇒ =

⇒ + + =

⇒ + =

 

2 2 2 2
2 21 4 3 x y 41 x y

S.D. (4.4) 19.36
5 5

+ + + + + += − = −  

S.D.2 =  « q‹¬ë$u = 
2 241 x y

19.36
5

+ + −  

2 2

2 2

2 2

2 2

41 x y
8.24 19.36

5

41 x y 5 27.6

x y 138 41

x y 97 ...(2)

+ ++ =

+ + = ×

+ = −

+ =

 

From (1) , (2)  

 x2 + (13 – x)2 = 97 

 x2 + 169 + x2 – 26x = 97 

 

2

2

2x 26x 72 0

x 13x 36 0

x 9x 4x 36 0

x(x 9) 4(x 9) 0

(x 9)(x 4) 0

x 4,9

− + =

− + =

− − + =

− − − =

− − =

=

 

Put x = 4 in (1) 

 y = 13 – 4 = 9 

Put x = 9 in (1) 

 y = 13 – 9 = 4 

∴ If x = 4, then y = 9. 

 If x = 9 then y = 4.  
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5.
 9 JO‰§�° H›ey# XH› ‹¬q°u †³òH›ø JOH›=° �̂Î¼=°O, ã‡÷=¶}÷H› qKÇ�<Œ�° =~¡‹¬Qê 43, 5. D ‹¬q°uH÷ 63 q�°= Q®9 JO‰§�° H›ey# XH› ‹¬q°u †³òH›ø JOH›=° �̂Î¼=°O, ã‡÷=¶}÷H› qKÇ�<Œ�° =~¡‹¬Qê 43, 5. D ‹¬q°uH÷ 63 q�°= Q®9 JO‰§�° H›ey# XH› ‹¬q°u †³òH›ø JOH›=° �̂Î¼=°O, ã‡÷=¶}÷H› qKÇ�<Œ�° =~¡‹¬Qê 43, 5. D ‹¬q°uH÷ 63 q�°= Q®9 JO‰§�° H›ey# XH› ‹¬q°u †³òH›ø JOH›=° �̂Î¼=°O, ã‡÷=¶}÷H› qKÇ�<Œ�° =~¡‹¬Qê 43, 5. D ‹¬q°uH÷ 63 q�°= Q®
� XH› JO‰×O KÍió Í̀, Wzó# 10 JO‰§� ‹¬q°uH÷ Hù`Çë =° �̂Î¼=°O, ã‡÷=°}÷H› qKÇ�<Œxß H›#°HËøO_�.� XH› JO‰×O KÍió Í̀, Wzó# 10 JO‰§� ‹¬q°uH÷ Hù`Çë =° �̂Î¼=°O, ã‡÷=°}÷H› qKÇ�<Œxß H›#°HËøO_�.� XH› JO‰×O KÍió Í̀, Wzó# 10 JO‰§� ‹¬q°uH÷ Hù`Çë =° �̂Î¼=°O, ã‡÷=°}÷H› qKÇ�<Œxß H›#°HËøO_�.� XH› JO‰×O KÍió Í̀, Wzó# 10 JO‰§� ‹¬q°uH÷ Hù`Çë =° �̂Î¼=°O, ã‡÷=°}÷H› qKÇ�<Œxß H›#°HËøO_�.  

Sol. 

9

i
i 1

x
X

n
==
∑

 

9

i
i 1

9

i
i 1

x
43

9

x 43 9 387

=

=

=

= × =

∑

∑

 

Hù Ç̀ë JOH›=° �̂Î¼=°O= 

10 9

i i 10
i 1 i 1

x x x
387 63

45
n 10 10

= =
+

+= = =
∑ ∑

 

9 9
2 2

i i
2 2 2 2i 1 i 1

x x
S.D (x) 5 (43)

9 9
= == − ⇒ = −
∑ ∑

 

9 9
2 2

i i
i 1 i 1

x x
25 1849 1874

9 9
= == + ⇒ =
∑ ∑

 

9
2

i
i 1

x 1874 9 16866
=

= × =∑  

 
10 9

2 2 2
i i 10

i 1 i 1

x x x 16866 3969 20835
= =

= + = + =∑ ∑  

New S.D. Hù Ç̀ë  ã‡÷=¶}÷H› qKÇ�#O = 

10
2

i
2 2i 1

x
20835

(x) (45)
10 10

= − = −
∑

 

  2083.5 2025 58.5 7.6485= − = = . 
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6.
 D H÷Ok „¬\÷“H›, XH› H›~ŒàQê~¡O…Õ „¬x"Œ ×̂¤ ~ËA"Œs r`Œ�#° ³̀�°„¬ô Ç̀°Ok. D „¬x"Œ ×̂¤ r`Œ� ã„¬=¶}÷H› qKÇ�<Œxß,D H÷Ok „¬\÷“H›, XH› H›~ŒàQê~¡O…Õ „¬x"Œ ×̂¤ ~ËA"Œs r`Œ�#° ³̀�°„¬ô Ç̀°Ok. D „¬x"Œ ×̂¤ r`Œ� ã„¬=¶}÷H› qKÇ�<Œxß,D H÷Ok „¬\÷“H›, XH› H›~ŒàQê~¡O…Õ „¬x"Œ ×̂¤ ~ËA"Œs r`Œ�#° ³̀�°„¬ô Ç̀°Ok. D „¬x"Œ ×̂¤ r`Œ� ã„¬=¶}÷H› qKÇ�<Œxß,D H÷Ok „¬\÷“H›, XH› H›~ŒàQê~¡O…Õ „¬x"Œ ×̂¤ ~ËA"Œs r`Œ�#° ³̀�°„¬ô Ç̀°Ok. D „¬x"Œ ×̂¤ r`Œ� ã„¬=¶}÷H› qKÇ�<Œxß,
 qKÇ�<ŒOH›O#° Q®}#O KÍ†Ç°O_�. qKÇ�<ŒOH›O#° Q®}#O KÍ†Ç°O_�. qKÇ�<ŒOH›O#° Q®}#O KÍ†Ç°O_�. qKÇ�<ŒOH›O#° Q®}#O KÍ†Ç°O_�. 

~ËA"Œs r`Œ�° ~ËA"Œs r`Œ�° ~ËA"Œs r`Œ�° ~ËA"Œs r`Œ�° 
(~¡¶II)(~¡¶II)(~¡¶II)(~¡¶II)   125-175 175-225 225-275 275-325 325-375 375-425 425-475 475-525 525-575 

„¬x"Œi ‹¬OY¼„¬x"Œi ‹¬OY¼„¬x"Œi ‹¬OY¼„¬x"Œi ‹¬OY¼ 2 22 19 14 3 4 6 1 1 

Sol.
 Ç̀~¡Q®u JO Ç̀~Œ� =° �̂Î¼ aO Î̂°=ô�° ‹¬OMì¼„¬~¡OQê Ì„^Îíq H›#°H› D ‹¬=°‹¬¼#° =°#O ªé‡÷# qKÇ�# „¬̂ Îœu L„¬†³¶y
Oz ª÷ �̂Î# KÍ̂ ¥œO 

   h = 50.   a = 300    C¶mÀOÐ0fº  C¶pÁýêfµÀC¶mÀOÐ0fº  C¶pÁýêfµÀC¶mÀOÐ0fº  C¶pÁýêfµÀC¶mÀOÐ0fº  C¶pÁýêfµÀ   i
i

x 300
y

50

−=  

Ç̀~¡Q®u JO Ç̀~¡O  

=° �̂Î¼ aO Î̂°=ô xi 

‡Ï#—‡Ï#—‡Ï#—‡Ï#—    

„¬ô#¼O„¬ô#¼O„¬ô#¼O„¬ô#¼O   fi 
yi f i yi f i yi

2 

150 2 –3 –6 18 

200 22 –2 –44 88 

250 19 –1 –19 19 

300 14 0 0 0 

350 3 1 3 3 

400 4 2 8 16 

450 6 3 18 54 

500 1 4 4 16 

550 1 5 5 25 

 N = 72  Σf iyi = –31 Σf iyi
2 = 239 

JOH› =° �̂Î¼=°O i if y 31 1550
x A h 300 50 300 278.47

M 72 72

Σ −   = + × = + = − =   
   

 

 q‹¬ë$u  
2

2 2 2
x i i i i2

h
( ) N f y ( f y )

N
 σ = Σ − Σ   

         [ ]2500
72(239) (31 31)

72 72
= − ×

×
 

 x
239 961

2500 88.52
72 72 72

 σ = − = × 
 

£Vµvm¸0Oµ0£Vµvm¸0Oµ0£Vµvm¸0Oµ0£Vµvm¸0Oµ0= 
88.52

100 31.79
278.47

× = .  
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7.
 XöH ~¡H›O „¬iã‰×=°ä›½ K³Ok# ï~O_È° ‹¬O‹¬œ�° XöH ~¡H›O „¬iã‰×=°ä›½ K³Ok# ï~O_È° ‹¬O‹¬œ�° XöH ~¡H›O „¬iã‰×=°ä›½ K³Ok# ï~O_È° ‹¬O‹¬œ�° XöH ~¡H›O „¬iã‰×=°ä›½ K³Ok# ï~O_È° ‹¬O‹¬œ�°  �…Õx „¬x"ŒiH÷ Wzó# r`Œ�#° q‰õÁ+¬ �…Õx „¬x"ŒiH÷ Wzó# r`Œ�#° q‰õÁ+¬ �…Õx „¬x"ŒiH÷ Wzó# r`Œ�#° q‰õÁ+¬ �…Õx „¬x"ŒiH÷ Wzó# r`Œ�#° q‰õÁ+¬} KÍ‹²#„¬C_È° D H÷Ok „¬\÷“H›…Õ} KÍ‹²#„¬C_È° D H÷Ok „¬\÷“H›…Õ} KÍ‹²#„¬C_È° D H÷Ok „¬\÷“H›…Õ} KÍ‹²#„¬C_È° D H÷Ok „¬\÷“H›…Õ
x q=~Œ�° ³̀e‰§~òx q=~Œ�° ³̀e‰§~òx q=~Œ�° ³̀e‰§~òx q=~Œ�° ³̀e‰§~ò    

        

 Firm A Firm B 

„¬x "Œi ‹¬OY¼„¬x "Œi ‹¬OY¼„¬x "Œi ‹¬OY¼„¬x "Œi ‹¬OY¼ 500 600 

 ~ËA"Œi ‹¬Q®@° r Ç̀O~ËA"Œi ‹¬Q®@° r Ç̀O~ËA"Œi ‹¬Q®@° r Ç̀O~ËA"Œi ‹¬Q®@° r Ç̀O 186 175 

r`Œ� qƒ�ì[<ŒxH÷ q‹¬ë$ur`Œ� qƒ�ì[<ŒxH÷ q‹¬ë$ur`Œ� qƒ�ì[<ŒxH÷ q‹¬ë$ur`Œ� qƒ�ì[<ŒxH÷ q‹¬ë$u 81 100 

    (i)            A …è̂ ¥…è̂ ¥…è̂ ¥…è̂ ¥B  …Õ U ‹¬O‹¬Ö, P „¬iã‰×=°…Õx r`Œ�…Õ Zä›½ø= qKÇ�<Œxß H›ey LOk?  …Õ U ‹¬O‹¬Ö, P „¬iã‰×=°…Õx r`Œ�…Õ Zä›½ø= qKÇ�<Œxß H›ey LOk?  …Õ U ‹¬O‹¬Ö, P „¬iã‰×=°…Õx r`Œ�…Õ Zä›½ø= qKÇ�<Œxß H›ey LOk?  …Õ U ‹¬O‹¬Ö, P „¬iã‰×=°…Õx r`Œ�…Õ Zä›½ø= qKÇ�<Œxß H›ey LOk?    
     (ii)  U ‹¬O‹¬Ö Zä›½ø= r Ç̀O a�° U ‹¬O‹¬Ö Zä›½ø= r Ç̀O a�° U ‹¬O‹¬Ö Zä›½ø= r Ç̀O a�° U ‹¬O‹¬Ö Zä›½ø= r Ç̀O a�°Á#° H›ey LOk?Á#° H›ey LOk?Á#° H›ey LOk?Á#° H›ey LOk?    

[:[:[:[:     ‹¬O‹¬Ö A  …Õx r`Œ� qƒ�ì[#O q‹ë¬$u 81 H›#°H› 2
1σ  = 81  ⇒  σ1 = 9. 

 

 ‹¬O‹¬Ö B  …Õx r`Œ� qƒ�ì[#O q‹ë¬$u 100 H›#°H› 2
2σ = 100 ⇒σ2 = 10. 

  ‹¬O‹¬Ö A  …Õx r`Œ� qƒ�ì[#„¬ô qKÇ�<ŒOH›O 1

1

9
100 100 4.84

x 186

σ × = × =  

 ‹¬O‹¬Ö B  r`Œ� qƒ�ì[<ŒOH›O 2

2

10
100 100 5.71

x 175

σ × = × =  

  
 ‹¬O‹¬Ö  qKÇ�<ŒOH›O, ‹¬O‹¬Ö  qKÇ�<ŒOH›O H›O>è Ì„ Î̂ík H›#°H› =¼H÷ëQ®̀ Ç r`Œ�H÷ ‹¬O|Ok�Oz, ‹¬O‹¬Ö  Zä›½ø= qKÇ�<Œxß H›

ey# Î̂x K³„¬æQ®�O 
 (ii)  ‹¬O‹¬Ö A  …Õx „¬x"Œi ‹¬OY¼(n1) = 500 
 P ‹¬O‹¬Ö ~ËA"Œs ‹¬Q®@° r Ç̀O 1x  = Rs.186 
 ~ËA"Œs ‹¬Q®@° r Ç̀O « K³eÁOz# "³ò Ç̀ëO r`Œ�°/„¬x"Œi ‹¬OY¼ 
 Hê|\÷“ „¬x"ŒiH÷ K³eÁOz# "³ò Ç̀ëO r`Œ�°  1 1n x 500 186 Rs.93,000= = × =  
  

 ‹¬O‹¬Ö B  …Õx „¬x"Œi ‹¬OY¼ (n2) = 600 

 
 ~ËA"Œs ‹¬Q®@° r Ç̀O 2x Rs.175=  
  „¬x"ŒiH÷ K³eÁOz# "³ò Ç̀ëO r`Œ�°= 2 2n x 600 175 Rs.1,05,000= × =  
  

 Hê|\÷“ ‹¬O‹¬Ö B  H÷ Zä›½ø= r Ç̀O a�°Á H›� Î̂x K³„¬æ=KÇ°ó   
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8.   20     ¶p±¼§v¶mv £¶ªåýÅi ¶p±¼§v¶mv £¶ªåýÅi ¶p±¼§v¶mv £¶ªåýÅi ¶p±¼§v¶mv £¶ªåýÅi 5.    ¶pñi ¶p±¼§v¶mÀ ¶pñi ¶p±¼§v¶mÀ ¶pñi ¶p±¼§v¶mÀ ¶pñi ¶p±¼§v¶mÀ 2    VÉ SµÀgº0W¶m¶pVÉ SµÀgº0W¶m¶pVÉ SµÀgº0W¶m¶pVÉ SµÀgº0W¶m¶pÁfµÀ ¶¢VÉÛ £¶ªåýÅi n Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. ÁfµÀ ¶¢VÉÛ £¶ªåýÅi n Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. ÁfµÀ ¶¢VÉÛ £¶ªåýÅi n Oµ¶mÀSÍ¶mÀ¶¢ÀÀ. ÁfµÀ ¶¢VÉÛ £¶ªåýÅi n Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.  

 

Sol.    x1, x2, ..., xn   � =° �̂Î¼=°O x   J#°HùO^¥O.   

           n = 20 , q‹¬ë$u = 5 

 O¸sdºàO¸sdºàO¸sdºàO¸sdºà
20 20

2 2
i i

i 1 i 1

1
(x x) 5 or (x x) 100

20 = =
− = − =∑ ∑   ...(1) 

 ¶¶¶¶pñi ¶p±¼§v¶mÀ pñi ¶p±¼§v¶mÀ pñi ¶p±¼§v¶mÀ pñi ¶p±¼§v¶mÀ 2    VÉ SµÀgº0W¶m¶pÁfµÀ OÍhµå ¶p±¼§v¶mvÀ  VÉ SµÀgº0W¶m¶pÁfµÀ OÍhµå ¶p±¼§v¶mvÀ  VÉ SµÀgº0W¶m¶pÁfµÀ OÍhµå ¶p±¼§v¶mvÀ  VÉ SµÀgº0W¶m¶pÁfµÀ OÍhµå ¶p±¼§v¶mvÀ    

  i i i iy 2x , i 1,2,..., 20 or x y / 2= = =  

   
20 20 20

i i i
i 1 i 1 i 1

1 1 1 1
y y 2x 2 x 2x or x y

20 20 20 2= = =
= = = ⋅ = =∑ ∑ ∑  

   xi ,x      v¶mÀ v¶mÀ v¶mÀ v¶mÀ (1)  vÎ ¶pñi °É»p0VµS¸vÎ ¶pñi °É»p0VµS¸vÎ ¶pñi °É»p0VµS¸vÎ ¶pñi °É»p0VµS¸          

  
220 20

2
i i

i 1 i 1

1 1
y y 100 i.e., (y y) 400

2 2= =

 − = − = 
 

∑ ∑  

   C¶pÁýêfµÀ,¶pûwhµ0S¸ ¶¢VÉÛC¶pÁýêfµÀ,¶pûwhµ0S¸ ¶¢VÉÛC¶pÁýêfµÀ,¶pûwhµ0S¸ ¶¢VÉÛC¶pÁýêfµÀ,¶pûwhµ0S¸ ¶¢VÉÛ    ¶p±¼§v¶mv £¶ªåýÅi¶p±¼§v¶mv £¶ªåýÅi¶p±¼§v¶mv £¶ªåýÅi¶p±¼§v¶mv £¶ªåýÅi     = 21
400 20 2 5

20
× = = × .     

 

9.    „¬ij�#�° „¬ij�#�° „¬ij�#�° „¬ij�#�°  �…Õ ã„¬ �…Õ ã„¬ �…Õ ã„¬ �…Õ ã„¬u^¥xß  H÷ Ì„Oz Í̀ …è̂ ¥ H›e„²̀ Í ( XH› ^�Î<Œ Ç̀àH› …è̂ ¥ ~¡°}ì Ç̀àH› ‹¬OY¼), =KÍó „¬ij�#� q‹¬ë$u Ug° u^¥xß  H÷ Ì„Oz Í̀ …è̂ ¥ H›e„²̀ Í ( XH› ^�Î<Œ Ç̀àH› …è̂ ¥ ~¡°}ì Ç̀àH› ‹¬OY¼), =KÍó „¬ij�#� q‹¬ë$u Ug° u^¥xß  H÷ Ì„Oz Í̀ …è̂ ¥ H›e„²̀ Í ( XH› ^�Î<Œ Ç̀àH› …è̂ ¥ ~¡°}ì Ç̀àH› ‹¬OY¼), =KÍó „¬ij�#� q‹¬ë$u Ug° u^¥xß  H÷ Ì„Oz Í̀ …è̂ ¥ H›e„²̀ Í ( XH› ^�Î<Œ Ç̀àH› …è̂ ¥ ~¡°}ì Ç̀àH› ‹¬OY¼), =KÍó „¬ij�#� q‹¬ë$u Ug°     
    =¶~¡̂ Îx KÇ¶„¬O_�=¶~¡̂ Îx KÇ¶„¬O_�=¶~¡̂ Îx KÇ¶„¬O_�=¶~¡̂ Îx KÇ¶„¬O_�    

     

Sol.   x1, x2, ..., xn   � =° �̂Î¼=°O x   J#°HùO^¥O J„¬C_È° "Œ\÷ q‹¬ë$u  

   
n

2 2
1 i

i 1

1
(x x)

n =
σ = −∑ . 

 ã„¬u „¬ij�#ä›½ XH› ‹²Ö~¡~Œt  H›e„²̀ Í, =KÍó Hù Ç̀ë „¬ij�#�°  

  yi = xi + k …(1) 

 J„¬C_È° Hù Ç̀ë „¬ij�#� =° �̂Î¼=°O 
n

i
i 1

1
y y

n =
= ∑  

     
n n n

i i
i 1 i 1 i 1

1 1
(x k) x k

n n= = =

 = + = + 
 

∑ ∑ ∑  

     
n

i
i 1

1 1
x (nk) x k

n n=
= + = +∑  …(2) 

 Hù Ç̀ë „¬ij�#� q‹¬ë$u= 
n

2 2
2 i

i 1

1
(y y)

n =
σ = −∑  

     
n

2
i

i 1

1
(x k x k)

n =
= + − −∑ ,   (1) , (2) 

     2 2
i 1

1
(x x)

n
= − = σ . 

 Hù Ç̀ë „¬ij�#� q‹¬ë$u, `ùe „¬sj�#� q‹¬ë$uH÷ ‹¬=¶#O    
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10.10 WxßOQ®°�…Õ 10 WxßOQ®°�…Õ 10 WxßOQ®°�…Õ 10 WxßOQ®°�…Õ A,BJ<Í W Î̂í~¡° ãH÷ïH\̃ P@Qê ×̂¤ ªéø~¡°�° D H÷Ok W=Þ_È"³°ØOk. gi…Õ Z=~¡° Zä›½ø= „¬~¡°Q®°�° ª÷k�OKÍJ<Í W Î̂í~¡° ãH÷ïH\̃ P@Qê ×̂¤ ªéø~¡°�° D H÷Ok W=Þ_È"³°ØOk. gi…Õ Z=~¡° Zä›½ø= „¬~¡°Q®°�° ª÷k�OKÍJ<Í W Î̂í~¡° ãH÷ïH\̃ P@Qê ×̂¤ ªéø~¡°�° D H÷Ok W=Þ_È"³°ØOk. gi…Õ Z=~¡° Zä›½ø= „¬~¡°Q®°�° ª÷k�OKÍJ<Í W Î̂í~¡° ãH÷ïH\̃ P@Qê ×̂¤ ªéø~¡°�° D H÷Ok W=Þ_È"³°ØOk. gi…Õ Z=~¡° Zä›½ø= „¬~¡°Q®°�° ª÷k�OKÍ
 P@Qê_Ë, Z=~¡ P@Qê_Ë, Z=~¡ P@Qê_Ë, Z=~¡ P@Qê_Ë, Z=~¡° x�H›_È Q®� P@Qê_Ë H›#°HËøO_�° x�H›_È Q®� P@Qê_Ë H›#°HËøO_�° x�H›_È Q®� P@Qê_Ë H›#°HËøO_�° x�H›_È Q®� P@Qê_Ë H›#°HËøO_� 

  A ªéø~¡°�° ªéø~¡°�° ªéø~¡°�° ªéø~¡°�° : xi 40 25 19 80 38 8 67 121 66 76 

  B ªéø~¡°�°ªéø~¡°�°ªéø~¡°�°ªéø~¡°�°: yi 28 70 31 0 14 111 66 31 25 4 

   Sol.   A   JOH› =° �̂Î¼=°O: 
540

x 54
10

= =  

   B  JOH› =° �̂Î¼=°O   : 
380

y 38
10

= =  

xi (xi-median) (xi-median)2 yi (yi- y median) (yi - y median)2 

40 –14 196 28 –10 100 

25 29 841 70 32 1024 

19 –35 1225 31 –7 49 

80 26 676 0 –38 1444 

38 –16 256 14 –24 576 

8 –46 2116 111 73 5329 

67 13 169 66 28 784 

121 67 4489 31 –7 49 

66 12 144 25 –13 169 

76 22 484 4 –34 1156 

Σxi = 540  10596 Σyi = 380  10680 

 

   A  ªéø~¡°� ã‡÷=°}÷H› qKÇ�#O   = 2
x i

1 10596
(x x) 1059.6 32.55

n 10
σ = Σ − = = =  

   ªéø~¡°� ã‡÷=°}÷H› qKÇ�#O B = 2
y i

1 10680
(y y) 1068 32.68

n 10
σ = Σ − = = =  

   A qKÇ�<ŒOH›O= x 32.55
100 100 60.28

x 54

σ × = × =  

   B qKÇ�<ŒOH›O = y 32.68
100 100 86

y 38

σ
× = × =  

   x y,>  H›#°H› A  Zä›½ø= ªéø~¡° ª÷k�OKÍ P@Qê_È° A is a better run getter (scorer). 

 A qKÇ�<ŒOH›O<  B qKÇ�<ŒOH›O Hê|\÷“  Zä›½ø= x�H›_ÈQ®� P@Qê_È° ä›�_¨.   
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Properties of Triangles 

    iñsûµÀY lûµ±¸îvÀ 

1. Sine rule : In ABC, 
Asin 

a = 
Bsin 

b  = 
Csin 

c  = 2R,  R ¶p±¼¶¢Åhµå ¢¸ï«¸±µè0 . 

  a = 2R sin A, b = 2R sin B, c = 2R sin C 

 a : b : c = sin A : sin B : sin C. 

2. Cosine rule : In ABC,  

 a2 = b2 + c2 – 2bc cos A 

 b2 = c2 + a2 – 2ac cos B 

 c2 = a2 + b2 – 2ab cos C 

          or 

 cos A = 
2bc

acb 222  ;  cos B = 
2ca

bac 222  ;  cos C = 
2ab

cba 222     cos A : cos 

B : cos C. 

 = a(b2 + c2 – a2) : b(c2 + a2 – b2) : c(a2 + b2 – c2) 

3.    ABC vÎ 

 a = b cos C + c cos B, b = c cos A + a cos C, c = a Cos B + bcos A 

4. Mollwiede’s rule : In ABC 

 
c

ba   = 

2
C

cos

2
BA

sin


’ 
c

ba   = 

2
C

sin

2
BA

cos


 . 

 

5. Tangent rule (or) Napier’s analogy : In ABC 

 
2

BA
tan

  = 
2

C
cot

ba

ba


 ;  

 
2

CB
tan

  = 
2

A
cot

cb

cb


 ; 

 
2

AC
tan

  = 
2

B
cot

ac

ac


  

6. i.
2

A
sin  = 

bc

c)b)(s(s 
; 

2

B
sin  = 

ca

a)c)(s(s 
; 

2

C
sin  = 

ab

b)a)(s(s 
. 

ii. 
2

A
cos  = 

bc

)as(s  ; 
2

B
cos  = 

ac

)bs(s  ; 
2

C
cos  = 

ab

)cs(s   
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iii. 
2

A
tan  =   

 ass

csbs


  =   


 csbs ; 

2

B
tan  =   

 bss

csas


  =    


 csas ; 

 
2

C
tan  =    

 css

bsas


  =    


 bsas iv. 

2

A
cot  =  

  csbs

ass


  =  


 ass ; 

 
2

B
cot  =  

  ascs

bss


  =  


 bss ; 

2

C
cot  =  

  bsas

css


  =  


 css  

7. cot A = 
4Δ

acb 222  ; cot B = 
4Δ

bac 222  ; cot C = 
4Δ

cba 222  . 

 

8.   ABC  ËÈ¢¥¹vï0 

i.  = 
2

1 ab sin C = 
2

1 bc sin A = 
2

1 ca sin B 

ii.  =    csbsass  . 

iii.  = 
4R

abc  

iv.  =2R2 sin A sin B sin C  

v.  = rs 

vi.  = 321 r r rr  

9.  iñsûµÀY0  ABC  vÎ 

 i.  r = 
s

 , r1 = 
as 

 , r2 = 
bs 

 , r3 = 
cs 

  

 ii. r = 4R sin
2

A  sin
2

B  sin
2

C  

     r1 = 4R sin
2

A cos cos
2

C  

     r2 = 4R cos
2

A sin
2

B  cos
2

C  

     r3 = 4R cos
2

A cos
2

B sin
2

C  

 iii. r =  as  tan
2

A  =  bs   tan
2

B  = tan  cs 
2

C  

      r1 = s tan 
2

A =  bs  cot
2

C  =  cs cot
2

B   
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      r2 =s tan 
2

B  =  cs   cot
2

A  =  as  cot
2

C  

      r3 = s tan
2

C  =  as  cot
2

B  =  bs  cot
2

A  

10. i) 
r

1  = 
1

1

r
 + 

2

1

r
 + 

3

1

r
 

 ii) rr1r2r3 =  2 

11. i) r1r2 + r2r3 +r3r1 = s2 

  ii) r(r1 + r2 + r3) = ab + bc + ca – s2. 

  i) (r1 – r)(r2 + r3) = a2 

    (r2 – r)(r3 + r1) = b2 

    (r3 – r)(r1 + r2) = c2 

 ii) a = (r2 + r3) 
32

1

rr

rr ,     b = (r3 + r1) 
13

2

rr

rr ,     c = )r1 + r2) 
21

3

rr

rr  

12. i) r1 – r = 4R sin2
2

A ,    r2 – r = 4R sin2
2

B ,     r3 – r = 4R sin2
2

C  

 ii) r1 + r2 = 4R cos2
2

C ,     r2 + r3 = 4R cos2
2

A ,     r3 + r1 = 4R cos2
2

B  

13. r1 + r2 + r3 = 4R, r + r2 + r3 – r1 = 4R cosA, r + r3 + r2 – r2 = 4R cosB,

 r + r1 + r2 – r3 = 4R cosC 

14.   ‘a’   sûµÀY0 S¸ Sµv ¶ª¶¢Às¹¶¬À iñsûµÀY0 vÎ  

 i) area = 
4

a3 2

 ii) R = a / 3  

 iii) r = R / 2  iv) r1 = r2 + r3 = 3R / 2 

 v)  r : R : r1 = 1 : 2 : 3 
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 

1.  LOµ iñsûµÀY0 ±ÀÇÀÀOµÖ sûµÀY¹vÀ 3,4,5  KhÉ  iñsûµÀY ¶p±¼¶¢Åhµå   ¢¸ï«¸±¸èné 

Oµ¶mÀSÍ¶m0fº.      

Sol.  iñsûµÀY0 ±ÀÇÀÀOµÖ sûµÀY¹vÀ 3,4,5   

2 2 23 4 5        O¸¶¢Á¶m iñsûµÀY0 v0s OÐg iñsûµÀY0 ¶¢À±¼±ÀµÀÀ l¸n £Oµä0 =5 

¶p±¼¶¢Åhµå   ¢¸ï«¸±µç0  =  1 5
.

2 2
hypotenuse   

2.  sin sin 0a B C   Cn VµÃ¶pÁ¶¢ÀÀ 

Solutoin: - 

  2 sin sin sin 2 sinR A B C a R A    

       2 sin sin sin sin sin sin sin sin sin 0R A B C B C A C A B       

 

3. 0 03 1 30 45a cms B C       C±ÀÀhÉ n C ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

  0 030 45B C     but 0 0 0180 75 180A B C A       

 0105A   

 
0 0

3 1 3 1
1sin sin sin105 sin 45 3 1
22 2

a c C C

A C

 
    

   
     

 

 

4.  a = 2 , b = 3, c = 4 C±ÀÀhÉ  cos A  ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Solution : - 

 OÍËÈª´m ¶ªÃhµñ0 ¶mÀ0fº  
2 2 2

cos
2

b c a
A

bc

 
  

 9 16 4 21 7
cos cos

2 3 4 24 8
A A

 
   

 
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5.  a = 26, b = 30 63
cos

65
C   C±ÀÀhÉ  n   C ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Solution : - 

 From cosine rule 2 2 2c 2 cosa b ab c    

    2 22 26 30 2 26c      30  63

65
2 676 900 1512

5

c     

 2 64 8c c    

 

6. LOµ iñsûµÀY0 vÑ OÐg¸vÀ 1 : 5 : 6    n¶¨êiå vÎ G0dÉ sûµÀY¹v     n¶¨êiå  

Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

Solution : - 

   A = x  B = 5x C = 6x 

   0 0 0180 12 180 15A B C x x        

 0 0 015 5 15 6 15A B C       

 0 0 015 75 90A B C    

 sûµÀY¹v     n¶¨êiå : : 2 sin : 2 sin : 2 sina b c R A R B R C   

  sin : sin : sinA B C  

  0 0 0 3 1 3 1
sin15 : sin 75 : sin 90 : :1

2 2 2 2

 
   

     3 1 : 3 1 : 2 2    

7.      2 2 22 cos c cos cosbc A a B ab C a b c      Cn n±µÃ»p0VµÀ¶¢ÀÀ. 

 L.H.S= 2 cos 2 cos 2 cosbc A ca B ab c   

 From cosine rule 
2 2 2 2 2 2

cos cos
2 2

b c a a c b
A B

bc ac

   
   

 
2 2 2

cos
2

a b c
c

ab

 
  

 2bc
 2 2 2

2

b c a

bc

 
2ac

2 2 2

2

a c b

ac

 
2ab

 
 

 

 2 2 2

2

a b c

ab

 
 

 2 2b c 2a 2a 2 2c b  2a 2b 2c 2 2 2a b c    
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8.    
2 2 2

2 2 2

tan

tan

a b c B

c a b C

 


 
 Cn n±µÃ»p0VµÀ¶¢ÀÀ. 

 
2 2 2 2 2 2

2 4sin 22
tan

cos 2R
2

b
RB b acR

B
a c bB a c b

ac

 
 
     
   

 2
4

2R    
2 2 2

4abc R
a c b

 
 

  

 
2 2 2

4
tan B

a c b




 
 

2 2 2

4
||| tanly C

a b c




 
 

R.H.S 
2 2 22 2 2

2 2 2

2 2 2

4
tan

4tan

B a b ca c b

C a c b
a b c


  

 
  

 

 

9.        cos cos cosb c A c a B a b C a b c         Cn n±µÃ»p0VµÀ¶¢ÀÀ. 

Solution : - 

      cos cos cosb c A c a B a b C      

 cos c cos c cos cos cos cosb A A B a B a c b c      

      cos cos cos cos cos cosb A a B b c c B c A a c      

 c   +a +b {from projection rule} 

 a b c    

9.    cos sin cos sinb a c A a A c   Cn n±µÃ»p0VµÀ¶¢ÀÀ. 

Solution : - 

 £°É¶pg ¶ªÃhµñ0 ¶mÀ0fº  cos cosb a c c A   

 L.H.S  cos cos cos sin cos sina C c A a C A c A A     

    2 sin cos sinR C A A  

     2 sin cos sinR A A C  

    cos sina A C  

10. If 4, 5 are two sides of a triangle and the include angle is 060  find the area 

Solution: - 

 Given b = 4     C = 5 A = 060  

 Area of triangle 01 1
sin 4 5 sin 60 5 3

2 2
bc A       
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11.   2 2cos cos
2 2

C B
b S   Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

      cos
cos

2 2

S S C S S bC B

ab ac

 
   

 
   2 2cos cos

2 2

S S C S S bC B
b c b c

ab ac

 
    

      2
S s s

s c s s b c a b c b c
a a a

            

 S  

12.  
cos cos cos

a b c

A B C
   KhÉ  ABC  ¶ª¶¢Às¹¶¬À iñsûµÀY0 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution: - 

 2 sin 2 sin 2 sin

cos cos cos cos cos cos

a b c R A R B R C

A B A A B C
      

 tan tan tanA B C A B C      

   Triangle ABC is equilateral 

 

13.    a cot A = 2(R + r)  Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. cos A
a cot A 2R sin A

sin A
    

  2R cos A   

A B C
2R 1 4sin sin sin

2 2 2
   
 

 

  

A B C
2 R 4R sin sin sin 2(R r)

2 2 2
     
 
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14. ABC vÎ    r1 + r2 + r3 – r = 4R Cn VµÃ¶pÁ¶¢ÀÀ. 

Sol. r1 + r2 + r3 – r = A B C
4R sin cos cos

2 2 2
+ A B C A B C

4R cos sin cos 4R cos cos sin
2 2 2 2 2 2

  

A B C
4R sin sin sin

2 2 2
  

 A B C B C A B C B C
4R sin cos cos sin sin 4R cos sin cos cos sin

2 2 2 2 2 2 2 2 2 2
            

 

 
2 2

2 2

A B C A B C
4R sin cos 4R cos sin

2 2 2 2

A A A A
4R sin sin 4R cos cos

2 2 2 2

A A
4R sin cos

2 2

A A
4R sin cos 1

2 2

        
   

 

    

    
 


 

15. cos cos

cos cos

c b A B

b A C





 Cn VµÃ¶pÁ¶¢ÀÀ 

Hint: £°É¶pg ¶ªÃh¸ñv¶mÀ0fº C = b coA + a cosB 

  cos cosb a C C A   

 

16.     2 2cos c cosa b C B b c    Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

  cos c cos cos cosa b c B ab c ac B    

R.H.S vÎ 
2 2 2 2 2 2

cos , cos
a b c a c b

C B
ab ac

   
  ¶pñi °É»p0Vµ0fº.     

 

 

17.   ABC vÎ   (b + c) cos A = 2s Cn VµÃ¶pÁ¶¢ÀÀ 

 

Sol. L.H.S.  

= (b + c)cos A + (c + a)cos B + (a + b)cos C 

= (b cos A + a cos B) + (c cos B + b cos C) + (a cos C + c cos A) 
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= c + a + b = 2s = R.H.S. 

 

18.   ABC vÎ  (a + b + c), (b + c – a) = 3bc   C±ÀÀhÉ  A   Oµ¶mÀSÍ¶mÀ¶¢ÀÀ .   

Sol. 2s(2s – 2a) = 3bc 

2s(s a) 3 A 3
cos

bc 4 2 4

A 3
cos cos30

2 2

A
30 A 60

2


   

   

    

 

18.   ABC vÎ 
1 2 3

1 1 1 1

r r r r
    Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. L.H.S. = 
1 2 3

1 1 1 s a s b s c

r r r

  
    

  
 

3s (a b c) 3s 2s s 1
R.H.S.

r

   
    

  
 

 

19.   ABC vÎ  2
1 2 3rr r r    Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. L.H.S. = 1 2 3rr r r
s s a s b s c

   
   

  
 

 
4

2
2

R.H.S.


   


 

20. LOµ ¶ª¶¢Àsû¹¶¬À iñsûµÀY0 vÎ r

R
 £vÀ¶¢ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Sol. 2

A B C
4R sin sin sinr 2 2 2 4sin 30

R R
    

3
1 1

4 ( A B C 60 )
2 2

       
 

  

21.  If rr2 = r1r3KhÉ,   BOµ¶mÀSÍ¶mÀ¶¢ÀÀ. 

Sol. 2 1 3rr r r
s s b s a s c

   
    

  
 

(s a)(s c) s(s b)      
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2(s c)(s a) B
1 tan 1

s(s b) 2

 
   


 

B B
tan 1 45 B 90

2 2
        

 

 22. A = 90 KhÉ   2(r + R) = b + c Cn VµÃ¶pÁ¶¢ÀÀ 

 

Sol. L.H.S. = 2r + 2R = 2(s – a) A
tan 2R 1

2
   

= 2(s – a) tan 45 + 2R sin A 

= (2s – 2a)1 + a (A = 90) 

= b + c 

= R.H.S. 

 

23. iñsûµÀY0 vÎ 1 cot
2

A
r  ¶mÀ S  vÎ ¢¸ñ±ÀµÀ0fº S 

Solution : -  

1 1 2 3cot / 2 cot / 2 cot / 2 cot
2

C
r A r A r B r    

 1 2 3tan / 2 tan / 2 tan / 2r s A r s B r s C    

 tan cot / 2 tan / 2 cot / 2 tan cot
2 2 2

A C C
s A s B B s    

 3s s s s     

 

  24. 
  

1 3r

s b s c r


   Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 
           

31 1 2 rr r r

s b s c s b s c s c s a s a s b
  

         

 But 1 2 3r r r
s a s b s c

  
  

  
 

 
           s a s b s c s a s b s c s a s b s c

  
  

        
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    2

3 3 3 3s s

s s a s b s c r
s

 
   

     
 
 

 

 

¶ªövê ¶ª¶¢Ãlû¸¶m ¶pñ¶¥évÀ 

1.    iñsûµÀY0  ABC   vÎ cos cos cos 4 sin sin sina A b B C c R A B C    Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 L.H.S cos cos cos 2 sin cos 2sin cos 2 sin cosa A b B C C R A A B B R C C       

  2 2sin 2 sin sinR A B C    

Given that 0180A B C    

. .L H S      sin cos sin 2R A B A B C     

      2sin cos 2sin cos 2 sin cos cosR C A B C C R C A B C       

     02 sin cos cos 180R C A B A B      

     2 sin cos cos 4 sin sin sinR C A B A B R A B C      

 

2.  3 sin 0a B C   Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

        33 3 3sin 2 sin sin 8 sin sina B C R A B C R A B C        

      3 2 3 2 08 sin sin sin 8 sin sin 180 sinR A A B C R A B C B C       

    0180A B C    

 =      3 2 3 2 2 28 sin sin . sin 8 sin sin sinR A B C B C R A B C      

       3 2 2 2 2 2 2 2 2 28 sin sin sin sin sin sin sin sin sinR A B C B C A C A B       

 = 0 
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3. iñsûµÀY0ABC    vÎ      
2 2 2 2 2 2

sin sin sina B C b C A C A B

b c C a a b

  
 

  
 Cn VµÃ¶pÁ¶¢ÀÀ 

  

Solution : -  

    
 2 2 2 2 2

2 sin : 2 sinsin 2 sin sin

2 sin sin4 sin sin

a R A b R Ba B C R A B C

C R C from e Ruleb c R B C

    
     


 

 
      2 2

sin . sin1
sin sin

2 sin sin

B C B C
A B C In a triangle ABC

R B C

 
 


  

 
2 2

2 2

1 sin sin 1

2 sin sin 2

B C

R B C R





 

 ElÉ£lûµ0S¸       
2 2 2 2

sin sin1 1

2 2

b C A C A B
and

c a R a b R

 
 

 
 Cn VµÃ¶pSµv¶¢ÀÀ 

 

4.  

 

cos cos cosa A b B c C

bc a ca b ab c
      Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 
2cos cosa A a bc A

bc a abc


   

  
2 2 2

cos
2

b c a
A

bc

 
  

 
2

2 cos
bc

aa bc A

abc




2 2 2

2 2 2 222
2

b c a
a b c abc

abc abc

   
  

  

 
2 2 2

2

a b c

abc

   

 |||ly   

2
2cos cos

ac
b

b B b ac B

ca b abc




  

 2 2 2

2

a c b

ac

 
2 2 2

2

a b c

abc abc

 
  

 |||ly  
2 2 2cos

2

c c a b c

ab c abc

 
   
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5.   
 

2 2

2 2

1 cos cos

1 cos cos

A B C a b

A C B a c

  


  
 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 iñsûµÀY0ABC    vÎ 0 0180 180A B C C A B        

  0180B A C    

 
 
 

   
   

0

0

1 cos cos 1801 cos cos

1 cos cos 1 cos . cos 180

A B A DA B C

A C B A C A C

    


     
 

 
   
   

 
 

2 2

2 2

1 cos sin1 cos cos

1 cos cos 1 cos sin

A BA B A B

A C A C A C

   
 

    
 

 

2 2

2 2 2 2 2 22 2

2 22 2 2 2 2 2

2 2

1 cos sin sin sin 4 4
1 cos sin sin sin

4 4

a b
A B A B a bR R

a cA C A C a c
R R

   
   

   
 

6.  060C    C±ÀÀhÉ  (i) 1
a b

b c c a
 

 
 (ii) 

2 2 2 2 0
b a

c a c b
 

 
 Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

 Given 060C   

 2 2 2 2 cosC a b ab C    

 2 2 2 2C a b  
1

2
ab

 
 
 

 

 2 2 2C ab a b    

 a b

b c c a
 

 
 

 
  

2 2 2 2

2

ac a bc b a b ac bc

b c c a bc ab c ac

     


    
 

 But 2 2 2a b c ab    

 
2

2
1

c ab ac bc

bc ab c ac

  


  
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(ii)  
2 2 2 2 0

b a

c a c b
 

 

   
  

2 2 2 2

2 2 2 2

b c b a c a

c a c b

  


 
 

 
  

    
  

2 2 22 3 2 3

2 2 2 2 2 2 2 2

c a b a b a b abbc b ac a

c a c b c a c b

      
 

   
 

 
   

   
  2 22 2 2

2 2 2 2

a b c c aba b c a b ab

c a c b

         
 

ab 
  2 2 2 2c a c b

 
 
 

 

 = 0 

7.  iñsûµÀY0ABC    vÎ 1 1 3

a c b c a b c
 

   
 KhÉ   060c   Cn VµÃ¶pÁ¶¢ÀÀ  

Solution : - 

 Given 1 1 3

a c b c a b c
 

   
 

 3
a b c a b c

a c b c

   
 

 
 

    
3

a c b a b c a

a c b c

   
  

 
c

a

 b cb a

a c b cc


  

  b c
3  

 
2 2

2
1 1

b a b bc a ac

a c b c ab ac bc c

  
   

    
 

  2 2 2 2 2 22 cos 2 cosa b c ab ab C ab a b c abc C         

 01
cos 60

2 2

ab
C C

ab
    cos

ab
C 

2ab
01

60
2

C    

8.      a : b : c = 7 : 8 : 9  KhÉ   cos : cos : cosA B C  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

Soltion : - 

 
  

2 2 2 2 2 2 264 81 49 96
cos

2 2 8 9

b c a k k k k
A

bc k k

   
  

12

2 8k 9 k
 

 
2 2 2 2 2 2 3349 81 64 66

cos
2 2 7 9 2

a c b k k k
B

ac k k

   
  

 
11

2163



 

 
2 2 2 2 2 2 249 64 81 32 2

cos
2 2 7 8 20 8 7

a b c k k k k
C

ab k k k k

   
   

  
 

 2 11 2 2 11 2
cos cos co 21 21 21

3 21 7 3 21 7
A B C             

 14 :11: 6  
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9.  
2 2 2cos cos cos

2

A B C a b c

a b c abc

 
    Cn VµÃ¶pÁ¶¢ÀÀ  

 

 LHS cos cos cos cos cos cosA B C bc A ca B ab C

a b c abc

 
    

 2 cos 2 cos 2 cos

2

bc A ca B ab C

bac

 
  

 
2 2 2b c a 


2a 2c 2b 2 2a b  2c

2abc
 

2 2 2 2 2 2

2 2 2

2 cos : 2 cos

2 cos

bc A b c a ac B a c b

ab c a b c

       
 

    


 

 
2 2 2

2

a b c

abc

 
  

10.    cos cos cos sin cos
2 2

A B A B
b a c c B A c ec

           
   

 Cn VµÃ¶pÁ¶¢ÀÀ  

 

Solution : - 

    cos cos cosb a c c B A    

  cos cos cos cos cos cos cos cosb c a c B A b c B ca C A        

 a b  (£°É¶pg ¶ªÃh¸ñv¶mÀ0fº) 

  2 sin sinR A B   

 2 2cos sin
2 2

A B A B
R
          

    
 

 
2 2sin sin cos 2 2sin cos sin

2 2 2 2 2 2

cos cos
2 2

C A R C C C A BR R

C C

      
              

 
2 sin sin

2
sin sin cos

2 2
sin

2

A B
R C

A B A B
c C ec

A B

 
                 

 
 

 

 0 090 ; 90
2 2 2 2

In a triangle ABC

C A B A B C

 
 

        
  


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11. 2 2sin sin
2 2

C A
a c a 

  s a s b

a

    s b s c
c

bcb

 
  

 
  s b s a s c

b

   
 

 
    2 s b as b s ac

b

 


b c  a c   s b
b

   

12. 3b c a   KhÉ  
 
cot cot

2 2

B c    Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

Solution : - 

 
 

  
 

  
cot cot

2 2

s s b s s cB c

s a s c s a s b

 


   
 

 
 

  
 

    
2

.
2

s s b s s c s s

s a s c s a s b s a s a

 
  

     
 

 3 4
2

3 2

b c a a a a

b c a a a a

  
   

  
 

 

  13.    2 22 2 2cos sin
2 2

A A
b c b c a     Cn VµÃ¶pÁ¶¢ÀÀ   

Solution : - 

    2 22 2cos sin
2 2

A A
b c b c    

    2 2 2 2 2 22 cos 2 sin
2 2

A A
b c bc b c bc      

 2 2 2 2 2 2 2 2cos sin cos sin 2 cos sin
2 2 2 2 2 2

A A A A A A
b c bc
              
     

 

 2 2 22 cosb c bc A a    (from cosine rule) 

 |||ly  prove that (i)    2 22 2 2cos sin
2 2

C B
c a c a b     

 (ii)    2 22 2 2cos sin
2 2

c C
a b a b c    ] 
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14. iñsûµÀY0ABC    vÎ  r + r1 + r2 – r3 = 4R cos C Cn VµÃ¶pÁ¶¢ÀÀ   

Sol.

 

1 2 3
A B C A B C A B C A B C

r r r r 4R sin sin sin 4R sin cos cos 4R cos sin cos 4R cos cos sin
2 2 2 2 2 2 2 2 2 2 2 2

      

  

A B C B C A B C B C
4R sin cos cos sin sin 4R cos sin cos cos cos

2 2 2 2 2 2 2 2 2 2

A B C A B C
4R sin cos 4R cos sin

2 2 2 2

            

        
   

  

B C B C B C B C
4R cos cos 4R sin sin

2 2 2 2

B C B C B C B C
4R cos cos sin sin

2 2 2 2

B C B C
4R cos

2 2

B C B C
4R cos

2

2C
4R cos 4R cosC

2

                  
       

                             

    
 

     
 

 

 

15.  r1 + r2 + r3 = r KhÉ      C = 90 Cn VµÃ¶pÁ¶¢ÀÀ   

Sol. 1 2
1 2 3

3

r r
r r r r 1

r r


    


 …(1) 

1 2

2

A B C A B C
r r 4R sin cos cos 4R cos sin cos

2 2 2 2 2 2

C A B A B
4R cos sin cos cos sin

2 2 2 2 2

C A B
4R cos sin

2 2

C C
4R cos cos

2 2

C
4R cos

2

  

    

    

 


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3

2

A B C A B C
r r 4R sin sin sin 4R cos cos sin

2 2 2 2 2 2

C A B A B
4R sin sin sin cos cos

2 2 2 2 2

C A B
4R sin cos

2 2

C C
4R sin sin

2 2

C
4R sin

2

  

    

         

    

 

 

2

23

21 2

2

C
4R sinr r C2 tan

Cr r 24R cos
2

C
tan tan 45 From(1)

2

C
45 C 90

2


 



  

    

 

16. 4(r1r2 + r2r3 + r3r1) = (a + b + c)2 Cn n±µÃ»p0Vµ0fº  . 

Sol. 4(r1r2 + r2r3 + r3r1) 4
S a S b S b S c S c S a

                  
 

2

2

2
2

2
2 2

2

2 2

S c S a S b
4

(S a)(S b)(S c)

3S (a b c)
4

(S a)(S b)(S c)

S
4

S(S a)(S b)(S c)

S
4 4S

(2S) (a b c)

     
      

   
      

 
      

  


   

 

17. 
3 2 2

1 2 3

1 1 1 1 1 1 abc 4R

r r r r r r r S

   
       

   
 Cn n±µÃ»p0Vµ0fº  . 

Sol. 
1

1 1 S S a S S a a

r r

  
    

   
 

  ElûÉ£lûµ0S¸     
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2 3

1 1 b 1 1 c
and

r r r r
   

 
 

1 2 3

3

3 2 2

1 1 1 1 1 1
L.H.S.

r r r r r r

a b c abc

4R 4R 4R
R.H.S.

(rS)

   
      
   

 
   


   

 

 

18. 
 1 2 3

1 2 2 3 3 3

r r r
a

r r r r r r




 
 Cn n±µÃ»p0Vµ0fº   

Solution : - 

 LHS 

        

     

        

2

2 2 2 2

s b s c
s a s b s cs a s b s c

s a s b s c
s a s b s b s c s c s a s a s b s c

               
   

     
        

 

 
2

   
 s a

s a s b s c




  

 s b  s c

 3 2

a

s s



 

 
   

a a
a

s s a s b s c

 
 

  
 

 

19.r(r1 + r2 + r3) = ab + bc + ca – S2 Cn n±µÃ»p0Vµ0fº   

Sol. L.H.S. = r(r1 + r2 + r3) 

2

2 22

2 2

S S a S b S c

(S b)(S c) (S a)(S c)

(S a)(S b)

S (S a)(S b)(S c)

S Sc Sb bc S Sc Sa

ac S Sb Sa ab

          

     
     

   
 
 

      
  
       

 www.sa
ks

hieduca
tio

n.co
m



2

2 2

2

3S 2S(a b c) bc ca ab

3S 4S bc ca ab

ab bc ca S

R.H.S.

      

    

   



 

20. 1 2 3
C C

(r r ) tan (r r)cot c
2 2

     Cn n±µÃ»p0Vµ0fº   

Sol. 1 2
C

(r r ) tan
2

  

 

2

2

C C
4R cos tan

2 2

C
sinC 24R cos

C2 cos
2

C C
4R sin cos

2 2

2R sin C c ...(1)







 

 

3

2

C C C
(r r)cot 4R sin cot

2 2 2

C
cosC 24R sin

C2 sin
2

C C
4R sin cos

2 2

2R sin C c ...(2)

 





 

 

  (1) , (2) v ¶mÀ0fº 

1 2 3
C C

(r r ) tan (r r)cot c
2 2

     

21.  ABC   vÎ a, b, c vÀ A.P.   vÎ G0fµd¹nOº D¶¢¶¶¥ïOµ ¶p±¸ï¶på0 r1, r2, r3 vÀ  

H.P.vÎ G0d¹±ÀµÀn VµÃ¶pÁ¶¢ÀÀ  

Sol. r1, r2, r3 vÀ  H.P. Gm¸é±ÀÀ  
1 2 3

1 1 1
, ,

r r r
   vÀ    A.P. G0d¹±ÀÀ. 

s a s b s c
, , .

  


  
 vÀ    A.P. G0d¹±ÀÀ. 

s a,s b,s c .     vÀ    A.P. G0d¹±ÀÀ. 

www.sa
ks

hieduca
tio

n.co
m



 –a, –a, –c vÀ    A.P. G0d¹±ÀÀ. 

 a, b, c vÀ    A.P. G0d¹±ÀÀ. 

22.  1 2 3, , ,A A A A   vÀ iñsûµÀY0±ÀÇÀÀOµÖ C0hµ±µ ¶¢À±¼±ÀµÀÀ s¹¶¬ï   ¶¢Åh¸åv ËÈ¢¥¹v¹ïvÀ 

C±ÀÀhÉ   
1 2 3

1 1 1 1

A A A A
    Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 Here 2 2 2 2
1 1 2 2 3 3; ;A r A r A r A r        

 LHS 
2 2 2

1 2 3 2 31

1 1 1 1 1 1

A A A r rr  
      

 
1 2 3

1 1 1 1 1 s a s b s c

r r r 
            

    
 

  31 1 1 1s a b c s

s
 

   
           

 

 

 
2

1 1 1 1
.

r Ar 
   
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

1.  ABC   vÎ , 
2 2 2

cot cot cot
4

a b c
A B C

 
  


 Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

 cos
cot

sin

A
A

A
   

 
2 2 2

cos
2

b c a
A

bc

 
  

 

2 2 2

2 2 2 2 2 2
2cot

1sin 2 sin
4 sin

2

b c a
b c a b c abc

A bc A
bc A

 
   

   
 
 
 

 

 
2 2 2 1

cot sin
4 2

b c a
A bc A

      
  

  

 |||ly  
2 2 2 2 2 2

cot cot
4 4

a c b a b c
B c

   
 

 
 

 
2 2 2 2 2 2 2 2 2

cot cot cot
4 4 4

b c a a c b a b c
A B C

     
    

  
 

 
2 2 2b c a 


2a 2c 2b 2 2a b  2c

4
 

 
2 2 2

4

a b c 



 

2.   cot : cot cot 3: 5 : 7
2 2 2

A B C
  C±ÀÀhÉ a : b : c = 6 : 5 : 4 Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

    
cot : cot : cot : 6 :5 : 4

2 2 2

s s a s s cA B C  
 

 
 

 : : 6 : 5 4s a s b s c       

 Let 3 5 7s a k s b k s c k       

       3 5 7s a s b s c k k k         

 3 2 15 15s s k s k     

 3 15 3 12s a k k a k a k        

 5 15 5 10s b k k k b b k        

 7 15 7 8s c k k k c c k        

www.sa
ks

hieduca
tio

n.co
m



 : : 12 :10 : 8 : : 6 : 5 : 4a b c k k k a b c    

3. iñsûµÀY0ABC    vÎ   tan tan 2 cot
2 2 2

A B C
a b c c

     
 

   Cn VµÃ¶pÁ¶¢ÀÀ   

Solution : - 

        
tan tan 2

2 2

s b s c s c s aA B
a b c s

                
 

    2s s c
s b s a


   


 

  2 cot 2 2cot
2 2

C C
s b a a    b c b  a   

 2 cot
2

C
c  

 

4.     cos A + cos B + cos C = r
1

R
  Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. L.H.S. = cos A + cos B + cos C 

A B C
1 4sin sin sin

2 2 2
   

A B C
4R sin sin sin

2 2 21
R

r
1 R.H.S.

R

 

  

  

 

5. 2 2 2A B C r
cos cos cos 2

2 2 2 2R
      Cn VµÃ¶pÁ¶¢ÀÀ  

Sol. L.H.S. = 2 2 2A B C
cos cos cos

2 2 2
   

A B C
2 2sin sin sin

2 2 2

( from transformationsPROVE THIS IN EXAM )

A B C
4R sin sin sin

2 2 22
2R

r
2 R.H.S.

2R

 

 

  
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6.    
2

cot cot cot
2 2 2

A B C s
  


 Cn VµÃ¶pÁ¶¢ÀÀ  

Solution : - 

      
cot cot cot

2 2 2

s s a s s b s s cA B C   
    

  
 

       3 3 2
S s s

s a s b s c s a b c s s           
  

 

  
2s s

s 
 

 

7.  
2

tan tan tan
2 2 2

A B C bc ca ab s  
  


 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 tan tan tan
2 2 2

A B C
   

 
        s b s c s c s a s a s b     

 
  

 

 
2 2 2s cs bs bc s as cs ac s bs as ab          


 

 
23 2 2 2s as bs cs bc ca ab     


 

    2 23 2 3 2 2bc ca ab s s a b c bc ca ab s s s         


 
 

 
2 2 23 4bc ca ab s s bc ca ab s      


 

 

8.  
cot cot cot

2 2 2
cot cot cot

A B C

A B C

 

 
 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution  : -
     

cot cot cot
2 2 2

s s a s s b s s cA B C   
    

  
 

      
2

3 3 2
s s s s

s a s b s c s a b c s s            
     
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2 2 2

2 2 2 2 2 2cos 2cot
1sin sin sin

sin
2

b c a
A b c a b c abcA
A A bc A

bc A

 
   

   
  
 

 

 
2 2 2 1

sin
4 2

b c a
bc A

      
  

  

 
2 2 2 2 2 2 2 2 2

cot cot cot
4 4 4

b c a c a b a b c
A B C

     
    

  
 

 
2 2 2 2 2 2 2 2 2 2 2 2

4 4

b c a c a b a b c a b c         
 

 
 

 

2

2

2 2 2

cot cot cot
2 2 2

cot cot cot
4

A B C s
s

a b cA B C

 
 

   


4


2 2 2a b c 
 

    2 22

2 2 2 2 2 2 2 2 2

24 s a b cs

a b c a b c a b c

 
  

     
] 

 

9.    tan 0
2

A B
a b

   
 

  Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

   tan
2

A B
a b

   
 

  from Napiries Rules 

 tan cot
2 2

A B a b C

a b

      
 

   tan
2

A B
a b a b

     
 

    a b

a b




cot
2

c 
  
 

 

 
      a b s s c s

a b s c
 

  
    

     0
s

s a b c a b   
   

              0
s

s a b s b c x c a c a b b c a a b c             
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 10.  cot tan 2cos
2 2

b c A b c A
ec B C

b c b c

 
  

 
 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 cot / 2 tan / 2
b c b c

A A
b c b c

 


 
 

 From Napiers Rule cot tan
2 2

b c A B C

b c

      
 

 tan cot
2 2

b c A B C

b c

      
 

 tan cot
2 2

B C B C
LHS

         
   

 

 

2 2sin cos sin cos
2 2 2 2

cos sin cos sin
2 2 2 2

B C B C B C B C

B C B C B C B C

                 
         

          
       
       

 

 
   2 2

2cos
sin2sin cos

2 2

ec B C
B C B C B C

  
     

   
   

 

 

11.   sin
a

b c
 


 C±ÀÀhÉ 2

cos cos
2

bc A

b c
 


 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 2 2sin cos 1 sin
a

b c
     


 

 
 

 
 

2 22
2 2

2 2cos 1 cos
b c aa

b c b c
 

 
    

 
 

 
 

 
 

2 2 22 2 2
2

2 2

22
cos

b c a bcb c bc a

b c b c


    
 

 
 

 
 

 
 2 2

2 1 cos2 cos 2 bc Abc A bc

b c b c


 

 
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 

2

2
2

2 2cos
2cos

A
bc

b c






 

 2
cos cos

2

bc A

b c
 


 

 

12.  cosa b c    C±ÀÀhÉ 2
sin cos

2

bc A

b c
 


 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

   cos cos
a

a b c
b c

    


 

 
 

 
 

2 22
2 2 2

2 2sin 1 cos 1 sin
b c aa

b c b c
  

 
     

 
 

 
 

 
 

2 2 22 2 2
2 2

2 2

22
sin sin

b c a bcb c bc a

b c b c
 

    
  

   

 
 

 
 

2 2
2 2

2 1 cos2 cos 2
sin sin

bc Abc A bc

b c b c
 


  

 
 

 
 

2

2
2

2 2cos
22

sin sin cos
2

A
bc

bc A

b cb c
 

 
 
   


 

 

13.  If   seca b c    C±ÀÀhÉ 2
tan sin

2

bc A

b c
 


 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 
 

2
2 2

2sec tan sec 1 1
a a

b c b c
       

 
 

 
 

   

22 2 2 2
2 2

2 2

2
tan tan

a b c a b c bc

b c b c
 

    
  

 
 

 
 
 

2 2 2

2
2

2
tan

bc b c a

b c


  



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 

 
 

2
2 2

2 1 cos2 2 cos
tan

bc Abc bc A

b c b c



 

 
 

 
 

2

2
2

2 2sin
22

tan tan sin
2

A
bc

bc A

b cb c
 

 
 
   


 

 

14.       cos cos cosa b C c B       C±ÀÀhÉ 

Soluton : - 

      cos cos cos cos sin sinRHS b c c B b c c          

    cos cos sin sinc B B    

 cos cos sin sin cos cos sin sinb c b c B c B        

  cos cos cos / sin sin cos
2 2

bc cb
b c c B a

R R
         

 

15. iñsûµÀY0ABC    vÎn OÐg¸vÀ A.P  vÎ G 0fº ¶¢À±¼±ÀµÀÀ   

  : 3 : 2b c     C±ÀÀhÉ 075A   Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

 iñsûµÀY0ABC    vÎn OÐg¸vÀ AP  vÎ Gm¸é±ÀÀ. 

 2 3B A C B A B C       but 0180A B C    

 0 03 180 60B B     

 : 3 : 2b c   

 2 sin 2 sin 3 : 2 sin sin 3 2R B R C B C       

 0sin 60 sin 3 : 2C   

 33
: sin 3 : 2

2
C   2 3

2
  sin C  

 01
sin 45

2
c C     

 0 0 0 0 0180 60 45 180 75A B C A A         c (proved) 
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16. 
 

2 2

2 2

sin

sin

a b C

a b A B




 
 KhÉ     iñsûµÀY0ABC    ¶ª¶¢Àl¼ös¹¶¬À vÉl¸ v0s OÐg 

iñsûµÀY0 Cn   VµÃ¶pÁ¶¢ÀÀ  

Solution : - 

 Given 
   

2 2

2 2

sin

sin

a b C

A Ba b





 

      2 2 2 2sin sina b A B a b C      

 Using sine rule we have 

 24R    2 2 2sin sin sin 4A B A B R    2 2sin sin sinA B C  

        2 2sin sin sin sin sin sin 0A B A B A B A B C       

 But in triangle ABC  sin sinA B C   

         2 2sin sin sin sin sin sin 0A B A B A B C C       

   2 2 2sin sin sin sin 0A B A B C     

   2 2 2sin 0 sin sin sinA B or A B C     

 2 2 2A B or a b c    

   triangle either isosceles or right angled 

 

17. 3
cos cos cos

2
A B C    KhÉ     iñsûµÀY0ABC    ¶ª¶¢Às¹¶¬À   iñsûµÀY0 Cn   

VµÃ¶pÁ¶¢ÀÀ  

Solution: - 

 3 3
cos cos cos 2cos cos cos

2 2 2 2

A B A B
A B C C

            
   

 

 0 3
2cos 90 cos cos

2 2 2

C A B
C

        
   

 

 22sin cos 1 2sin 3/ 2
2 2 2

C A B C     
 

 

 2 1
2sin cos 2sin

2 2 2 2

C A B C    
 
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 2 24sin cos 4sin 1 1 4sin 4sin cos 0
2 2 2 2 2 2

C A B C C C A B            
   

 

 
2

2 22sin 2 2sin cos cos cos 1 0
2 2 2 2 2

C C A B A B A B                    
       

 

 
2

22sin cos sin 0
2 2 2

C A B A B           
    

 

 2sin cos 0 sin 0
2 2 2

C A B A B
and

      
 

 

 2sin cos 0
2 2

C A B
and A B

     
 

 

 0 02sin 1 30 60
2 2

C C
c       

 060A B A B     

 Hence trangile is equilateral 

 

18. 2 2 2cos cos cos 1A B C    KhÉ     iñsûµÀY0ABC      v0s OÐg iñsûµÀY0 Cn   

VµÃ¶pÁ¶¢ÀÀ  

          2 2 2 2 2 2cos cos cos 1 cos cos 1 cos 0A B C A B C         

    2 2 2 2cos sin cos 0 cos cos cos 0A B C A B A B C         

    0 2cos 180 . cos cos 0c A B C     

  cos cos cos 0C A B C     

   cos cos cos 0C A B C     

   cos cos cos 0C A B C     

     0cos cos cos 180 0c A B A B       

     cos cos cos 0c A B A B      

     cos cos cos 0c A B A B      

 2cos cos cos 0A B C   

 cos 0 cos 0 ( ) cos 0A or B or C     

 0 0 090 ( ) 90 90A or B or C    

   Triangle is right angled triangle 
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19. 2 2 2 28a b c R    KhÉ iñsûµÀY0ABC    v0s OÐg iñsûµÀY0 Cn   VµÃ¶pÁ¶¢ÀÀ 

Solutin : - 

 Given  2 2 2 2 2 2 2 2 28 4 sin sin sin 8a b c R R A B C R        

 2 2 2 2 2 2sin sin sin 2 1 cos sin sin 2A B C A B C         

  2 2 21 cos sin 1 cos 2A B C      

     2cos cos cos 0A B A B C      

     2cos cos cos 0 cos cos cos 0C A B C A B C        

     cos cos cos 0 2cos cos cos 0C A B A B A B C       

    0 0 0cos 0 cos 0 ( ) cos 0 90 90 90A or B or C A or B or C        

 

20.  cot , cot , cot
2 2 2

A B C
  vÀ AP G0dÉ a, b,c vÀ AP   vÎ G0d¹±ÀµÀn VµÃ¶pÁ¶¢ÀÀ   

Solution ; - 

 cot , cot cot
2 2 2

A B C  are in AP 

 
     2

2cot cot cot
2 2 2

s s b s s a s s cB A C   
    

  
 

      2 2s b s a s c a b c s a c             

 2a c b a b c a c a c b           

 

21. 2 2 2sin , sin , sin
2 2 2

A B C
  vÀ HP G0dÉ a, b,c vÀ HP   vÎ G0d¹±ÀµÀn VµÃ¶pÁ¶¢ÀÀ    

Solution : - 

 2 2 2sin , sin , sin
2 2 2

A B C   are in HP 

 
        

, ,
s b s c s c s a s a s b

bc ac ab

     
 are in HP 

 
        

, ,
bc ac ab

s b s c s a s c s a s b     
 are in HP 

 Multiplying with 
    s a s b s c

abc

  
 we have 

www.sa
ks

hieduca
tio

n.co
m



 
bc    

 
s a s b s c

abc s b

  

  s c
,

ac  s a    s b s c 

abc  s a s c 
,

ab  s a  s b  s c

abc



s a   s b
 and P 

 , ,
s a s b s c

a b c

    are in AP 

 Adding ‘1’  to every term we here 

 

 1, 1, 1
s a s b s c

a b c

  
    are in AP 

 , ,
s s s

a b c
 are in AP 1 1 1

, ,
a b c

  are in AP 

 a, b, c are in HP 

 

22.  2 2 2cot cot cot
abc

a A b B c C
R

    Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution: - 

 2 2 2cot cot c cota A b B C   

 2 24 sinR
cos

sin

A
A 2 24 sinR

A


cos

sin

B
B 2 2 cos

4 sin
sin

C
R C

B C
  

  22 sin 2 sin 2 sin 2R A B C   

     22 2sin cos sin 2R A B A B C    

   22 2sin cos 2sin cosR C A B C C   

        22 2sin cos cos 4 sin cos cosR C A B C R C A B A B         

 
 2

2
2 2 sin sin sin

4 sin sin sin
R A B C

R C A B 
R

  

      2 sin 2 sin 2 sinR A R B R C abc

R R
  
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23.   2 2 2cos cos cos
2 2 2

A B C
a b c s

R


     Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution: - 2 2 2cos cos cos
2 2 2

A B C
a b c   

 
     1 cos 1 cos 1 cos

2 2 2

a A b B c C  
   

 
 cos cos cos

2 2

a b ca a A b b B C c C       
  

 
   cos cos c cos

2

a b c a A b B C    
 

 2 2 sin cos 2 sin cos 2 sin cos

2

s R A A R B B R C C    

 
 2 sin 2 sin 2 sin 2

2

S R A B C  
 

 
    2 2sin cos sin 2

2

S R A B A B C   
 

 
  2 2sin cos 2sin cos

2

S R C A B C C  
 

 
  2 2 sin cos cos

2

S R C A B C  
 

 
    2 2 sin cos cos

2

S R C A B A B   
 

 2 4 sin sin sin
2R sin sin sin

2

S R A B C
S A B C


   

 
22 sin sin sinS R A B C

S
R R

 
   
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24.  2 2 2A B C r
sin sin sin 1

2 2 2 2R
     Cn VµÃ¶pÁ¶¢ÀÀ 

. 

Sol. L.H.S. = 2 2 2A B C
sin sin sin

2 2 2
   

1 cos A 1 cos B 1 cosC

2 2 2

3 1
(cos A cos B cosC)

2 2

3 1 A B C
1 4sin sin sin

2 2 2 2 2

(  from transformations)

  
  

   

     


 

A B C
4R sin sin sin3 1 2 2 21

2 2 R

3 1 r
1

2 2 R

 
 

    

     

 

3 1 r r
1 R.H.S.

2 2 2R 2R
        

25.   i. 1 2
1 2

1 2

4R r r
r r

r r

 
 


. ii.   1

2 3
2 3

rr
a r r

r r
   Cn VµÃ¶pÁ¶¢ÀÀ 

 

Sol. i)R.H.S. 1 2
1 2

1 2

4R r r
r r

r r

 


 

1 2
1 2

1 2

2
1 2

2

1 2
2

4R (r r )
r r

r r

C
r r 4R cos

2

C
4R 1 cos

2
r r

C
4R cos

2

 




   
 

  
 

  
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2

1 2 1 2
2

2

2 2

C
sin C2r r r r tan

C 2cos
2

C
tan

S a S b 2

(S b)(S a)

(S a)(S b) S(S c)

R.H.S.
S(S a)(S b)(S c)

 

 
 

 

  


  

 
    

  

 

ii) RHS    

  

2

1
2 3 2

2 3

s s arr
r r

r r s b s c
s b s c


  

       
 

 

 
 
    

  2

2
.

s c s b s b s c

s b s c s s a

     


   
 

 
   

  
2

. 2 s b s cs b c

s b s c

   


   s s a






 
   

a b c b c

s s a s b s c

   

  
a  

 

26. 2 2 2 2 2 2 2 2
1 2 3r r r r 16R (a b c )        Cn VµÃ¶pÁ¶¢ÀÀ 

Sol.  

2 2 2 2 2
1 2 3 1 2 3 1 2 3 1 2 2 3 3 1

2
1 2 3 1 2 2 3 3 1

(r r r r) r r r r 2r(r r r ) 2(r r r r r r ) ...(1)

But [r r r r] 4R and r r r r r r S

            

      
 

2 2
1 2 3

2 2 2 2 2
1 2 3 1 2 3 1 2 2 3 3 1

2 2 2 2 2
1 2 3 1 2 3

16R [r r r r]

16R r r r r 2r(r r r ) 2(r r r r r r )

r r r r 2r(r r r ) 2S

   

         

       

 

2 2 2 2 2 2
1 2 3 1 2 316R r r r r 2(rr rr rr ) 2S        Consider 2(rr1 + rr2 + rr3) = 

2 2 2

2
S(S a) S(S b) S(S c)

   
      
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 

 

2

2
2 2 2

2

2

2 2

2

2

(S b)(S c) (S a)(S c) (S a)(S b)
2

S(S a)(S b)(S c)

2
S Sc Sb bc S Sc Sa ac S Sb Sa ab

2 3S 2S(a b c) ab bc ca

2 3S 4S ab bc ca

2 ab bc ca S

2 ab bc ca 2S

       
 

  

              

        

      

     

   

 

From (2) 

2 2 2 2
1 2 3

2 2
1 2 3

2 2 2

2 2

2
2

2 2

2 2 2 2

r r r r

16R 2r(r r r ) 2S

16R 2S 2(ab bc ca) 2S

16R 4S 2(ab bc ca)

a b c
16R 4 2(ab bc ca)

2

16R (a b c) 2(ab bc ca)

16R (a b c )

   

    

     

    

       
 

        

   

 

 

27.  1 2 3, ,P P P  vÀ §±¸øv ¶mÀ0fº sûµÀY¹vOµÀ S¿»ª¶m G¶méhµÀvÀ C±ÀÀhÉ    

(i) 
1 2 3

1 1 1 1

P P P r
     (ii) 

1 2 3 3

1 1 1 1

P P P r
    

(iii) 
2 3

1 2 3 3

(abc) 8
P P P

abc8R


    Cn VµÃ¶pÁ¶¢ÀÀ  

Sol.   

1 2 3

1 2 3

1 1 1
aP , bP , cP

2 2 2

2 2 2
P , P and P

a b c

     

  
   

 

i) 
1 2 3

1 1 1 a b c

P P P 2 2 2
    

  
 

 a b c 2S 1

2 2 r

 
  

 
 

www.sa
ks

hieduca
tio

n.co
m



ii) 
1 2 3

1 1 1 a b c

P P P 2 2 2
    

  
 

 
3

a b c 2S 2c S c 1

2 2 r

   
   

  
 

iii) 
3

1 2 3
2 2 2 8

P P P
a b c abc

   
     

 

28.  a = 13 b = 14 c = 15 KhÉ   65

8
R   1 2 3

21
4 12 14

2
r r r and r       Cn VµÃ¶pÁ¶¢ÀÀ 

  

Sol.   a = 13, b = 14, c = 15 

a b c 13 14 15 42
S 21

2 2 2

   
     

S a 21 13 8,S b 21 14 7

S c 21 15 6

       

   
 

S(S a)(S b)(S c)

21(8)(7)(6) 21 16 21

21 21 4 4 21 4 84

    

   

      

 

abc 13 14 15 65
R

4 4 84 8

 
  

 
 

1

2

3

84
r 4

S 21

84 21
r

S a 8 2

84
r 12

S b 7

84
r 14

S c 6


  


  




  



  

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29.    1 2 32 3 6r r r    KhÉ 1r   3 4 5a b c       Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. 2
1 2 3rr r r 1 2 3 6 36        

2 36 6      

1
1

1

2
2

6
r S 6 ( r 1)

S S

r S a
S a r

6
a S 6 6 3 3

r 2

r S b
S b r


    

 
   




       

 
   





 

2

b S 6 3 3
r


       

3
3

3

r S c
S c r

c S 6 1 5
r

 
   




     

 

 

30.    2 2 2 abc
a cot A b cot B c cosC

R
    Cn VµÃ¶pÁ¶¢ÀÀ 

. 

Sol. L.H.S. 2 2 2a cot A b cot B c cos C   

2 2 2 2 2 2cos A cos B cosC
4R sin A 4R sin B 4R sin C (by sine rule)

sin A sin B sin C
    

2

2

2

2R (2sin A cos A 2sin Bcos B 2sin CcosC)

2R (sin 2A sin 2B sin 2C)

2R (4sin Asin Bsin C)

1
(2R sin A)(2R sin B)(2R sin C)

R

abc
R.H.S.

R

  

  





 
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31.   ABC   vÎ 1 1 3

a c b c a b c
 

   
 KhÉ   C = 60° Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. 1 1 3

a c b c a b c
 

   
 

2

2 2 2

2 2 2

b c a c 3

(a c)(b c) a b c

3(a c)(b c) (a b 2c)(a b c)

3(ab ac bc c )

(a b 2ab) 3c(a b) 2c

ab a b c 2ab cosC

(from cosine rule)

1
cosC C 60

2

  
 

   

       

   

     

    

    

 

 

32. 
2 2 2a b c

cot A cot B cot C
4

 
  


 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Sol. L.H.S. = cos A
cot A

sin A
    

2 2 2

2 2 2

2 2 2 2 2

2 2 2 2

2 2 2

b c a
(by cosine rule)

2bcsin A

b c a 1
bcsin A

4 2

1
[b c a c a

4

b a b c ]

a b c
R.H.S.

4

  
  

 

         

    


   

 
 





 

 

33. ABC   vÎ a cos A = b cos B KhÉ      D iñsûµÀY0 ¶ª¶¢Àl¼ös¹¶¬À iñsûµÀY0 vÉl¸ 

v0sOÐg iñsûµÀY0 Cn VµÃ¶pÁ¶¢ÀÀ  

Sol. a cos A = b cos B 

 2R sin A cos A = 2R sin B cos B 
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 sin 2A = sin 2B = sin(180° – 2B) 

Hence 2A = 2B or 2A = 180° – 2B 

 A = B or A = (90° – B) 

 a = b or (A + B) = 90 

 a = b or C = 90 

 The triangle is isosceles or right angled. 

 

 34. A B C
cot : cot : cot 3:5 :7

2 2 2
 KhÉ a : b : c 6 :5 : 4  Cn VµÃ¶pÁ¶¢ÀÀ   

Sol. A B C
cot : cot : cot 3: 5 : 7

2 2 2
  

s(s a) s(s b) s(s c)
3: 5 : 7

  
   

  
 

(s a) : (s b) : (s c) 3 : 5 : 7

s a s b s c
k (say)

3 5 7

    

  
   

 

Then s – a = 3k, s – b = 5k, s – c = 4k 

Adding these equations, 

3s – (a + b + c) = 3k + 5k + 7k = 15k 

 3s – 2s = 15k  s = 15k 

Hence a = 12k, b = 10k, c = 8k 

 a : b : c = 12k : 10k : 8k = 6 : 5 : 4 
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35.   a3 cos(B – C) + b3 cos (C – A) + c3 cos(A – B) = 3 abc Cn VµÃ¶pÁ¶¢ÀÀ  

Sol. L.H.S. =  a3 cos(B – C) 

2

2

2

2

2 2

2 2

2 2 2 2 2 2

a (2R sin A)cos(B C)

R a [2sin(B C)cos(B C)]

R a (sin 2B sin 2C)

R a (2sin Bcos B 2sin CcosC)

[a (2R sin B) cos B a (2R sin C)cosC]

(a b cos B a ccosC)

(a bcos B a c cosC) (b ccos C b a cos A) (c a cos A c b cos B)

ab(a

  

    

  

  

  

  

     

 cos B bcos A) bc(bcosC c cos B) ca(c cos A a cosC)

ab(c) bc(a) ca(b)

3abc R.H.S.

    

  

 

 

 

36. 1 2 3, ,P P P  vÀ §±¸øv ¶mÀ0fº sûµÀY¹vOµÀ S¿»ª¶m G¶méhµÀvÀ C±ÀÀhÉ     

   
2 2 2 2

1 2 3

1 1 1 cot cot cotA B C

P P P

 
  


 Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. 1 2 3, ,P P P  vÀ §±¸øv ¶mÀ0fº sûµÀY¹vOµÀ S¿»ª¶m G¶méhµÀvÀ O¸¶¢Á¶m  

1 2 3

1 2 3

1 1 1
ap bp cp

2 2 2

2 2 2
p , p , p

a b c

   

  
   

 

Now 
2 2 2

2 2 2 2
1 2 3

1 1 1 a b c

p p p 4

 
  


 

1
(cot A cot B cot C) R.H.S.   


 

[ cot A + cot B + cot C = 
2 2 2a b c

4

 


] 
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37.   iñsûµÀY0ABC    vÎ (r2–r1)(r3–r1) = 2r2r3  KhShow that A = 90 Cn VµÃ¶pÁ¶¢ÀÀ 

. 

Sol. (r2 – r1)(r3 – r1) = 2r2r3 

2

(s b) (s a) (s c) (s a)

2
(s b) (s c)

s a s b s a s c

(s b)(s a) (s c)(s a)

2

(s b)(s c)

      
           

 


 

        
           




 

 

2

2

(b a)(c a) 2(s a)

b c a
(b a)(c a) 2

2

    

       
 

 

2

2 2 2

2(bc ca ab a )

b c a 2bc 2ca 2ab

   

     
 

2 2 2 2

2 2 2

2a b c a

b c a

   

  
 

Hence ABC is right angled and A = 90. 

 

38. iñsûµÀY0ABC    vÎ  1 tan 0
2

B C
r r

   
 

  Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution: - 

 1 2 4 sin cos cos 4 sin sin sin
2 2 2 2 2 2

A B C A B C
r r R R   

 4 sin cos
2 2

A B C
R

   
 

 

  1 tan 4 sin cos
2 2 2

B C A B C
r r R

        
   

 
sin

2

cos
2

B C

B C

 
 
 

 
 
 

 

 03 2sin 90 . sin
2 2

B C B C
R

       
   

  
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 2 2cos sin
2 2

B C B C
R
      
    

    
  

  2 sin sin 2 sin 2 sinR B C R B R C     

 0b c b c c a a b         

 

 39.  
2 2 2

2 2 2 2 2
1 2 3

1 1 1 1 a b c

r r r r

 
   


 Cn VµÃ¶pÁ¶¢ÀÀ  

Sol. L.H.S. = 
2 2 2 2

1 2 3

1 1 1 1

r r r r
    

2 2 2 2

2 2 2 2

2 2 2 2
2

2 2 2 2 2 2 2
2

s (s a) (s b) (s c)

1
s (s a) (s b) (s c)

1
s s 2as a s 2bs b s 2cs c

  
   
   

        

           

 

2 2 2 2
2

2 2 2
2

2 2

2 2 2

2

1
4s 2s(a b c) a b c

1 a b c
4s 2s(2s)

a b c
R.H.S.

        

      

 
 



 

 

40.  31 2 rr r 1 1

bc ca ab r 2R
     Cn VµÃ¶pÁ¶¢ÀÀ  

Sol. L.H.S. = 31 2
1 2 3

rr r 1
[ar br cr ]

bc ca ab abc
      

2

1 A s A abc
a s tan 2R sin A tan

abc 2 abc 2 4R

A
sins A A 22R 2sin cos ( r / s)

Aabc 2 2 cos
2

Rs A s 1 cos A
4 sin

abc 2 2

              

  
  

       
  
   

            



  

         

www.sa
ks

hieduca
tio

n.co
m



1
(1 cos A 1 cos B 1 cosC)

2r
       

 

 1
3 (cos A cos B cosC)

2r

1 A B C
3 1 4sin sin sin

2r 2 2 2

   

        

 

A B C
4R sin sin sin1 2 2 22

2r R

1 r 1 1
2 R.H.S.

2r R r 2R

  
  

    
  

       

 

 

41. 1: : 2 :5 :12r R r   KhÉ      090A   Cn VµÃ¶pÁ¶¢ÀÀ   

Sol. If r : R : r1 = 2 : 5 : 12, then r = 2k, R = 5k and r1 = 12k   

1r r 12k 2k 10k 2(5k) 2R

A B C B C
4R sin cos cos sin sin 2R

2 2 2 2 2

     

     

2A B C A 1
2sin cos 1 sin

2 2 2 2

B C A
cos sin

2 2

     
 

        


 

A 1
sin sin 45

2 2

A
45 A 90

2

   

    

 

  iñsûµÀY0 LOµ v0s OÐg iñsûµÀY0. 

 

42. r + r3 + r1 – r2 = 4R cos B Cn VµÃ¶pÁ¶¢ÀÀ    

Sol. r + r3 

C A B A B
4R sin sin sin cos cos

2 2 2 2 2

C A B
4R sin cos

2 2

    

   
 

 

r1 – r2  
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C A B A B
4R cos sin cos cos sin

2 2 2 2 2

C A B
4R cos sin

2 2

    

   
 

 

 r + r3 + r1 – r2  

 

C A B C A B
4R sin cos cos sin

2 2 2 2

C A B B B
4R sin 4R sin 90

2 2 2 2 2

4R cos B

               

           
   



 

 

42. LOµ iñsûµÀY¹O¸±µ ¶ªèv0 ABC  vÑ ¶¢Àlûµït0lµÀ¶¢Á M ¶¢lµç LOµ l¿¶p¶ªå0sûµ0 G0l¼.  

BC = 7 m, CA = 8 m , AB = 9 m E0O¸ B  ¶¢lµç l¿¶p ¶ªå0sûµ0 VÉÊª OÐg0 15 KhÉ 

l¿¶p¶ªå0sûµ0 IhµÀå I0hµ?    

 

Sol.  

   

MN = l¿¶p¶ªå0sûµ0 IhµÀå 

  MN = h (?) 

  NBM = 15 

  ABC vÎ 
2 2 2b c a

cos C
2abc

 
  

  64 49 81 16 2 32 2

2 8 7 16 7 112 7

  
   

  
 

2
cosC

7
   

  BM = x 

  BCM vÎ, 
2 2 27 4 x

cosC
2 7 4

 


 
 

M 

N 

A 

B C 
15° 

www.sa
ks

hieduca
tio

n.co
m



  

2

2

2

2 49 16 x

7 7 8

16 65 x

x 65 16 x 7

 



 

   

 

  BMN vÎ h
tan15

x
   

h x tan15 7(2 3)     

 

43. LOµ ±É¶¢Á ¶¢lµç ±Ç0fµÀ MfµvÀLOÉ ¶ªµ¶¢À±ÀµÀ0vÑ s±ÀµÀvÀlÉ±¸±ÀÀ.  LOµdº Sµ0dOµÀ 24 

km   Ê¢Sµ0 hÐ N 45E l¼¶¥ vÎ    ¶¢À±ÍOµdº 32 km Ê¢Sµ0hÐ  S 75 E l¼¶¥ vÎ 

¶pñ±ÀµÀgºÊªå 3 Sµ0dv hµ±¸öhµ Mfµv ¶¢Àlûµï lµÃ±µ0 I0hµ?   

Sol.  

  

P is the position of the port. 

A is the position of the North-East traveled ship after 3 hours is = 72 km 

Position of the South-East traveled ship after 3 hours is 3  32 = 96 km 

From the data APB = 60 

In APB,  

2 2 2

2 2 2

AP BP AB
cos P

2AP BP

(72) (96) AB
cos 60

2 72 96

 


 
 

 

 

2 2 2

2

2

1 72 96 AB

2 2 72 96

5184 9216 AB
1

72 96

14400 AB
1

6912

 


 

 







 

96 

E 

S 

P 

B 

N S 

60° 

45° 75° 

72 
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2

2

2

6912 14400 AB

AB 14400 6912

AB 7488

AB 7488 86.53 86.4 km

 

 



  

 

 

31. A tree stands vertically on the slant of the hill. From a point A on the 

ground 35 meters down the hill from the base of the tree, the angle of elevation 

of the top of the tree is 60. If the angle of elevation of the foot of the tree from 

A is 15, then find the height of the tree. 

Sol.  

 

BD is the height of the tree and A is the point of observation. 

Let CD = y 

AC = x 

Given that, CAD = 15, CAB = 60 and AD = 35 m. 

In CAD, y
sin15

35
   

35( 3 1)
y 35sin15

2 2


    …(1) 

x
cos15

35
   

3 1
x 35

2 2


    …(2) 

In CAB, h
tan 60

x
   

3 1
h x 3 35 3

2 2


     

Height of the tree = h – y  

x 

y 

A C 

B 

D h 

35m 
15° 
60° 
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3 1 3 1
35 3 35

2 2 2 2

3 1
3 3 3 1

2 2

35 4
35 2 m

2 2

 
   

      


 

 

 

32. The upper 3/4th portion of a vertical pole subtends an angle Tan–13/5 at a 

point in the horizontal plane through its foot and at a distance 40 m from the 

foot. Given that the vertical pole is at a height less than 100 m from the 

ground, find its height. 

Sol.  

 

AB is the height of the tree. 

AD is the 3/4th part of upper part of the tree. 

DB is the 1/4th lower part of the tree. 

Let AB = 100 – x  

C is the point of observation. 

In BCD,  

Let DCA : 1 3 3
tan tan

5 5
      

100 x 1 100 x
tan

4 40 160

 
     

tan tan
tan( )

1 tan tan

3 100 x
100 x 5 160

3 100 x40 1
5 160

  
 

  






 

 

 

A 

C 
B 

100–x 

3(100 x)

4

  

=tan–1(3/5) 
100 x

4


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100 x 480 5(100 x)

40 800 3(100 x)

100 x 480 500 5x

40 800 300 3x

100 x 980 5x

40 500 3x

  


 

  


 
 




 

2

2

2

2

[100 x][500 3x] 40[980 5x]

50000 300x 500x 3x 39200 200x

3x 500x 400x 50000 39200

3x 10800

10800
x 3600

3

x 3600 60

   

    

    



 

 

 

Height of the tree = 100 – x = 40 m. 

 

33. Let an object be placed at some height h cm and let P and Q be two points 

of observation which are at a distance 10 cm apart on a line inclined at angle 

15 to the horizontal. If the angles of elevation of the object from P and Q are 

30 and 60 respectively then find h. 

Sol.  

 

A is the position of the object. 

Given that AB = h cm 

P and Q are points of observation. 

Given that, PQ = 10 cm 

We have,  

BPE = 15, EPA = 30, EQA = 60 

In PQA,  

P = 30, Q = 120 and A = 30 

A 

E 

P B 

h 

60° 
120° 

30° 
18° 

30° 
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 By sine rule,  

AP PQ

sin120 sin 30


 
 

AP 10

sin(180 60 ) 1/ 2


 
 

AP AP
20 20

sin 60 3 / 2

3
AP 20 10 3

2

   


  

 

In PBA, AB
sin 45

AP
   

1 h

2 10 3

10 3 5 2 3
h 5 2 3 5 6 cm

2 2



 
   

 

 

34. The angle of elevation of the top point P of the vertical tower PQ of height h 

from a point A is 45 and from a point B is 60, where B is a point at a 

distance 30 meters from the point A measured along the line AB which makes 

an angle 30 with AQ. Find the height of the tower. 

Sol.  

 

In the figure 

PQ = h, PAQ = 45 

BAQ = 30 and PBC = 60 

Also, AB = 30 m 

 BAP = APB = 15 

This gives, BP = AB = 30 and 

D 

P 

B C 

A Q 

h 

60° 

45° 30° 

15° 

www.sa
ks

hieduca
tio

n.co
m



h = PC + CD = BP sin 60 + AB sin 30 

15 3 15 15( 3 1)     meters. 

 

 Theorem : - -   iñsûµÀY0 ABC vÑ 

 (i) 
  

sin
2

S b S cA

bc

 
   (ii) 

 
cos

2

S S aA

bc


  

 (iii) 
  

   
  

tan
2

S b S C S b S CA

S S a S S a

   
  

  
 

 (iv) 
 

     
 

cot / 2
S S a S S a

A
S b S c S b S c

 
  

    
 

Proof (i)           OÍËÈª´m ¶ªÃhµñ0 ¶mÀ0fº 

 2 2 2 2 2 22 cos 2 cosa b c bc A bc b c a        

 
2 2 2

cos
2

b c a
A

bc

 
  

   22sin 1 cos
2

A
A   

  
2 2 2 2 2 22

1
2 2

b c a bc b c a

bc bc

    
    

 
   22 2 2 2

2 2
2

2sin sin
2 2 2 4

a b c bc a b cA A

bc bc

    
     

 
  2sin

2 4

a b c a b cA

bc

   
  

 2a b c S    we have 2 2S C a b c     

 
   2 2 2

sin
2 4

S C S bA

bc

 
 

  
sin

2

S b S CA

bc

 
   

Proof (ii)  

 
2 2 2

22cos 1 cos 1
2 2

A b c a
A

bc

 
     

 
 2 22 2 2

2 22
2cos 2cos

2 2 2 2

b c aA bc b c a A

bc bc

   
   

 
  2cos

2 4

b c a b c aA

bc

   
  
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  2 ; 2 2a b c S S a b c a        

 
   2 2 2

cos cos
2 4 2

S a S S S aA A

bc bc

 
     

Proof (iii) 

  

 
  

 
sin

2tan
2 cos

2

S b S cA
S b S cA b c

A S S a S S a

b c

 
   

 


 

 

  
 

  
  

  
   

   
tan

2

S b S c S b S c S b S c S b S cA

S S a S b S c S S a S b S c

       
  

     
 

 

 
  

 
 
 

   
   

tan
2

S S a S b S cS b S c S S aA

S S a S S a S S a S S a

     
  

   
 

 Proof of (iv) 

  tan / 2A   ±ÀÇÀÀOµÖ  ¶¢ÁýñhµÖò¶¢À £vÀ¶¢¶mÀ j¶ªÀOµÀ0dÉ cot / 2A   £vÀ¶¢ ¶¢¶ªÀå0l¼.  

 
  

sin
2

S b S cA

bc

 
  

  
sin / 2

S c S a
B

ac

 
  

  
sin

2

S a S bC

ab

 
  

 
 

cos
2

S S aA

bc


  

 
cos

2

S S bB

ac




 
cos

2

S S cC

ab


 

 
  

   
  

tan
2

S b S C S b S cA

S S a S S a

   
  

  
 

 
  

   
  

tan
2

S c S a S c S aB

S S b S S b

   
  

  
 

 
  

   
  

tan
2

S a S b S c S aC

S S c S S c

   
  

  
 

 
 

     
 

cot
2

S S a S S aA

S b S c S b S c

 
  

    
 

 
 

     
 

cot
2

S S b S S bB

S a S c S a S c

 
  

    
 

 
 

     
 

cot
2

S S C S S CC

S a S b S a S b

 
  

    
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

1.   F Oºñ0 l¼ ¢¸nn Sµgº0Vµ0fº.

(i)  
1 3

sin
2

  
  
 

 (ii)  
1 1

cos
2

  
 
 

(iii)  1sec 2 

(iv)  1cot 3 

(v)  
1 1

sin sin
3 2

      
  

(vi)   
1 3

sin sin
2 2

 
          

(vii)  
1 5

sin sin
6

  
 
 

(iv)   
1 5

cos cos
4

  
 
 

 (i) «¸lûµ¶m:

 1 1 1 13 3
sin sin sin ( ) sin

2 2 3
x x

      
            

   


(ii)«¸lûµ¶m:

1 1
cos

42

    
 

 (iii)«¸lûµ¶m:

  1 1 3
sec 2 sec 2

4 4

        
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(iv)«¸lûµ¶m:

 1 1 5
cot 3 cot 3

6 6

        

(v)«¸lûµ¶m:

1 11 1
sin sin sin sin sin sin 1

3 2 3 2 3 6 2

                        
      

(vi)«¸lûµ¶m:

1 1 03 3 3
sin sin sin sin sin sin120

2 2 2 2 2 6 2

    
                               

(vii)«¸lûµ¶m:

1 15 1 5 1
sin sin sin sin

6 2 6 2

            
     



          =  
1

sin
6 6 2

 


(iv)«¸lûµ¶m:

   
1 1 15 1 1 3

cos cos cos cos
4 4 42 2

  
              

   

2.     F Oºñ0l¼ ¢¸nn  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ

(i)  
1 3

sin cos
2

 
 
 

(ii)  
1 65

tan cos
63

ec 
 
 

(iii) 
1 4

sin 2sin
5

 
 
 

(iv)  
1 33

sin sin
7

  
 
 

www.sa
ks

hieduca
tio

n.co
m



(v) 
1 17

cos cos
6

  
 
 

(i)«¸lûµ¶m:

 
1 3

sin cos
5

 
 
 

1 3 3
cos cos

5 5
let     

1 3
sin cos

5
 

 
 

   =    
4

sin
5

 
3

cos
5

  
 


(ii)«¸lûµ¶m:

1 165 65 65
tan cos cos cos

63 63 63
ec let ec ec       

 

(iii)«¸lûµ¶m:

1 14 4 4 3
sin 2sin sin sin : cos

5 5 5 5
let          

 

1 4
sin 2sin

5
 

 
 

 =  
2 4 3 24

sin 2sin cos 2
5 5 25

      

(iv)«¸lûµ¶m:

 
1 1 133 2 2 2

sin sin sin sin 5 sin sin
7 7 7 7

   
                     

        

(v)«¸lûµ¶m:

 
1 1 117 5

cos cos cos cos3 cos cos
6 6 6 6 6

                       
     www.sa
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3) 
i)  1tan sec tanx x  .

:

1 1

2

2

2 tan
21

1 tan1 sin 2tan tan
cos 1 tan

2

1 tan
2

x

x









 

 
 
 

          
 

   

1

2

1 tan 2 tan
2 2tan

1 tan
2

x x

x


   
  

 
 

2

1

1 tan
2

tan
1 tan 1 tan

2 2

x

x x


    
  

             

ii)    1 2 1 2sin 2 cos 1 cos 1 2sin    

:    1 1sin cos 2 cos cos 2  

   1 0 0 1sin sin 90 20 cos cos 2     
0 090 2 2 90    

iii)  1 2tan 1 ,x x x R   

: 1tan tanx x    

 1 2tan tan 1 tan   

 1tan tan sec  
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1 1

2

2

2 tan
21

1 tansin 1 2tan tan
cos cos 1 tan

2

1 tan
2






 



 

 
 
 

            
 

   

1

2

1 tan 2 tan
2 2tan

1 tan
2

 




   
  

 
 

2

1

1 tan
2

tan
1 tan 1 tan

2 2



 


    
  

           

1
1 tan

2tan
1 tan

2






  
  

 
 

1tan tan
2 2

         

4 2

 
 

11
tan

4 2
x

   11
tan

4 2
x

  

5. 2 1 2 1sec ( 2) cos (cot 2) 10Tan ec    n±µÃ»p0Vµ0fº.

«¸lûµ¶m: 1 12 cot 2Tan and       C¶mÀOÍ¶mÀ¶¢ÀÀ

2 cot 2Tan and  

LHS = 2 2 2 2sec cos 1 1 cot 44 1 4 10ec Tan           
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¶ªövê ¶ª¶¢Ãlû̧ ¶m ¶pñ¶¥évÀ..

 F Oºñ0l¼ ¢¸nn n±µÃ»p0Vµ0fº.

1(i) 1 1 13 8 36
sin sin cos

5 17 85
   

(ii) 1 1 13 12 33
sin cos cos

5 13 65
   

iii)  
1 1 41

tan cot 9 cos 1
4

ec  
  

 

:

(i) «¸lûµ¶m:

L.H.S 
1 13 8

sin sin
5 17

 

    Let
1 3

sin
5

  1 8
sin

17
 

3
sin

5
 

8
sin

17
 

4
cos

5
 

15
cos

17
 

cos( ) cos cos sin sin       

      
4 15 3 8 36

5 17 5 17 85
    

1 1 1 136 3 8 36
cos sin sin cos

85 5 17 85
          

(ii) «¸lûµ¶m:

1 3
sin

5
  1 12

cos
13

   C¶mÀOÍ¶mÀ¶¢ÀÀ.

3
sin

5
 

12
cos

13
 

www.sa
ks

hieduca
tio

n.co
m



4
cos

5
 5

sin
13

 

   cos cos cos sin sin       

4 12 3 5 33
cos( )

5 13 5 13 65
      

1 33
cos

65
    

1 1 13 12 33
sin cos cos

5 13 65
   

iii) 1 1 41
cot 9, cos

4
ec   

cot 9  , 
41

cos
4

ec 

82
41



1

9

4

5



 
1 4

tan tan 9 5tan
1 41 tan tan 1 .
9 5

 
 

 


  

 

5 36
4145 1

45 4 41
45



  


 tan 1  

1 41
tan cos 9 cos 1

4
ec   
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F Oºñ0l¼ ¢¸nn Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.

2(i)  
1 13 12

sin cos cos
5 13

   
 

(ii)  
1 13 3

sin cos
5 34

Tan   
 

 

(iii) 
1 13 5

cos sin sin
5 13

   
 

(i)«¸lûµ¶m:

Let  
1 13 12

cos cos
5 13

and   

  
3 12

cos cos
5 13

and  

 1 13 12
sin cos cos sin sin cos cos sin

5 13
            

 

   
4 12 3 5

5 13 5 13
   

   
63

65


(ii)«¸lûµ¶m:

Let 
1 13 5

sin cos
5 34

and   

3 5
sin cos

5 34
  

4 3
cos sin

5 34
  
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3 3 27
274 5 20( )

9 20 91 111
20 20

Tan Tan
Tan

Tan Tan

 
 

 


    

 

(iii)«¸lûµ¶m:

Let 
1 13 5

sin sin
5 13

and   

  
3 5

sin sin
5 13

and  

4 12
cos cos

5 13
and  

1 13 5
cos sin sin cos( ) cos cos sin sin

5 13
            

 

4 12 3 5 33

5 13 5 13 65
    

3. F Oºñ0l¼¢¸nn n±µÃ»p0Vµ0fº.

i) 1 11 3
cos 2 tan sin 2 tan

7 4
          

: 1 1 1
tan tan

7 7
    

2

2

1
11 tan 48 2449cos 2

11 tan 50 251
49







   

 

1 3 3
tan tan

4 4
    

2

3
2

2 tan 4
sin 2

91 tan 1
16




 
   

 

6 16 24

4 25 25
  
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 cos 2 sin  


1 11 3

cos 2 tan sin 2 tan
7 4

       
   

ii) 
1 5 1

tan 2 tan 2
2


  

      

:

1 5 1 5 1
tan tan

2 2
    
    

 

2

2 tan
tan 2

1 tan







 
 

5 15 1
2

2 4 5 1 2 5

45 1
1

4

  
 

    




   4 5 1 4 5 1

4 6 2 5 2 5 2

 
 

  

 
 

4 5 1
2

2 5 1


 



iii) 
1 11 2 3

cos 2 tan tan
4 9 5

            
     

1 1 1
tan tan

4 4
    

2

2

1
11 tan 1516cos 2

11 tan 171
16







  

 

2

1
2

2 tan 4
sin 2

11 tan 1
16






 
 
  

 

2 16 8

4 17 17
  
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2

2
2

2 tan 9
cos 2

41 tan 1
81






 
 
  

 

9

4 81 36

9 85 85
  

 cos 2 2 cos 2 cos 2 sin 2 sin 2       

15 77 8 36

17 85 17 85
           
     

1155 288

1445 1445
 

867 3

1445 5
 

1 11 2 3
cos 2 tan tan

4 9 5
          

4.  F Oºñ0l¼ ¢¸nn n±µÃ»p0Vµ0fº.

(i) 1 1 11 1 2
0

7 13 4
Tan Tan Tan    

(ii)  
1 1 11 1 1

2 5 8 4
Tan Tan Tan

    

(iii)  
1 1 13 3 8

4 5 19 4
Tan Tan Tan

    

(iv) 1 1 1 11 1 201
cot cot (18)

7 8 43
Tan Tan     

(i) «¸lûµ¶m:

Let 1 1 11 1 2

7 13 9
Tan Tan Tan      

           
1 1 2

7 13 9
Tan Tan Tan   
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1 1 20
27 13 91( )

1 901 91
91 91

Tan Tan
Tan

Tan Tan

 
 

 


    

 

2 2
( ) 9 9( ) 0

41 ( ) 1
8

Tan Tan
Tan

Tan Tan

  
  

  

 
    

  

1 1 11 1 2
0 0

7 13 9
Tan Tan Tan           

(ii)«¸lûµ¶m:

1 1 11 1 1

2 5 8
Tan Tan Tan       

 

        Let 1 1 11 1 1

2 5 8
Tan Tan Tan      

1 1 1

2 5 8
Tan Tan Tan    

1 1
72 5( )

1 91
10

Tan  


  


7 1
56 9 729 8( ) 1

7 1 72 72 71
9 8

Tan   
 

     
 

1 1 11 1 1

4 2 5 8 4
Tan Tan Tan

            

(iii) «¸lûµ¶m:

1 1 13 3 8

4 5 19
Tan Tan and Tan      

3 3 8

4 5 19
Tan Tan and Tan    
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   
 

3 3
4 5( ) 27

9 11
20

Tan Tan
Tan Tan

Tan Tan

  
    

  

  
      

 

27 8 513 88
11 19 209 1

27 8 209 216
1

11 19 209




  
 

4

    

(iv) «¸lûµ¶m:

1 11 1

7 8
Tan Tan   

 C¶mÀOÍ¶mÀ¶¢ÀÀ

1 1

7 8
Tan and Tan  

1 1
15 37 8( )

11 55 111
50

Tan Tan
Tan

Tan Tan

 
 

 


    

 

LHS 
1 13 11

cot
11 3

Tan         
 

Let 1 1201
cot cot 18

43
   

201
cot cot 18

43
  

201 18 3618 43
1cot cot 1 43 43cot( )

201 201 774cot cot
43 43

 
 

 

 


   


      
3575 11

975 3
 
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1 11
cot

3
     LHS=RHS

 5. 1 14 2
cos tan

5 3
Tan    

 
 £vÀ¶¢¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ.

«¸lûµ¶m: 1 14 2
cos tan

5 3
and   

         
4 2

cos tan
5 3

and  

         
3 2

tan
4 3

Tan and  

1 1

3 2 17
4 2 174 3 12cos tan ( )

3 2 65 3 1 tan tan 61
4 3 12

Tan Tan
Tan Tan

 
 

 
 

        
   

6.  
1 11 1 2

cos cos
4 2 4 2

a a b
Tan Tan

b b a

           
   

 Cn n±µÃ»p0Vµ0fº.

«¸lûµ¶m: 1cos cos
a a

b b
    

L.H.S   tan tan
4 2 4 2

           
   

2 2

2

1 tan 1 tan1 tan 1 tan
2 22 2

1 tan 1 tan 1 tan
2 2 2

  

  

          
    

  

2

2

2 1 tan
22

2sec
1 tan

2

b

a






  
   

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iv) 1 1sin cos
6

x x
    x 

. 1sin sinx x   
1cos cosx x   

 sin sin
6

  

1
sin cos cos sin

2
    

   2 2 1
1 1

2
x x x x   

  2 2 21
1 1

2
x x x   



4 2 2 2 41
1

4
x x x x x     

21
1

4
x 

2 1 3
1

4 4
x   

3

2
x 

7. F Oºñ0l¼ ¢¸nn «¸lû¼0Vµ0fº.

1) 
2

1 1 1
tan 2 tan

x
x

x


           



2

1 1 1
tan 2 tan

x

x


          

tanx 

2
1 1 tan 1

tan 2 tan
tan





           

1 sec 1
tan 2 tan

tan




      
  

1 1 cos
tan 2 tan

sin




      
  
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2
1 2sin / 2

tan 2 tan
sin / 2 cos / 2


 

      
   

  1ta 2 tan tan / 2

tan 2. tan
2

x
     

 

2) 
2

1 1
2 2

2 1
sin cot cos 1

1 1

x x

x x
   

      


2
1 1

2 2

2 1
sin cot cos

1 1

x x

x x
   

     

tanx 
2

1 1
2 2

2 tan 1 tan
sin cot cos

1 tan 1 tan

 
 

             

   1 1sin cot 2 tan 2 cos cos w      

   1 1sin cot cot 90 2 cos cos 2      

3) 
2

1 1 1
2 2 2

2 1 2
sin cos tan ,

1 1 1

p q x

p q x
                  

  1

p q
x

pq




 

2
1 1

2 2

2 1
sin cos

1 1

p q

p q
     

       


=
1

2

2
tan

1

x

x
  
  

tan , tan , tanp A q B x C   
2

1 1
2 2

2 tan 1 tan
sin cos

1 tan 1 tan

A B

A B
            

1
2

2 tan
tan

1 tan

C

C
     

   1 1sin sin 2 cos cos 2A B  

 1tan tan 2C
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2 2 2A B C  
A B C  

 1 1 1tan tan tanp q x    

 1 1tan tan
1

p q
x

pq
  

   

1

p q
x

pq


 



(4)  1 1 1sin 1 sin cosx x x    

  «¸lûµ¶m:  1 1 1sin 1 sin cosx x x        11 cos 2sinx x  

 1 1 1sin 1 cos sinx x x      1sin sinLet x x    

1 1cos sin
2

but x x
   21 cosx   

 1 1 1sin 1 sin sin
2

x x x
      2 21 1 2sin 1 1 2x x x      

  11 sin 2sin
2

x x
     

 
2 1

2 0 0
2

x x x    

8.
2 2

1

2 2

1 1

1 1

x x
Tan

x x
    


  
 KhÉ 2 2sinx   Cn VµÃ¶pÁ¶¢ÀÀ.

«¸lûµ¶m:

2 2

2 2

1 1
tan

1 1

x x

x x
   

  
        

2 2

2 2

1 1 1

tan 1 1

x x

x x
  


  

2 2 2 2

2 2 2 2

1 tan 1 1 1 1
1 tan 1 1 1 1

x x x x

x x x x




       


       

cos sin

cos sin

 
 



  =   
2

2

1

1

x

x





  E±µÀËÈ¢¶pÁv¹ ¶¢±µØ0 VÉ±ÀµÀS¸
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2 2 2 2

2 2 2 2

cos sin 2 cos sin 1 1 sin 2 1

cos sin 2cos sin 1 1 sin 2 1

x x

x x

   
   

    
  

    

2 2

2 2 2 2

1 sin 2 1 sin 2 1 1 2 2

1 sin 2 1 sin 2 1 1 2sin 2sin

x x

x x

 
  

     
  

     

2 sin 2x  

9.    
1 1 13 5 323

2sin cos cos
5 13 325

       
 

 Cn n±µÃ»p0Vµ0fº.

Let  1 13 5
sin cos

5 13
   

        
3 5

sin cos
5 13

  

        
4 12

cos sin
5 13

  

        
2 2 224

sin 2sin cos cos 1 2sin
25

       

9 7
1 2

25 25
    
 

    2 2cos 2 cos cos sin sin       

7 5 24 12 35 288 323

25 13 25 13 325 325


     

(ii) «¸lûµ¶m:

1 14 1
sin 2 tan

5 3 2

  

Let 1 4
sin

5
    

1 1
tan

3
 

4
sin

5
 

1
tan

3
 
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3
cos

5
 

2
2

2
2 tan 2 9 33sin

11 tan 3 10 51
9





    

 

2 4
cos

5
 

cos( 2 ) cos cos sin sin       

= 
3 4 4 3

0
4 5 5 5
   

2
2

  

(iii)  
1 1 11 1 1

4 tan tan tan
5 99 70 4

      Cn n±µÃ»p0Vµ0fº.

«¸lûµ¶m:  1 1
tan

5
  1 1

tan
99

    
1 1

tan
70

 

1
tan

5
 

1
tan

99
 

1
tan

70
 

2
2 25 552

1 5 24 121
25

Tan     


 2

5
22 2 120124

251 2 1191
144

Tan
Tan

Tan







  

 

  4
4

1 4

Tan Tan
Tan

Tan Tan

  
 


 
  = 

120 1 11880 119
_ 11999119 99 119 99

120 1 11781 120 116611
119 94


 
 

   
11999 1

4 11661 704
11999 11 tan(4 ) 1
11661 70

Tan Tan
Tan

Tan

  
  

  

 
   

   
= 

828269
1

828269


4
4

      1 1 11 1 1
4 tan tan tan

5 99 70 4

     
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10. 1 1 1cos cos cosp q r       KhÉ 2 2 2 2 1p q r pqr     Cn VµÃ¶pÁ¶¢ÀÀ.

«¸lûµ¶m:  1cos p   1cos q   1cos r  

cosp  cosq  cosr 

Given          cos cos     

cos cos sin sin cos     

2 2 2 21 1 1 1pq r p q pq r p q         

2 2 2 2 2 2 2 2 2 22 1 2 1p q r pqr p q p q p q r pqr          

11)   a,b,c 

1 1 11 1 1
cot cot cot

ab bc ca

a b b c c a
                       

  2 

       0a b b c c a     

     , ,a b b c c a   




 i):    ,a b b c   

 c a 

1 11
cot tan

1

ab a b

a b ab
            

1 1tan tana b  

 0ab 

1 11
cot tan

1

bc b c

b c bc
            

 1 1tan tan 0b bc   

 1 11
cot tan

1

ca c a

c a ca
             
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 1 1tan tanc a   

 0c a 

 1 1 11
cot tan tan

ab
a b

a b
      



 1 1 1tan tan tanb c b    

 1 1tan tanc a    

ii):    ,a b b c  

  c a 

 1 11 1
cot cot

ab ab

a b b a
             

1tan
1

b a

ba
       

 1 1tan ta n a    



1 11 1
cot cot

bc bc

b c c b
             

1tan
1

c b

cb
       

 1 1tan tanc b    

1 11
cot tan

1

ca c a

c a ca
            

 1 1tan tanc a  

 1 1 11
cot tan tan

ab
b a

a b
        



 1 1tan tanc b    

 1 1tan tanc a  

2

1 1
cot

ab

a b
     

   (or) 2
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12. 1 1 1sin sin sinx y z       KhÉ ‘ 2 2 21 1 1 2x x y y z z xyz       Cn
VµÃ¶pÁ¶¢ÀÀ.

«¸lûµ¶m:

1sin x   1sin y   1sin z    C¶mÀOÍ¶mÀ¶¢ÀÀ

sin x  sin y  sin z 

              

   sin sin cos cosand         

2 2 21 1 1x x y y z z    

2 2 2sin 1 sin sin 1 sin sin 1 sin         

2 2 21
sin sin sin

2
      =          21

2sin cos sin
2

        

 1
2sin cos 2sin cos

2
       

   sin cos cos           2sin sin sin    2xyz

13.  (i) 1 1 1Tan x Tan y Tan z       KhÉ x y z xyz    Cn VµÃ¶pÁ¶¢ÀÀ.

(ii) 1 1 1

2
Tan x Tan y Tan z

      KhÉ 1xy yz zx     Cn VµÃ¶pÁ¶¢ÀÀ.

«¸lûµ¶m:

1 1 1tan tan tanx y z        C¶mÀOÍ¶mÀ¶¢ÀÀ

x Tan y Tan z Tan

Given x            

  ( )
1

Tan Tan
Tan Tan Tan

Tan Tan

     
 


    


Tan Tan Tan Tan Tan Tan Tan Tan Tan               Tan Tan Tan  

= x y z xyz  
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(ii)«¸lûµ¶m:

2 2

            

tan tan tan tan 1
cot

1 tan tan 1 tan tan tan

   
    
 

  
 

tan tan tan tan 1 tan tan       

tan tan tan tan tan tan 1       

1xy yz zx  

14. F Oºñ0l¼ ¶ª£ÀOµ±µg¸v¶mÀ «¸lû¼0Vµ0fº.

(i) 1 11 1

2 2 4

x x
Tan Tan

x x

        

«¸lûµ¶m:  1 11 1

2 2

x x
Tan Tan

x x
         

1 1

2 2

x x
Tan Tan

x x
  
 

 

1
4 1

Tan Tan

Tan Tan

   
 


   


 
 

     
2 22

2

1 1
1 2 1 22 2 1 1

4 11
1

4

x x
x x x xx x

x xx

x

 
         

  




2 2
22 2

1 2 4 3
3

x x x x
x

    
    



2 1
2 1

2
x x   
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ii) 1 1 1
2

1 1 2

2 1 4 1
Tan Tan Tan

x x x
                   

«¸lûµ¶m:

1 1 1

2 1 2 1
Tan Tan

x x
    

 

1 1 1

4 1 4 1
Tan Tan

x x
         

1
2

2
Tan

x
   

2

2

1

Tan Tan

Tan Tan x

 
 





  
2

1 1
22 1 4 1

1
1

2 1 4 1

x x
x

x x


  


 

2 2

4 1 2 1 2

8 6

x x

x x x y x

  


  

3 2 26 2 16 12x x x x  

3 26 14 12 0x x x  

 22 3 7 6 0x x x  

 22 3 9 2 6 0x x x x   

2 (3 2)( 3) 0x x x  

2 2 2 25 1 1 5
1 1

4 4 2 4 4 2

x x x x
      

2 23 5 2 1

4 4 3

x x
x


  
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15 . F Oºñ0l¼ ¢¸nn n±µÃ»p0Vµ0fº.

(i)
1 1

tan cos sin cot
2

arc arc
x

      
   

Let 
1

cosarc
x

 i.e 
1 1

cos cos
x x

   

1 1 1
cot cot

2 2
    

tan sin  
2

2

1 4

5

x

x




2 2 22 4 9
1 1

5 5 5
x x x

v
        = 

3

5
x 

3

5
x    ¶ª£ÀOµ±µg¸né hµÅ»på ¶p±µVµlµÀ.

 (v)    1 1 1 1sin 1 2sin sin 1 2sin
2 2

x x x x
          

  11 sin 2sin
2

x x
     
 

   11 cos 2sinx x  Let 1sin sinx x    

2 21 cos 1 1 2x x x     

 2 1
2 0 1 0 0

2
x x x x x       
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16. 1 1 1sin sin sinx y z       KhÉ  4 4 4 2 2 2 2 2 2 2 2 24 2x y z x y z x y y z z x      Cn
VµÃ¶pÁ¶¢ÀÀ.

«¸lûµ¶m:

 1 1 1sin sin sinx y z        C¶mÀOÍ¶mÀ¶¢ÀÀ

       sin sin sinx y z    

          cos cos             

       2 2 21 1 1x y xy z     

      2 2 21 1 1x y xy z    

         2 2 2 2 2 21 1 1 2 1x y x y z xy z      

    2 2 2 2 2 2 2 21 1 2 1x y x y x y z xy z       

E±µÀËÈ¢¶pÁv¹ ¶¢±µØ0 VÉ±ÀµÀS¸     2 2 2 22 1z x y xy z    

     24 4 4 2 2 2 2 2 2 2 22 2 2 4 1z x y x z x y y z x y z      

    4 4 4 2 2 2 2 2 2 2 2 24 2 2 2x y z x y z x y y z x z     

17. 1 1cos cos
x y

a b
    KhÉ 

2 2
2

2

2
cos sin

x xy y

az ab b
     Cn VµÃ¶pÁ¶¢ÀÀ.

  
1 1cos , cos

x y

a b
     C¶mÀOÍ¶mÀ¶¢ÀÀ

cos cos
x y

a b
    

    

 cos cos cos cos sin sin         

2 2

2 2
1 1 cos

xy x y

ab a b
   
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2 2

2 2
cos 1 1

xy x y

ab a b
   

E±µÀËÈ¢¶pÁv¹ ¶¢±µØ0 VÉ±ÀµÀS¸

2 2 2 2
2

2 2 2 2

2 2

2 2

cos 1 1

2
cos

x y x y

a b a b

x y xy

a b ab





  
     

  



2 2 2 2 2 2
2

2 2 2 2 2 2

2 2

2 2

cos 1

2
cos

x y x y x y

a b a b a y

x y xy

a b ab





    



2 2
2

2 2

2
cos 1 cos

x xy y

a ab b
    

2 2
2

2 2

2
cos 1 sin

x xy y

a ab b
     

sssssss

18.

i)  1 11 1
.

2 2 4

x x
Tan Tan

x x

             

 1 11 1
tan tan

2 2 4

x x

x x

             

1

1 1
2 2tan

1 1 41
2 2

x x

x x
x x
x



         
 

2 2

2 2

2 2
tan

4 1 4

x x x x

x x

    


  

 22 2
1

3

x 




2 3
2

2
x   

2 3 1
2

2 2
x   
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
1

2
x  

ii) 1 1 1
2

1 1 2
tan tan tan

2 1 4 1x x x
                   

.



1 1
2

1 1 2
tan tan tan

2 1 4 1x x x
                  

1

1 1
2 1 4 1tan

1 1
1

2 1 4 1

x x

x x



             
           

1
2

2
tan

x
    
 

   
   2

4 1 2 1 2

2 1 4 1 1

x x

x x x

  
 

  

2 2

6 2 2

8 6 1 1x

x

xx


 

  


 
  2

2 3 1 2

2 4 3

x

x x x






   2 3 1 2 4 3x x x x   

   3 1 2 4 3 0x x x x      

0x    23 7 6 0x x  

0x    23 9 2 6 0x x x   

0x       3 3 2 3 0x x x   

0x      3 2 3 0x x  

0,x    2

3
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19. 

i. 1 11 1 1
cot cot , 0, 1

1 2

x
x x

x x
            

.

 1 1 1
cot cot

1 1

x x

x x
          

2

2

1
1

cot 1 1cot 2
12cot 2
1

x

x
x

x




      
 

  

   
    

22 2

2

1 1 4

2 1 1 2 1

x x x

x x x

  
 

  

1 11 1 1
cot cot

1 2

x

x x
     

1 11 1
2cot cot

1

x

x x
     

 2

4 1
cot 2

2 1

x

xx
  



2 22 1x x 

2 2 1 1
3 1

3 3
x x x    

ii)  1 1cos 3. cos
2

x x
   .

  1cos 3x 

cos 3x  
1cos cosx x   

 cos cos
2

  

cos cos sin sin 0    

    2 23 1 3 1 0x x x x   

  2 2 23 1 3 1x x x  


4 2 2 43 1 3 3x x x x   

20 1 4x 
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24 1x 
1

2
x 

iii) 
1 11

sin sin cos 1
5

x         
.

    1 1 11
sin cos sin 1

5 2
x

       
 

let 
1 1 1

sin sin
5 5

      
 

1cos cosx x   

 cos cos
2

  

cos cos sin sin 0    

21 1
1 1 0

25 5
x

 
     

 

224 1

5 5

x



2 224 1x x 
225 1x 

2 1 1

25 5
x x  

iv)    2 1 2 1sec cot 3 cos tan 2ec  .

    1 1cot 3 , tan 2    
cot 3, tan 2  

1 1
tan ,cot

3 2
   

    2 1 2 1sec cot 3 cos tan 2ec 

2 2sec cos ec  

   2 21 tan 1 cot    

2 2
1 1

1 1
3 2

         
   

1 1
2

9 4
  

72 4 9 85

36 36

 
 
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v) 1 11 1
cot cot

2 3
   

 1 11 1
cot cot

2 3
       
   

   1 1tan 2 tan 3  

  3, 2, 1x y xy  

   
1 2 3

tan
1 2 3

   
     

1 5
tan

5
       

 1tan 1   

3

4 4

   

19. 1 1 14 7 117
sin sin sin

5 25 125
    



1 14 7
sin sin

5 25
    

 4 7
sin ,sin ,

5 25
  

, 0 ,
2

     
 

 cos cos ,cos sin sin       

3 24 4 7
. .

5 25 5 25
 

72 28 44
0

125 125


  

  0,
2

      
 
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 sin sin cos cos sin       

4 24 3 7
. .

5 25 5 25
 

96 21 117

125 125


 

117
sin

125
       

 

  
1 1 14 7 117

sin sin sin
5 25 125

             
     

20. 1 1 14 5 16
sin sin sin

5 13 25 2

       
 

 

 1 14 5
sin sin

5 13
     

,    
4 5

sin ,sin
5 13

  

  3 12
cos ,cos

5 3
 

 
 cos cos cos sin sin        

3 12 4 5
. .

5 13 5 13
 

16

65


1 16
cos

25
        

 

1 1 14 5 16
sin sin cos .......(1)

5 13 65
        

 

L.H.S

1 1 14 5 16
sin sin sin

5 13 65
          

   

1 116 16
cos sin

65 65 2

       [(1) ]

L.H.S = R.H.S
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21) 1 1 41
cot 9 cos

4 4
ec

    

  1 1 41
cot 9 ,cos

4
ec    

41
cot 9,cos

4
ec    

21
tan ,cot cos 1

9
ec     

41 25 5
1

16 16 4
   

 0 ,
2

  

1 4
tan tan

9 5
   

    tan tan
tan

1 tan tan

  
 


 


1 4
9 5
1 4

1
9 5




     
  

5 36
1

45 4

    

 tan , tan
4

  

4

   

 1 1 41
cot 9 cos

4 4
ec

   
    
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22.
1 1

tan 2 tan
5 4

       
 

 1 1
tan ,

5
    

 
 

1
tan

5


22

1
2

2 tan 5
tan 2

1 tan 1
1

5






 
 
  

   
 

2 25 5

5 24 12
  

 1 1
tan 2 tan tan 2

5 4 4

 
              

tan 2 tan
4

1 tan 2 tan
4










 

5
1 712

5 17
1 1

12

 
 

   
 

23. 1 14 1
sin 2 tan

5 3 2

   

 1 14 1
sin , tan

5 3
      

 


 4 1
sin , tan

5 3
    

 2

2 tan
tan 2

1 tan







1
2

2 9 33
1 3 8 41
9

 
 
    


3
tan 2

4
 

www.sa
ks

hieduca
tio

n.co
m



4
cos 2

5
 

1 14 1
sin 2 tan

5 5
  

1 1 14 1 4
2 cos 2 tan cos

5 3 5
            

   

1 14 1
sin tan

5 5
  

1 14 4
sin cos

5 5 2

   

24. 1 11 1
cos 2 tan sin 4 tan

7 3
       

   


 1 11 1
tan , tan

7 3
    

 1 1
tan , tan

7 3
  

L.H.S =
1 1

cos 2 tan
7

 
 
 

2

2

22

1
1

1 tan 7
cos 2

1 tan 1
1

7

ga



               
 

48 24

50 25
  .................(1)

2

1 2 tan
tan tan 2

3 1 tan

 


  




1
2

2 9 33
1 3 8 41
9

 
 
    


R.H.S=
1 1

sin 4 tan
3

 
 
 

 sin 4

 sin 2 2 
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 
2

2 tan 2

1 tan 2







2

3
2 6 16 244

4 25 253
1

4


   

   
 

..............(2)

(1), (2)

1 11 1
sin 4 tan cos 2 tan

3 7
       

   

25. 1 1cos cos ,
P b

a a
    

2 2
2

2 2
2 cos sin

p pq q

a ab b
     

 1 1cos ,cos
P q

a b
    

cos ,cos
p q

a b
  

A B    


 cos cos A B  

cos cos sin sinA B A B 
2 2

2 2
. 1 1 cos

p q p q pq
x

a b a b ab
       
 


2 2 2 2

2
2 2 2 2

2
1 1 cos cos

p q p q pq

a b a b ab
 

  
      

  

2 2 2 2 2 2

2 2 2 2 2 2

2p q p q p q pq

a b a b a b ab
    

2cos cos 
2 2

2 2
2 2

2
cos 1 cos sin

p q pq

a b ab
       

  
2 2

2
2 2

2 cos sin
p pq a

a ab b
   
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26.   1 1sin 2cos cot 2 tan 0x     ,  x 

   1 1sin 2cos cot 2 tan 0x    

 1 12cos cot 2 tan 0x         2
1cos  x   0,  

  1 1cos cot 2 tan 0x       
2


    

 1cot 2 tan 1x      0   -1

12 tan
4

x
        

2
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